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ALGEBKA. 


CHAPTER  I. 

DEFINITIONS. 

1.  Algebra  is  a science  which  treats  of  the  relations 
of  numbers. 

In  Arithmetic  numbers  are  represented  by  figiires^  each 
of  which  has  one  and  only  one  meaning. 

In  Algebra  numbers  are  represented  either  by  figures 
or  by  the  letters  of  the  alphabet. 

It  is  proved  in  Arithmetic  that  when  any  one  number  is  multi- 
plied by  any  second  number  the  result  is  the  same  as  when  the 
second  number  is  multiplied  by  the  first.  If  now  we  represent 
the  two  numbers  by  the  two  letters  a and  6 respectively,  the 
above  property  of  numbers  is  expressed  by  a xb  = bxa;  and 
the  gain  in  conciseness  of  statement  by  the  use  of  letters  is 
apparent. 

In  Algebra  each  letter  may  usually  be  supposed  to 
represent  any  number  whatever ; but,  in  any  connected 
series  of  operations,  each  letter  must  throughout  be  sup- 
posed to  represent  the  same  number. 

2.  The  signs  which  are  used  in  Arithmetic  are  also 
used  in  Algebra ; but,  as  we  sliall  see  later  on,  it  is  neces- 
sary to  extend  the  meaning  of  some  of  the  signs. 
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3.  The  sign  -f,  which  is  read  ‘plus/  is  placed  before  a 
number,  or  a number  represented  by  a letter,  to  indicate 
that  it  is  to  be  added  to  what  has  gone  before. 

Thus  6 + 3 means  that  3 is  to  be  added  to  6 ; 6 + 3 + 2 means 
that  3 is  to  be  added  to  6 and  then  2 added  to  the  result : so  also 
a + b means  that  the  number  which  is  represented  by  b is  to  be 
added  to  the  number  which  is  represented  by  a ; or,  expressed 
more  briefly,  it  means  that  b is  to  be  added  to  a. 

4.  The  sign  which  is  read  ‘minus,’  is  placed  before 
a number  to  indicate  that  it  is  to  be  subtracted  from  what 
has  gone  before. 

Thus  6-3  means  that  3 is  to  be  subtracted  from  6,  a - b 
means  that  b is  to  be  subtracted  from  a,  and  a-b  + c means  that 
b is  to  be  subtracted  from  a and  then  c added  to  the  result. 

It  should  be  noticed  that  in  a series  of  additions  and 
subtractions  the  order  of  the  operations  is  from  left  to  right. 

5.  The  sign  of  midtiplication  is  x,  which  is  read 

' multiplied  by  ’ or  ‘into.’ 

Thus  6x3  means  that  6 is  to  be  multiplied  by  3,  axb  means 
that  a is  to  be  multiplied  by  b,  and  axbxc  means  that  a is  to  be 
multiplied  by  b and  then  the  result  multiplied  by  c. 

The  sign  of  multiplication  is  generally  omitted  between 
two  letters,  or  between  a number  and  a letter,  and  the 
letters  are  simply  placed  side  by  side.  Sometimes  the  x 
is  replaced  by  a point. 

Thus  nb  ox  a.  b means  the  same  as  axb,  and  2abc  or  2a  .b  ,c 
the  same  as  2 x a x & x c. 

6.  The  sign  of  division  is  which  is  read  ‘ divided  by  ’ 
or  ‘ by.’ 

Thus  6+-3  means  that  6 is  to  be  divided  by  3,  a-+ft  means  that 
a is  to  be  divided  by  b,  and  a~b-i-c  means  that  a is  to  be  divided 
by  b and  then  the  result  divided  by  c ; also  a~-bxc  means  that  a 
is  to  be  divided  by  b and  then  the  result  multiplied  by  c. 
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The  operation  of  division  is  often  indicated  by  placing 
tlie  dividend  over  the  divisor  with  a line  between  them  : 

thus  ~ is  used  instead  oi  a ^h. 

0 


It  should  be  noticed  that  in  a series  of  multiplications 
and  divisions  the  order  of  the  operations  is  from  left  to 
right. 


7.  When  two  or  more  numbers  are  multiplied  together 
the  result  is  called  the  continued  product,  or  simply  the 
product ; and  each  number  is  called  a factor  of  the  product. 


8.  When  the  factors  of  a product  are  considered  as 
divided  into  two  sets,  each  is  called  the  coefficient,  that  is 
the  cofactor  of  the  other. 

Thus  in  ^abx,  3 is  the  coefficient  of  abx ; also  ‘6a  is  the  coeffi- 
cient of  bx,  and  6ab  is  the  coefficient  of  x. 

When  one  of  the  factors  of  a product  is  a number 
expressed  in  figures,  it  is  called  the  numerical  coefficient  of 
the  other  factors. 


EXAMPLES.  I. 

Calculate  the  values  of 

I.  7-^6  + 4.  2.  5-3  + 4.  3.  11  + 7-12-6. 

4.  7x6x4.  5.  5-^3  X 4.  6.  llx7-^12H-6. 

If  n = l,  5 = 2,  c = 3 and  d = 4,  find  the  numerical  values  of 

7.  c-b.  * 8.  9.  la -6b.  I 10.  105-6C.  ^ 

II.  5a-25  + 6c-4d.  ^ 12.  13a  - 65 + 7c  - 5d. 

13.  18b-6c-U  + 9a.  ^ “1.0  14.  20a5-3cd. 

15.  4da-25c.  ''  16.  abc  + bcd  + cda  + dab. 

If  a = 6,  5 = 2,  c = 5 and  d=0,  find  the  values  of 

17.  3ac  + 25c  + ca.  18.  7ad  + 9bc-6ca.  IQ.  axc~b. 

20.  a~cxb.  21.  2c-r-a-^b. 

22.  What  are  the  coefficients  of  x in  6x,  4bx,  hbcx  and  16a5ca;  ? 

23.  What  are  the  coefficients  of  xy  in  4xy,  5axy,  lahxy  and 
19nbcxy  ? What  are  the  numerical  coefficients  ? 
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9.  When  a product  consists  of  the  same  factor  repeated 
any  number  of  times  it  is  called  a power  of  that  factor. 
Thus  aa  is  called  the  second  'power  of  a,  aaa  is  called  the 
third  power  of  a,  aaaa  is  called  the  fourth  power  of  a,  and 
so  on.  Sometimes  a is  called  the  first  power  of  a. 

Special  names  are  also  given  to  aa  and  aaa  ; they  are 
called  respectively  the  square  and  the  cube  of  a, 

10.  Instead  of  writing  aa,  aaa  etc.,  a more  convenient 
notation  is  adopted  as  follows : a~  is  used  instead  of  aa,  a/'  is 

used  instead  of  aaa,  and  a^  is  used  instead  of  aaa , the 

factor  a being  taken  n times;  the  small  figure,  or  letter, 
placed  above  and  to  the  right  of  a,  shewing  the  number  of 
times  the  factor  a is  to  be  taken.  So  also  a^h^  is  written 
instead  of  aaabh,  and  similarly  in  other  cases. 

The  small  figure,  or  letter,  placed  above  a symbol 
to  indicate  the  number  of  times  that  symbol  is  to  be  taken 
as  a factor  is  called  the  index  or  the  exponent.  Thus  a"- 
means  that  the  factor  a is  to  be  taken  n times,  or  that  the 
nth  power  of  a is  to  be  taken,  and  n is  called  the  index. 

When  the  factor  a is  only  to  be  taken  once,  we  do  not 
write  it  a},  but  simply  a. 

11.  The  quantity  which  when  squared  is  equal  to  any 
number  a is  called  the  square  root  of  a,  and  is  represented 
by  the  symbol  IJa,  or  more  often  by  fia : thus  2 is  ^4,  for 
2" is  4. 

The  quantity  which  when  cubed  is  equal  to  any  number 
a is  called  the  cube  root  of  a,  and  is  represented  by  the 
symbol  lja\  thus  Z = for  3'^  = 27. 

In  general,  the  quantity  which  when  raised  to  the  wth 
power,  where  n is  any  whole  number,  is  equal  to  any 
number  a,  is  called  the  nth  root  of  a,  and  is  represented 
by  the  symbol  I^a. 
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The  sign  J was  originally  the  initial  letter  of  the  word 
radix.  It  is  often  called  the  radical  sign. 

A root  which  cannot  be  obtained  exactly  is  called  a 
surd,  or  an  irrational  quantity  : thus  ^7  and  ^4  are  surds. 

The  approximate  value  of  a surd,  for  example  of  ^7,  can 
be  found,  to  any  degree  of  accuracy  which  may  be  desired, 
by  the  ordinary  arithmetical  process ; but  we  are  not 
required  to  find  these  approximate  values  in  Algebra  : for 
us  J7,  is  simply  that  quantity  which  when  squared  will 
become  7. 

12.  The  sign  = , which  is  read  ‘equals,’  or  ‘is  equal 
to,’  is  placed  between  two  quantities  to  indicate  that  they 
are  equal  to  one  another. 

Thus  5 + 7 = 12,  which  is  read  five  plus  seven  equals  twelve. 

The  sign  > indicates  that  the  number  which  precedes 
the  sign  is  greater  than  that  which  follows  it. 

Thus  a > h means  that  a is  greater  than  h. 

The  sign  < indicates  that  the  number  which  precedes 
the  sign  is  less  than  that  which  follows  it. 

Thus  a <h  means  that  a is  less  than  h. 

The  sign  is  written  for  the  word  because  or  since. 

The  sign  is  written  for  the  word  therefore  or  hence. 

13.  A collection  of  algebraical  symbols,  that  is  of 
letters,  figures,  and  signs,  is  called  an  algebraical  expression. 

The  parts  of  an  algebraical  expression  which  are  con- 
nected by  the  signs  + or  - are  called  the  terms. 

Thus  2a  - 2)hx  + bcif  is  an  algebraical  expression  con- 
taining the  three  terms  2a,  — ?>hx  and  + 7>cy~. 

14.  When  two  terms  contain  the  same  letters  every 
one  of  which  is  raised  to  the  same  power  in  both,  they 
are  called  like  terms. 
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Thus  ‘6ab“.i’-^  aud  lah'^x^  are  like  terms  ; but,  although  'Aa^hx' 
and  contain  the  same  letters,  they  are  not  like  terms, 

for  all  the  letters  are  not  raised  to  the  same  power. 

1 5.  A monomial  expression  is  one  which  contains 
only  one  term,  and  a multinomial  expression  is  one  which 
contains  more  than  one  term. 

Thus  5ab‘‘‘cx  is  a monomial  expression,  and  <i  -I  b is  a multi- 
nomial expression. 

An  expression  wliich  consists  of  hvo  tei'ins  is  often 
called  a binomial  expression,  and  an  expression  which 
consists  of  three  terms  is  called  a trinomial  expression. 

Monomial  and  multinomial  expi’essions  are  sometimes 
called  respectively  simple  and  compound  expressions. 

10.  Brackets.  To  denote  that  an  algebraical  expres- 
sion is  to  be  treated  as  a whole,  it  is  put  between  brackets, 
and  all  operations  denoted  by  signs  within  the  brackets  are 
to  be  perfoi’med  before  any  operation  denoted  by  a sign 
outside  the  brackets.  The  various  shapes  of  brackets  are 
( ).  { 1.  [ ]■ 

Thus  {a  + b)  c means  that  b is  to  be  added  to  a and  that  the 
result  is  to  be  multiplied  by  c;  again  means  that  b is 

to  be  added  to  a and  that  the  cube  of  the  result  is  to  be  formed  ; 
also  [a  + 2b)  (c-Sd)  means  that  2b  is  to  be  added  to  a and  that 
ad  is  to  be  taken  from  c,  and  that  the  first  of  these  results  is  then 
to  be  multiplied  by  the  second. 

instead  of  a pair  of  brackets  a line  called  a vinculum  is 
often  di'awn  over  the  expression  which  is  to  be  treated  as  a 
whole  : thus  « - 6 — c is  equivalent  to  a — {h  - c),  and  Ja  -f  h 
is  equivalent  to  J(a  + h). 

When  no  vinculum  or  bracket  is  used,  a radical  sign  refers 
only  to  the  number  or  letter  which  immediately  follows  it  : thus 
\/2a  means  that  the  square  root  of  2 is  to  bo  multiplied  by  a, 
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whereas  sj'2a  means  the  square  root  of  2a  ; also  \Ja  + x means 
that  X is  to  be  added  to  the  square  root  of  a,  but  \/ a + x means 
the  square  root  of  the  sum  of  a and  x. 

The  line  between  the  mnnerator  and  denominator  of  a 
fraction  acts  as  a vinculum,  for  same  as 

"jV  {co  + 6). 

Note.  It  should  be  carefully  noticed  that  every  teriti  of 
an  algebraical  expression  must  be  added  or  subtracted  as  a 
whole,  as  if  it  were  enclosed  in  brackets.  Thus,  in  the 
expression  a + be  - d-he  +f,  b must  be  multiplied  by  c before 
addition,  and  d must  be  divided  by  e before  subtraction, 
just  as  if  the  expression  were  written  a + (be)  - (d—e)  + f. 

Ex.  Find  the  values  of 

(i)  2a-bc+cd-6b-^a  + '^ , (ii)  (a  + (26  - Bcf, 

(iii)  a^  + 6'^  + c",  (iv)  4^{7a®+ (6  + c)®  + cP;, 

when  a = 4,  6 = 3,  c = l,  d = U. 

2c 

(i)  2a  - be  + cd  - ^b  i-a  + — 

' ' a 

= 2 X 4-3  X 1 + 1x0- 6x3^4  + '^  ^ 

= 8-3  + 0-|  + i = 1. 

(h)  (a  + 6)s  (26  - 3c)2=  (4  + 3)3  (2  x 3 - 3 x l)^  = T->  x 3'-^ 

= 343x9  = 3087. 

(iii)  a''  + 6^^  + c“  = 43  + 3H  14  = 64  + 3 + 1 = 68. 

(iv)  4/{7a3  + _|..c)3  + X 43  + 43  + 03} 

= ^{7x64 + 64  + 0}  =^(448  + 64)  = 4/512  = 8. 

EXAMPLES.  II. 

1.  Write  down  the  values  of  24,  33,  43,  44,  ,^04,  4/64,  4/I6,  4/125, '' 
4/625  and  4/32. 

If  a = 2,  6 = 3,  c = 4 and  d — 5,  find  the  numerical  values  of 

2.  a^  + b-.  3.  c^  + d'K  4.  <6a-~2b'K 

5.  46--c‘3  + 5d".  6.  aW^  + c“tP.  7.  ab’-^c- - a?hc. 
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If  a — 2,  b = S,  c — 4 and  d — 5,  find  the  numerical  values  of 
8.  + 9.  lhc-f\ca  + ^ah.  10.  - 16a2R 


11.  laW  - -lab^cH. 


ab'^c^  a^bc^d 

1.6  2(T  ' 


If  a = 5,  Z)  = 3,  c = l,  d = 0,  find  the  numerical  values  of 
13.  (2a + 56)  (36 -6c).  14.  (a  + 26)  (c  + 2<Z) . 

15.  (3a  - 46)3  _ 2 (36  - 6cf  + 2 (ad  + bc)\ 

16.  4a3  + 46®  + 4c3  - 3 (6  + c)  (c  + a)  (a  + 6) . 

17.  5 (a  + c)3  (6  - c)2  - (a  - 2d)3  (6  + .3c)2. 

18.  Shew  that  ~ 5x  + 6 is  equal  to  zero,  if  x = 2 or  if  .r  = 3. 

19.  Shew  that  2.r3-  lla;2  + IT-r  - 6 is  equal  to  zero,  if  x = 2,  or  if 
a;  = 3,  or  if  a;  = ^. 

If  a = 5,  6 = 4,  c = J,  find  the  numerical  values  of 

20.  Ja^-b'\  21.  Joa.  22.  J2bc  + 'da.  23.  ,^hc  + a?. 

24.  ^(2a2  + 6--8c2).  25.  ^/(4a2-i6‘-  + J-c2-l). 

26.  v/(a  + 6)4/(3a6  + 26c). 

27.  Find  the  numerical  value  of 

(a  + 6)3  (a:  + ijf  - 4 (ax  + bij)  (bx  + aij), 
if  x — b,  t/  = S,  a=  6 and  6 = 4. 

28.  Find  the  value  of  sjs  (s  - a)  (s -b)  (s  - c)  when  a = fi,  6 = 12, 
c = 15  and  s = 18. 

29.  Find  the  value  of  / — when  a = 9,  6 = 12,  c = 15, 

V 

and  2s  = a + 6 + c. 

30.  Find,  when  a = 8,  6 = 5,  c = 3,  the  numerical  value  of 

{ 2 b^c-  + 2c^a^  + 2a%- - a‘^  - - c^] . 

31.  Verify  that  - 6^  and  (a  + 6)  (a  - 6)  are  equal  to  one  another 
(i)  when  a = 6,  6 = 3;  (ii)  when  a = 9,  6 = 4;  and  (hi)  when  a = 12, 
6 = 7. 

32.  Verify  that  the  expressions 

a3-63,  (a-6)(a2  + a6  + 63),  (a- 6)3  + 3a6  (a  - 6), 
and  (a  + 6)3-3a6(a  + 6)-263 

are  all  equal  to  one  another  (i)  when  a = 3,  6 = 2;  (ii)  when  a = 6, 
6 = 3;  and  (hi)  when  a = 5,  6 = 2. 


CHAPTER  II. 

POSITIVE  AND  NEGATIVE  QUANTITIES.  ADDITION. 

SUBTRACTION.  BRACKETS. 

17.  All  concrete  quantities  must  be  measured  by  the 
number  of  times  each  contains  some  unit  of  its  own  kind. 
Now  a sum  of  money  may  be  either  a receijJt  or  a payment, 
it  may  be  either  a yain  or  a loss',  motion  along  a straight 
line  may  l)e  in  eithei-  of  two  opposite  directions;  a period  of 
time  may  be  either  before  or  after  some  particular  epoch ; 
and  so  in  very  many  other  cases.  Thus  many  concrete 
magnitudes  are  capable  of  existing  in  two  diametrically 
opposite  states. 

18.  Now  whatever  kind  of  quantity  we  are  considering 
+ 4 will  stand  for  what  increases  that  quantity  by  4 units, 
and  — 4 will  stand  for  whatever  decreases  the  quantity  by  4 
units. 

If  we  are  calculating  the  amount,  of  a man’s  property 
(estimated  in  pounds),  + 4 will  stand  for  what  increases  his 
property  by  £4,  that  is  + 4 will  stand  for  £4  that  he 
possesses,  or  that  is  owing  to  him  ; so  also  — 4 will  stand 
for  whatever  decreases  his  property  by  <£4,  that  is,  — 4 will 
stand  for  £4  that  he  owes.  If,  on  the  other  hand,  we  are 
calculating  the  amount  of  a man’s  debts,  + 4 will  stand  for 
whatever  increases  his  debts,  that  is  + 4 will  now  stand  for 
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a debt  for  i;4  ; so  also  — I will  now  stand  for  whatever 
decreases  his  debts,  that  is  — 4 will  stand  for  i>4  that  he 
has,  or  that  is  owing  to  him. 

If  ^ve  are  considering  the  amount  of  a man’s  gains,  + 4 
will  stand  for  what  increases  his  total  gain,  that  is  + 4 will 
stand  for  a gain  of  4 ; so  also  — 4 will  stand  for  what 
decreases  his  total  gain,  that  is  — 4 will  stand  for  a loss 
of  4.  If  however  we  are  calculating  the  amount  of  a man’s 
losses,  + 4 will  stand  for  a loss  of  4,  and  — 4 will  stand  for 
a gain  of  4. 

Again,  if  the  magnitude  to  be  increased  or  diminished 
is  the  distance  from  any  particular  point,  measured  in  any 
particular  direction,  + 4 will  stand  for  a distance  of  4 units 
in  that  direction,  and  — 4 will  stand  for  a distance  of  4 units 
in  the  opposite  direction. 

19.  From  the  above  examples  it  will  be  seen  that  the 
signs  4-  and  - will  serve  to  distinguish  between  magnitudes 
of  opposite  kinds.  Thus  whatever  + 4 may  represent,  — 4 
will  represent  an  equal  magnitude  but  of  the  opposite  kind. 
The  signs  + and  — are  therefore  used  in  Algebra  with  two 
entirely  different  meanings.  In  addition  to  their  original 
meanings  as  signs  of  the  operations  of  addition  and  sub- 
traction i-espectively,  they  are  also  used  as  marks  of  distinc- 
tion between  magnitudes  of  opposite  kinds. 

20.  A quantity  to  which  the  sign  -f-  is  prefixed  is  called 
a positive  quantity,  and  a quantity  to  which  the  sign  — is 
prefixed  is  called  a negative  quantity. 

The  signs  -f  and  — are  called  respectively  the  positive 
and  negative  signs. 

21.  The  signs  + and  — are  often  called  signs  of  affection 
when  they  ai*e  used  to  indicate  a quality  of  the  quantities 
before  whose  symbols  they  are  placed. 
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The  sign  +,  as  a sign  of  affection,  is  frequently  omitted ; 
and  when  neither  the  + nor  the  - sign  is  pr-efixed  to  a term 
the  + sign  is  to  be  understood. 

Note.  Although  there  are  many  signs  used  in  algebra, 
the  name  sign  is  often  used  to  denote  the  two  signs  + and 
- exclusively.  When  the  sign  of  a quantity  is  spoken  of,  it 
means  the  + or  - sign  which  is  prehxed  to  it ; and  when  we 
are  directed  to  change  the  signs  of  an  expression,  it  means 
tliat  we  are  to  change  the  + or  — before  every  term  into  — 
and  + respectively. 

■J2.  The  magnitude  of  a quantity  considered  inde- 
pendently of  its  quality,  oi’  of  its  sign,  is  called  its  absolute 
magnitude. 

Thus  a rise  of  4 feet  and  a fall  of  4 feet  are  equal  in  absolute 

magnitude  ; so  also  -f  4 and  - 4 are  equal  in  absolute  magnitude, 

whatever  the  unit  may  be. 

ADDITION. 

23.  The  process  of  finding  the  result  when  two  or  more 
quantities  are  taken  together  is  called  addition,  and  the 
result  is  called  the  sum. 

Since  a positive  quantity  produces  an  increase,  and  a 
negative  quantity  produces  a decrease,  to  add  a positive 
(juantity  we  must  add  its  absolute  magnitude,  and  to  add  a 
negative  quantity  we  must  subtract  its  absolute  magnitude. 

Thus,  when  we  add  + 4 to  + 6,  we  get  + 64-4  = -t-10; 
and  when  we  add  - 4 to  -f  10,  we  get  -4-10  — 4 = -f6. 

So  also,  when  we  add  +h  to  a,  we  get  a + h ■,  and  when 
we  add  —h  to  a,  we  get  a ~h. 

Hence  a+{  + h)~aA-h  and  a + { - b)  ~ a - h. 

We  therefore  have  the  following  rule  for  the  addition  of 
any  term  : — To  add  any  term  affix  it  to  the  expression  to 
which  it  is  to  be  added.,  vnth  its  sign  unchanged. 
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Ex.  A boy  played  two  games ; in  the  first  game  he  won  6 
points,  and  in  the  second  he  won  - 4 points  (that  is  he  lost  4). 
How  many  did  he  win  altogether  ? 

The  total  gain  in  the  two  games  together  is  what  is  meant 
in  Algebra  by  the  surn  of  the  gains. 

To  obtain  the  total  gain  we  must  add  - 4 to  6,  and  this 
operation  is  indicated  by  6 + ( - 4),  which  by  the  above  is  6-4  = 2. 

When  numerical  values  are  given  to  a and  to  b,  the 
numerical  values  oi  a + b and  a — b can  be  found  ; but  until 
we  know  what  numbers  a and  b represent,  we  cannot  take 
any  further  step,  and  the  process  is  considered  to  be  alge- 
braically complete. 

24.  It  should  be  noticed  that  when  b is  greater  than  a, 
the  arithmetical  operation  denoted  by  a — b is  impossible ; 
for  we  cannot  take  any  number  from  a smaller  number. 

Thus,  if  ffl  = 3 and  6=5,  a — b will  be  3 — 5,  and  we  can- 
not take  5 from  3.  But  to  subtract  5 is  the  same  as  to 
subtract  3 and  2 in  succession,  so  that  3 — 5 = 3 — 3 — 2=— 2: 
we  then  consider  that  — 2 is  2 Avhich  is  to  be  subtracted  from 
some  other  algebraical  expression,  or  that  — 2 is  two  units  of 
the  kind  opposite  to  that  represented  by  2.  And  if  — 2 is 
a final  result,  the  latter  is  the  only  view  that  can  be  taken. 

In  some  particular  cases  the  quantities  may  be  such 
that  a negative  result  is  without  meaning ; for  instance, 
if  we  have  to  find  the  population  of  a town  from  certain 
given  conditions ; in  this  case  the  occurrence  of  a negative 
result  would  shew  that  the  given  conditions  could  not  be 
satisfied,  but  so  also  in  this  case  would  the  occurrence  of  a 
fractional  result. 

EXAMPLES.  III. 

Find  the  sum  of 

1.  4 and  - 3.  2.  3 and  - 2.  3.6  and  - 3. 

4.  7 and  - 8.  5.  3 and  - 11.  6.  - 3 and  - 9. 

7.  6,  - 2 and  7.  8.  -3, -2  and  5.  9.  2aand-3Z/. 

10.  -3aand-2Z^.  H.  5a,  - 66  and  - 2c.  12.  - 3a,  - 46  and  7c. 
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25.  It  follows  at  once  from  the  nature  of  addition 
that  the  sum  of  two  or  more  algebraical  quantities,  whether 
positive  or  negative,  is  the  same  in  whatever  order  the 
quantities  may  he  taken. 

For  example,  to  find  how  much  a man  is  worth,  we  can  take 
into  account  the  different  items  of  property  (debts  being  considered 
as  negative)  in  any  order  we  please. 

It  also  follows  that  to  add  any  algebraical  expression  as 
a whole  gives  the  same  result  as  to  add  its  terms  separately. 
But  to  add  any  term  we  have  only  to  write  it  down,  with, 
its  sign  unchanged,  after  the  expression  to  which  it  is  to  be 
added. 

We  have  therefore  the  following 

Rule : — To  add  two  or  more  algebraical  expressions, 
write  down  all  the  terms  in  succession  with  their  signs 
unchanged. 

For  example,  the  sum  of  a + 6 and  c-d  is  a + + c - d ; also 
the  sum  oi  a - h + c and  -d  + e -f  \?,  a-h  + c-d  + e +/. 

26.  If  some  of  the  terms  which  are  to  be  added  are 
‘ like  ’ terms,  we  can  and  must  collect  all  such  terms 
together  before  the  process  of  addition  is  considered  to  be 
complete.  Of  this  we  have  three  cases,  as  follows  : 

I.  The  sum  of  ‘like’  terms  which  have  the  same  sign  is 
a ‘ like  ’ term  which  has  the  same  sign,  and  whose  coefficient 
is  the  arithmetical  sum  of  their  numerical  coefficients. 

For  example,  to  add  2a  and  5«  in  succession  gives  the  same 
result,  whatever  a may  be,  as  to  add  7a;  that  is  +2a  + 5a=  +7«. 
Also  to  subtract  2ah  and  bah  in  succession  gives  the  same  result 
as  to  subtract  lab  ; that  is,  - 2ab  - bab—  - lab. 

II.  The  sum  of  two  ‘ like  ’ terms  whose  signs  are 
different  is  a ‘ like  ’ term  whose  coefficient  is  the  arithme- 
tical difference  of  their  numerical  coefficients  and  whose 
sign  is  that  of  the  greater. 
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For  example,  + 5a  - 3a  = + 2a  + 3a  — 3a  = + 2a  ; also 
+ 3a6  - ^ab  = + Sab  - Sab  - 2a5  = - 2ab. 

III.  If  there  are  several  ‘like’  terms  some  of  which 
are  positive  and  some  negative,  the  positive  terms  can  be 
collected  into  one  sum  by  I,  as  also  the  negative  terms  : 
the  final  sum  is  then  obtained  by  II. 

Thus  any  number  of  ‘ like  ’ terms  can  be  reduced  to  one 
term. 

Ex.  1.  Add  2a  + Sh  and  a - Sb. 

The  sum  is  2a + 35  + a - 55  ; or,  since  the  terms  can  be  taken 
in  any  order,  the  sum  is  2a  + a + 35  - 55  = 3a  - 25,  by  collecting 
tlie  like  terms. 

Ex.  2.  Find  the  sum  of  6a“  - fia5  + 45^,  2/A-ab-a-  and 
oah  - 952  - 4a^. 

The  sum  is 

6a^  - Sab  + 45-  + 25-  - ah  - a^  + Sab  - 95^  - 4a^ 

= 6a®  - a®  - 4a®  - 6a5  - a5  + Sab  + 45®  + 25®  - 95®. 

The  terms  6a®,  - a®  and  - 4a®  can  be  combined  mentally  ; and 
we  have  a®.  Similarly  we  have  - 2a5,  and  - 35®.  • 

Thus  the  required  sum  is  a®  - 2a5  - 35®. 

27.  It  is  best  for  beginners  to  place  the  different  sets 
of  ‘like’  terms  in  vertical  columns  ; so  that  the  last  example 
would  be  put  down  in  the  following  form,  the  + sign  being 
put  before  the  terms  26®  and  5a6  which  have  no  signs  : and 
then  the  sets  of  ‘ like  ’ terms  can  be  combined  mentally. 

6a®  - 6a5  + 45®, 

- a®-  a5  + 25®, 

-4a®  + 5a5-95® 


a®  - 2ab  - 35® 
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EXAMPLES.  IV. 

Simplify  the  following  by  combining  ‘ like  ’ termf? : 

2ft  4"  & -|-  3c  4~  21)  -}-  3ft  2c  4~  5ft  4-  c, 

2.  6ft  - 36  4- 2c  - 4ft  - 3c  4- 21). 

3.  0ft2-3a  + 6-4ft2  4-6ft4-3. 

4.  7ft3-4ft4-9-3ft24-2ft4-7-3ft2-16. 

5.  5ft2-4ft264-3ft62_5ft3-4ft26-362. 

6.  3ft2  4-  6ft6  - 462  _ 2«2  _ 4o  6 4-  362  _ _ 2ab  4-  h'K 

Add  together 

7.  ft4-6andft-6.  8.  2.r  - y and  2x  4- y. 

9.  -^ft4-46  and  -\a  + \h.  IQ.  ^ft  4- 16  and  f 6 - ^ft. 

11.  ft2  - ft  and  ft2  4-  a.  12.  a 4-  or  4-  4ft2  and  2a®  - a-  ~ 4ft, 

13.  wj2  4-  mn  4- 1)^  and  - mn  - n~. 

14.  6p2  + - 6gr2  amJ  5g2  _ 4^^  _ 3^2 

15.  3ft2-2ft6  4-62  and  ft2-2ft6-  -|62. 

16.  2ft  4- 6 - 3c,  264- c - 3ft  and  2c  4- ft  - 36. 

17.  4ft  - 36  - c,  46  - 3c  - ft  and  4c  - 3ft  - 6. 

18.  4ft2  - 3ft6  + 62,  4ft6  - 362  + ^2  and  462  _ 3^2  + 

19.  a-\h  + ^c,h-\c  + ^a  VirxdL  c-\a  + \h. 

20.  4o!  - 2?/  4- 1,  - 3:c  4-  2 - y and  x 4-  3t/  - 3. 

21.  -4ft-64-2,  24-8ft- 56  and  -ft-46-2. 

22.  - 2j;2y  - 2rry2,  xhj  - Sxy^  - y'^  and  Sxy^  - 2y^  - 

23.  ft=*  4-  46»  - 5c»  + 3ft6c,  6^  4-  4c^  - 5ft3  4-  6ft6c  and  c»  4-  4ft3  - 51)2  _ 

24.  5ft2  - 2ft26  + 9ft62  + 1763,  - 2ft3  4-  5a^b  - 4ab^  - 1263, 

_ 4^62  - 5ft26  - ft3  and  2ft26  - 2ft3  - 663  - nbK 

25.  W - + 363,  aS  _ |rt62  - f 6»  and  - \b^. 

26.  3.^3  - 4a;  4- 5,  2x2  _ C.r;  4- 7,  6x3  - 2.x2  - 2x  and  3 4-8x-4.x3. 

27.  a;3  - 3ftx2  4-5ft,2x -ft,3,  2x*  4- 4flx2  - 6ft2x,  6ftx2  - 3ft2x  4- ft3  and 

- 2aj3  4-  4ft2x  - 5ft3. 

28.  3x2  4-  2/3  - ^yz  - z^,  2xy  - Sy"^  4-  Syz  and  - 4x2  - 2.xy  + y‘^  + z^. 

29.  Shew  that,  if  x = 64-2c-3ft,  y = c + 2a-‘Ab  and  2 = 0.4- 26  - .Sc ; 
then  will  x + y + z = 0. 

30.  Shew  that,  if  a = 5x  - Sy  -2z,  6 = 5y  - 3^  - 2x  and  c^5z-  3x  - 2?/; 
then  will  a + 6 4-c  =0. 
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28.  Since  subtraction  is  the  reverse  operation  to  that 
of  addition,  to  subtract  a positive  quantity  produces  a 
decrease,  and  to  subtract  a negatiA^e  quantity  produces  an 
increase.  Hence  to  subtract  a positive  quantity  we  must 
subtract  its  absolute  value,  and  to  subtract  a negative 
quantity  we  must  add  its  absolute  Amlue. 

Thus,  to  subtract  + 4 from  +10,  we  must  decrease  tlie 
amount  by  4 ; we  then  get  +10-4=  + 6.  Also,  to  sub- 
tract — 4 from  + 6,  we  must  increase  the  amount  by  4 ; we 
then  get  + 6 + 4 = + 10. 

Hence  + 10  - (+ 4)  = + 10  - 4 6, 

and  + 6-(—  4)  = + G + 4 = 10. 


So  also  + rt  - (+  5)  = + a-b, 

and  + « - (-  6)  = + a + h. 

We  therefore  have  the  following  rule  for  the  subtraction 
of  any  term  \—to  subtract  any  term  affix  it  to  the  expression 
from  which  it  is  to  be  subtracted  but  ivith  its  sign  changed. 


29.  The  rule  for  subtraction  can  also  be  shewn  as  follows. 

Since  subtraction  is  the  reverse  of  addition,  an  addition  and 
a subtraction  of  the  same  quantity  produces  no  effect.  Hence  a 
is  the  same  as  a + h-h.  Now  if  we  take  +6  from  a+h-b, 
what  is  left  is  a-h.  So  that  if  we  take  away  + b from  a the 
remainder  is  o - that  is 

a - { + h)  = a~h. 

Again,  if  we  take  away  - h from  a + b-b,  what  is  left  is  u + b. 
So  that  if  we  take  away  - b from  a the  remainder  is  a + 6,  that  is 
a-{-h)  = a + b. 

Examples.  Subtract  (i)  3 from  -4,  (ii)  - 4 from  3,  (iii)  -6 
from  4,  (iv)  a from  - b and  (v)  - a from  - b. 

(i)  _4_(  + 3)= -4-3= -7  ; (ii)  3 - ( - 4)  = 3 + 4:^  7 ; 

(iii)  4-(-6)  = 4 + G = 10;  (iv)  -h  - {+a]=  ~b  - n \ 

(v)  - b -(-«)=- ii  + fl.  ■ 
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30.  Since  subtraction  and  addition  are  inverse  opera- 
tions, and  since  we  know  that  to  add  any  algebraical 
expression  as  a whole  gives  the  same  result  as  to  add  its 
terms  separately,  it  follows  that  to  subtract  an  algebraical 
expression  as  a whole  is  the  same  as  to  subtract  the  terms 
in  succession. 

We  have  therefore  the  following 

Rule.  subtract  any  algebraical  expression  from  any 
other.,  write  down  its  terms  in  succession  with  their  signs 
changed,  after  that  other. 

Thus,  if  2a  -t-  6 - 4c  be  subtracted  from  3a  -4b  + c,  the  result  is 
3a  - 4b  + c - 2a  - b + 4c  = 3a  ~ 2a  ~ 4b  - b + c + 4c  = a - 5b  + 5c. 

31.  The  expression  which  is  to  be  subtracted  is  often 
placed  under  that  from  which  it  is  to  be  taken,  ‘ like  ’ terms 
being  for  convenience  placed  under  one  another;  and  the 
signs  of  the  lower  line  are  changed  mentally  before  combin- 
ing ‘like’  terms. 

Thus  the  example  considered  in  Art.  30  would  be  written  as 
follows : 

3a-4b+  c 
2a  + b-4c 
a - 5b  + 5c 

The  terms  of  the  result  being  obtained  by  combining  mentally 
3a  and  - 2a,  - 46  and  - 6,  and  c and  + 4c. 

As  another  example,  if  we  have  to  subtract 

3a=*  - 4a^6  + 2ab'^  - b'^  from  4a^  + a^b  - ab'\ 
the  process  is  written  as  follows ; 

4a^  + a^6  - abi^ 

3d^  - 4a^b  + 2ab^  - 6^ 
oA  r 5a'b  - 3ab'^  + b'^ 

The  terms  of  the  result  being  obtained  by  combining  4a^  and 
- 3a'^  a^b  and  + 4a"6,  - ab^  and  - 2ab'^,  0 and  -f  P. 
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32.  We  have  hitherto  supposed  that  the  letters  used 
to  represent  quantities  were  restricted  to  positive  values; 
it  would,  however,  be  very  inconvenient  to  retain  this 
restriction.  In  what  follows  therefore  it  must  always  be 
understood,  unless  the  contrary  is  expressly  stated,  that 
each  letter  may  have  any  value  positive  or  negative. 

Since  any  letter  may  stand  for  either  a positive  or  a 
negative  quantity,  a term  preceded  by  the  sign  + is  not 
necessarily  a positive  quantity  in  reality ; such  terms  are 
however  still  to  be  called  positive  terms,  because  they  are 
so  in  apipearance ; and  the  terms  preceded  by  the  sign  — 
are  similarly  called  negative  terms. 

33.  We  must  now  carefully  examine  whether  terms 
can  be  added  and  subtracted  without  knowing  whether 
the  letters  really  represent  positive  or  negative  quantities. 

Now  we  liave  seen  in  Articles  23  and  28,  that  when  h 
is  really  positive, 

+ ( + 5)^  + 6,  +(-/;)  = -6,  + and  - ( -6)^  + 6; 

and  we  have  to  see  whether  the  same  laws  hold  good 
although  h may  really  be  negative. 

If  h be  really  negative  and  equal  to  — c,  where  c is 
positive ; then  +5  = + (-c)  = -c,  and  — 6 = -(-c)  = + c, 
since  c is  positive.  Hence,  putting  — c for  + h and  + c for 
— h,  the  laws  expressed  above  will  be  true,  although  h is 
negative,  provided 

+ ( — + ( + c)=:  + c,  — ( — — + c and  — ( + c)  = — c, 

are  true  for  all  positive  values  of  c,  and  this  we  know  is  the 
case. 

Hence  terms  are  added  or  subtracted  in  precisely  the 
same  way  whether  the  letters  really  stand  for  positive  or  for 
negative  quantities. 
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34.  Def,  The  algebraical  difference  between  any  two 
quantities  a and  b is  the  result  obtained  by  subtracting  the 
second  from  the  Ji7‘st. 

For  example,  the  algebraical  difference  of  5 and  4 is  5 - 4 = 1, 
and  the  algebraical  difference  of  4 and  5 is  4 - 5 = - 1. 

The  algehraical  difference  between  two  quantities  de- 
pends upon  the  order  in  which  they  are  given,  and  may 
therefore  not  be  the  same  as  the  arithmetical  difference, 
which  is  the  result  obtained  by  subtracting  the  less  from 
the  greater. 

The  symbol  a — h is  used  to  denote  the  arithmetical 
difference  of  a and  h. 

Def.  One  quantity  a is  said  to  be  greater  than  another 
quantity  h,  when  the  algehraical  difference,  a - 6,  is  positive. 

From  this  definition  it  is  easy  to  see  that  in  the  series  1,  2,  3, 
4,  &c.,  each  number  is  greater  than  the  one  before  it ; and  that, 
in  the  series  - 1,  - 2,  - 3,  - 4,  &c.  each  number  is  less  than  the 
one  before  it.  Thus  7,  5,  1,  0,  - 5,  - 7 are  in  descending  order  of 
magnitude. 

EXAMPLES.  V. 

Subtract 

1.  rt  - 6 from  a -t- 6.  2.  2a- 36  from  3a -26. 

3.  ‘2x  + y from  2x-y.  4.  - Jy  from  ^x  - \y. 

5.  3a;  - 4a;^  from  4a;  - 3a;-.  6.  - 2 from  1 - 2a,-^. 

7.  4a  - 26 -t- 3c  from  2c -f  46  - 3a. 

8.  4a^  — 2a64-36^  from  26^  + 4a6- 3a-. 

9.  3a;^  - 4a; -1-2  from  6a;  - 7. 

10.  3a;^  - 2a;2-|-5  from  3a;®- 2a;-l-5. 

11.  a- J6- ^c  from  6- ^c-Ja. 

12.  4a;2  - I^xy  -h  \y-  from  Jy®  - \xy  -f 

Find  the  difference  between 

13.  a -t- 26  and  a -26.  14.  3a  - 76  and  7a  - 36. 

15.  a^  + ab  + b^  and  a^  - a6  4-  6‘4  16.  a;‘®  - 3xy  and  3.c-  - Axy. 

17.  3a;®  -f  5oi?y  -f-  4a;y®  and  4a;-y  -t-  6a;//®  -f  7y®. 

2 2 
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18.  ~ - 4t/“  and  - x^y  |-  {)xy'“  - 4^'^ 

19.  What  must  be  added  to  2a  - ‘6b  in  order  that  the  sum  may 
he  4a  - 6^;  ? 

20.  What  must  be  added  to  a-’  + Zj-iu  order  that  the  sum  may 
be  2a"  - a6  ? 

21.  What  must  be  added  to  5ab  - 2bc  + 6ca  in  order  that  the  sum 
may  be  lab  + 2ca? 

22.  What  must  be  added  to  a^  + 6b‘^  + 2c-  that  the  sum  maybe 
b''-6a?l 

23.  Subtract  from  6a  ‘ib  the  sum  of  2a  + 7t^,  - 4a  - 66  and 
6(1  - 5b. 

24.  Subtract  from  6x^-2.v  + 7 the  sum  of  .r"  -.«  + 9,  2.r‘‘*  + 7^-6 
and  3x^  ~ 4x  - 5. 

25.  Subtract  the  sum  of  a*  - 4a6  - 6b~,  ab  - 4b'^  - 3a"  and 
b-  - 4a"  - 6ab  from  2a^  + 26'-^  + 2c^. 

BKACKETS. 

35.  To  indicate  that  any  algebraical  expression  is  to 
be  added  as  a whole,  it  is  put  between  brackets  with  the 
+ sign  prefixed.  But,  as  we  have  seen,  to  add  any  expres- 
sioi}  we  have  only  to  write  down  the  terms  in  succession 
with  their  signs  unchanged. 

Hence,  when  a bracket  is  preceded  by  a f sign,  the 
bracket  may  be  omitted.  Thus 

+ (2a  - b + c)  = 2a~  h + c. 

Conversely  any  number  of  terms  in  an  expression  may 
be  enclosed  in  brackets  with  the  sign  + placed  before  the 
bracket. 

For  example,  we  may  write  a - ‘‘Ih  + c + 2d  - 2>e  -I-/ in  the 
form  a + (-  26  + c)  + {2d  - 3e  +/ ), 
or  a - 26  + (c  + 2d)  + (-  3e  + f). 

When  the  sign  of  the  first  term  in  a bracket  is  + it 
is  generally  omitted  for  shortness,  as  in  the  preceding 
example. 
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3G.  To  indicate  that  any  algebraical  expression  is  to 
be  subtracted  as  a whole,  it  is  put  between  brackets  and 
the  — sign  prefixed.  But,  as  we  have  seen,  to  subtract 
any  expression  we  have  only  to  write  down  the  terms  in 
succession  with  all  their  signs  changed. 

Hence,  when  a bracket  is  preceded  by  the  - sign,  the 
lirackets  may  be  omitted,  provided  that  the  signs  of  all  the 
terms  within  the  brackets  are  changed. 

Thus  — (2a  ~ h + c)  = - 2a  + h — c. 

Conversely  any  number  of  terms  in  an  expression  may 
be  enclosed  in  brackets  with  the  sign  - placed  before  the 
bracket,  provided  that  we  change  the  signs  of  all  the  terms 
which  are  placed  in  the  brackets. 

Thus  a-2b  + c + 2d  - 3e  + J’ may  be  written  in  tlie  form 
a-(2b-c)-(-2d  + 3e-/). 

37.  Sometimes  brackets  are  put  within  brackets  : in 
this  case  the  different  pairs  of  brackets  must  be  of  dif- 
ferent shapes  to  prevent  confusion. 

Thus  a — \h  + [g  — {d  E e)W',  which  means  that  we  are  to 
add  to  h the  whole  quantity  within  the  brackets  marked  { }, 
and  then  subtract  the  result  from  a ; and,  to  find  the 
quantity  within  the  brackets  marked  { },  we  must  add 
d and  e,  and  then  subtract  the  sum  from  c. 

When  there  are  several  pairs  of  brackets  they  may  be 
removed  one  at  a time  by  the  rules  of  Arts.  35  and  36  ; 
and  it  is  best  for  beginners  to  remove  at  every  stage  the 
innermost  bracket. 

Thus  a -\h  E [c  — (d,  A-  e)\\  = a — [b  + \c  - d — e\\ 

= a — [b  + c - d — e7\  = a - l>  ~ r d + e. 
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EXAMPLES.  VI. 


Simplify  the  following  expressions  by  removing  the  brackets  and 
collecting  like  terms : 


9.  5-[4+{5-(4  + 5-4)[].  10.  x~[y-{z-(x-y-z)}l 

11.  3x- {2y  + 52- 3x  + ?/}. 

12.  {2a:-(5?/-3^)}  -[4+{.r-(3iy  + 2^  + 5)}]. 

13.  [2a- {3&  + (4c-3ft  + 2a)}].  14.  x - {y  - z)  + {2z -‘6y  - 5x}. 

15.  a-2ft- {3a- (&-c) -5c}.  16.  a- [35+ {3c- (rZ- 6) +a|  - 2a]. 

17.  3a  - [26  - {4c  - 12a  - (46  - 8c) } - (66  - 12c)]. 

18.  { 2x  - (3y  - Iz)  + (3a;  -2y  + %z)]-  {(?y  - 5z)  - (3a;  -y-  2z)  + 8z}. 

19.  a2  - (3a6  - 46^)  - (2a^  - 3a6  + 662)  _ f 5^,2  _ _ 7{{2Tft2) ) . 

20.  - n^)  - {3mn  - (5n^  - m2)}  + - {3ran  - [bmA  - 6?j2) } + 8mw]. 


1.  (a + 6) -(a -6). 

3,  a-(6  + c)  + (6-c-a). 

5.  x-{y-{z-x)]. 

7.  1-[2-{3-(4-5)}]. 


2.  a -6- (a + 6). 

4.  3x  - {y  - 2x)  + {z  + y - 5x). 

6.  a - [a- {a- (2a -a)}]. 

8.  a + 6 - [a  - 6+ {a  + 6 - (a  - 6)}]. 
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MULTIPLICATION. 


38.  In  Arithmetic,  multiplication  is  first  defined  to  be 
the  taking  one  number  as  many  times  as  there  are  units  in 
another.  Thus,  to  multiply  5 by  4,  we  take  as  many  fives 
as  there  are  units  in  four.  As  soon,  however,  as  fractional 
numbers  are  considered,  it  is  found  necessary  to  modify 
somewhat  the  meaning  of  multiplication,  for  by  the  original 
definition  we  can  only  multiply  by  whole  numbers.  The  fol- 
lowing is  therefore  taken  as  the  definition  of  multiplication  : 
Def.  To  multiply  one  number  by  a second  ive  do  to  the 
first  what  is  done  to  unity  to  obtain  the  second. 

Thus  4isl-fl-i-l-fl; 

5x4is5-f5-i-5-f5. 


Again,  to  multiply  | by  A,  we  must  do  to  f vv^hat  is 
done  to  unity  to  obtain  A,  that  is  we  must  divide  | into 
four  equal  parts  and  take  three  of  those  parts.  Each  of 

the  parts  into  whicli  I is  to  be  divided  will  be  — , and 
^ ‘ / X 4 


5x3 


by  taking  three  of  these  we  get  ^ . 


8o  also, 


(-5)x4=.-5-f-(-5)-f(~5)  + (-5) 


=_5_5_5_5 
= -20. 
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With  the  above  definition  multiplication  by  a negative 
quantity  presents  no  difficulty. 

For  example,  to  multiply  4 by  — 5.  Since  to  subtract 
5 by  one  subtraction  is  the  same  as  to  subtract  five  units 
successively, 

_ 5 = - 1 - 1 - 1 - 1 - 1 ; 
4x(-5)--4-4-4-4-4 
= -20. 

Again,  to  multiply  — 5 by  - 4.  Since 
-4=-l-l-l-l; 

(_5)  X (-4)  = -(-5)-(-5)-  (-5)-(-5) 

= + 5 + 5 + 54-5  [Art.  28.] 

= +20. 

We  can  proceed  in  a similar  manner  for  any  other 
numbers  whether  integral  or  fractional,  positive  or  nega- 
tive. Hence  we  have  the  following  laws  : 

ax  h = + ah (i)  ] 

{ — a)  X h --  oh (ii) 

a X {~h)  = — ah (iii) 

( - «)  X ( - &)  = 4-  (i  v) 

The  rule  by  which  we  determine  the  signs  of  the  pro- 
ducts is  called  the  Law  of  Signs : this  law  is  sometimes 
enunciated  briefly  as  follows  : — like  signs  give  4-,  and  unlike 
signs  — . 

39.  The  factors  of  a product  may  be  taken  in  any 
order. 

It  is  proved  in  Arithmetic  that  when  one  number, 
whether  integral  or  fractional,  is  multiplied  by  a second, 
the  result  is  the  same  as  when  the  second  is  multiplied  by 
the  first. 
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The  proof  is  as  follows  : 

First,  when  the  nunibei-s  are  integers,  a and  b suppose, 
write  down  a series  of  rows  of  dots,  putting  a dots  in  each 
row,  and  take  b rows,  writing  the  dots  under  one  another 
as  in  the  following  arrangement : 


• • • • • 

• • • e • 

• • • • • 

• • • • • 


• o in  a row 

• 

• 

• 


b rows. 

Then,  counting  by  rows,  the  whole  number  of  tlie  dots 
is  a repeated  b times,  that  is  a xb.  Also,  counting  by 
columns,  the  whole  number  of  the  dots  is  b repeated  a times, 
that  is  6 X (7,.  Hence,  when  a and  b are  integers, 
a X b — b X a. 


Next,  when  the  numbers  are  fractional,  for  example 

5 X 3 


^ and  f,  we  prove  as  in  Art.  38  that  L x f =7:r  ^ 


And, 


by  the  above  proof  for  integers. 


5x3 

TT4 


3x5 

4x7 


Hence  ab  ==  ba  for  all  positive  values  of  a and  b ; and 
being  true  for  any  positive  values  of  a and  b,  it  must  be 
true  for  all  values,  whether  positive  or  negative  ; for,  from 
the  preceding  Article,  the  absolute  value  of  the  product  is 
independent  of  the  signs,  and  the  sign  of  the  product  is 
independent  of  the  order  of  the  factors. 

Hence  for  all  values  of  a and  b we  have 


26 


MULTIPLICA  TION. 


If  in  the  above  arrangement  of  dots  we  put  c in  the 
place  of  each  of  the  dots,  the  whole  number  of  c’s  will  be 
ah ; also  the  number  of  o’s  in  the  first  row  will  be  a,  and 
this  is  repeated  b times.  Hence,  when  a and  b are  integers, 
c repeated  ab  times  gives  the  same  result  as  c repeated  a 
times  and  this  repeated  b times.  So  that  to  multiply  by 
any  two  whole  numbers  in  succession  gives  the  same  result 
as  to  multiply  at  once  by  their  product , and  the  proposi- 
tion can,  as  before,  be  then  proved  to  be  true  without 
restriction  to  whole  numbers  or  to  positive  values. 

Thus,  for  all  values  of  a,  b and  c,  we  have 

a y.bxc  = ax  (be) (ii). 

From  (i)  and  (ii)  it  follows  that  the  factors  of  a ‘product 
may  be  taken  in  any  order  loithout  altering  the  result,  how- 
ever many  factors  there  may  be. 

40.  Since  the  factors  of  a product  may  be  taken  in 
any  order,  we  are  able  to  simplify  many  products. 

For  example : 

3a  X 4a  = ,S  X 4 X a X a = 12a‘^, 

(-  3a)  X ( - 46)  = +3a  X 4?;=  -H  3 X 4 X a X h = 12ah, 

(a6)2  = ah  X ah  = ax  a xb  \b  = a%-, 

{J2a  f=iJ2axf2a  — J2xiJ2xaxa  = 2d- . 

Although  the  order  of  the  factors  in  a product  is 
indifferent,  a factor  expressed  in  figures  is  always  put  first, 
and  the  letters  are  usually  arranged  in  alphabetical  order. 

41.  By  definition,  of  - aa.,  a?  = aaa,  a'^  — aaaa,  etc. 

Hence  x a^  = aa  x aaa  — a^  = ar'^^ ) 

also  X a"'  = aa.a  x aaaaa  = a^  = ; 

and  a,  x = a x aaaa  = cU  = a}'^'^. 

In  the  above  examples  we  see  that  tJte  index  of  the 
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product  of  two  powers  of  the  same  letter  is  equal  to  the  sum  of 
the  indices  of  the  factors.  We  can  prove  in  the  following 
manner  that  the  above  is  true  whenever  the  indices  are 
positive  integers  ; 

Since,  by  definition, 

= aaaa. . . to  m factors, 
and  a^  = aaaa.. . to  n factors  ; 

X a”  = [aaa...  to  m factors)  x {aaa...to  n factors) 
= aaa.. . to  m + n factors 
= by  definition. 

Thus,  for  any  positive  values  of  m and 

This  result  is  called  the  Index  Law. 

42.  Product  of  monomial  expressions.  The  results 
arrived  at  in  the  preceding  articles  will  enable  us  to  find  the 
product  of  any  monomial  expressions.  These  results  are  : — 

(i)  The  sign  of  the  product  of  two  quantities  is  + when 
the  factors  are  both  positive  or  both  negative  ; and  tlie  sign 
of  the  product  is  - when  one  factor  is  positive  and  the  other 
negative. 

(ii)  The  factors  of  a product  may  be  taken  in  any 
order. 

(iii)  The  index  of  the  product  of  any  two  powers  of 
the  same  quantity  is  the  sum  of  the  indices  of  the  factors. 


Ex.  1.  Multiply  by 

X = 3 x 6 x x x x IP, 

from  (ii), 

from  (iii). 

Ex.  2.  Multiply  - ^arh  by  - haJP. 

( - 30,2^)  X ( - 5ah^)  = + 3a2fe  x 

from  (i), 

■=  3 X 5 X X a X b X 

from  (ii). 

^15a^+UA+^  = 15a^b«, 

from  (iii). 
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Ex.  .S.  Multiply  2a~/AcA  by  --  rnv‘h. 

The  whole  work  of  finding  the  product  of  two  monomial 
expressions  can  be  performed  vientally  and  the  result  written 
down  at  once.  First  put  down  the  sign  of  the  result ; then 
multiply  the  numerical  coefficients  to  find  the  numerical  coef- 
ficient of  the  product ; then  take  each  letter  which  occurs  to  a 
power  whose  index  is  the  sum  of  the  indices  of  that  letter  in  the 
factors.  Thus  the  product  of 

and  - ?>aPh  is  - lOariAe\ 

Ex.  4.  Find  the  cube  of  2aAh. 

The  cube  is  2o,V>  x 2aV>  x 2aAi  ~8a^h''\ 


Multiply  EXAMPLES.  VII. 


1. 

3 a by  6u. 

2. 

ba^  by  7a. 

3. 

2a'*  by  5a-. 

4. 

ab  by 

5. 

3a%  by  ‘2ab^. 

6. 

AalP  by  7a*b^. 

7. 

3a%c^  by  3a}>. 

8. 

Sab^c^  by  3ab'^. 

9. 

2a%^c  by  abc. 

10. 

2a  by  - 4b. 

11. 

3b  by  - 4a. 

12. 

a.2  by  - a. 

13. 

- 6a^b  by  4ab. 

14. 

-2ab3by-7a6;r. 

15. 

- 3a%c^  by  <oalPc^. 

16. 

- 3ab‘^c  by  2ab^c^. 

17. 

- 2xy^  by  - 5xhj'^. 

18. 

2ax^y^z  by  - 5a- 

^^xiyz^ 

19.  (ya.%‘^c^x^y*z 

by  - \2alAc\T^y^z^. 

20.  Find  the  values  of  ( - a)®,  ( - and  ( - a)*. 

21.  Find  the  values  of  ( - and  ( - x^y. 

22.  Find  the  values  of  ( - ab)'^,  ( - ah)‘^  and  ( - aby. 

23.  Find  the  values  of  (aVA)'^,  (a^b^y  and  {a%^y. 

24.  Find  the  values  of  ( - 2a?b*Y,  ( - 2a?lAy  and  ( - 2a^lAy. 

25.  Find  the  squares  of  dalPc-^,  - 2aAbc'^  and  - 

26.  Find  the  cubes  of  a^,  - ab  and  - a^b. 

27.  Find  the  cubes  of  2ab'^,  - 3a^b^,  - Aa¥  and  - la^b^c^. 


28. 

Find  the  values 

of  ( - 

a'f  X {-by,  ( - 2a.y 

X (a^)^ 

{ - ab"^y  X ( - a-by  and 

. {aHPyxi-ah^y 

If  a -.=  2,  b - -3 

, c — - 

- 1,  d — 0,  find  the  numei’ical  values  of 

29. 

3ab. 

30. 

4abr. 

31. 

8a%‘^c\ 

32. 

ah  + be  + ca. 

33. 

a®  -f  IP  -t-  C'"*  + d". 

34. 

a%^  -f  + c-d~. 

35. 

3a2b2c3  + 5bV 

36. 

2aJP  + 3bcP  + 4cdK 

37. 

(a  + b)  {c  + d). 

38. 

(a  - by  (c  - dy. 

39. 

(a^  + bc)  (b^  + cd). 

40. 

(a  - by  (c  - a)3. 
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43.  We  now  proceed  to  the  multipliccitioii  of  niultiuo- 
111  ial  expressions. 

We  first  observe  tliat  any  multinoinial  expression  can  be 
put  in  the  form 

a l b + c + &c., 

where  a,  b,  c,  &c.  may  be  ani/  quantities  positive  or  negative. 

For  example,  the  expression  ~ ^ xyz,  which 

by  Art.  23  is  the  same  as  ‘dx-y  + {— ^xy^) -v  {— 1 xyz),  takes 
the  required  form  if  we  put  a for  ?>K?y,  b for  — ^xy“,  and  c 
for  - "Jxyz. 

It  therefore  follows  tliat  in  order  to  prove  any  theorem 
to  be  true  for  any  algebraical  expression,  it  is  only  necessary 
to  prove  it  for  the  expression  a + b + c + Ac.  where  a,  h,  c,  Ac. 
are  supposed  to  ha  ve  any  positive  or  negative  values. 

44.  Product  of  a multinomial  expression  and  a mono- 
mial. Consider  the  product  {a  4-  b)  e,  where  a,  b and  c have 
any  values  whatever. 

If  c be  a positive  integer,  and  a and  b have  any  values 
whatever ; their 

{a  + b)  c=  {a  + b)  -1  {a  A b)  + {a -\- b)  + ...  repeated  c times, 

= a AbA  a AbAaAbA  ... 

= aAaAaA  ...  repeated  c times, 

Ab  Ab  Ab  A ...  repeated  c times, 

— ac  A be. 

Hence  whe?i,  c is  a positive  integer,  we  have 
(a  Ah')  c — ac  A be. 

Since  division  is  the  inverse  of  multiplication,  it  follows 
that  when  d is  a positive  integer 

{a  A b)  A d = a A d A b A d. 

And  since  the  operations  of  multiplication  and  division 
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to  be  performed  on  a + b can  be  performed  on  a and  b 
seiKirately,  this  must  also  be  the  case  for  the  complex 

operation  denoted  by  a fraction  — . 

Thus  {a  + h)  c — ac  + be  for  all  positive  values  of  c ; and 
being  true  for  any  positive  value  of  c,  it  Tnust  also  be  true 
for  any  negative  value.  Poi',  if 

(«  + 6)  c = ac  + ic, 

then  — {a  A b)  G — — ac  — be  ; 

and  therefore  {a  Ah')  (—  c)  = a (—  c)  A b (—  e). 

Hence,  for  all  values  of  «,  b and  c,  we  liave 
{a  Ab)  G = ac  + be. 

45.  Since  (a  + 6)  c — ac  a be  for  all  values  of  a,  b and 
c,  it  will  be  true  when  xAy  put  in  place  of  a. 

Hence  {(a;  A y)  Ab\  c = (x  a y)  c a be  = xc  a ye  + he  ] 
{xAyAb)e  — xc  a ye  + be. 

And  similarly 

{x  A y A z A +..)  c =xc  A ye  A ze  A 2)c  A ..., 
however  many  terms  there  may  be  in  the  expression 
xAy  Az  Ap  + ... 

Thus  the  pu'oduct  of  any  multinomial  expression  by  a 
monomial  is  the  sum  obtained  by  multiplying  the  separate 
terms  of  the  multinomial  expression  by  the  monomial. 

Ex.  1.  Multiply  a^Aa^  by  a. 

The  result  is  urxaAa^'xa  — tPAa'^. 

Ex.  2.  Multiply  a-h  by  c. 

The  result  is  axcA{-h)xc  = ac-hc. 

Ex.  3.  Multiply  -‘dx^  by  a;-l. 

- ‘dx^  X (a;  - 1)  = (.c  - 1)  X ( — 3.r^)  = - '6x'^  + Sx-. 
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1. 

4. 

7. 

9. 

11. 

13. 

15. 

17. 

19. 

20. 

21. 

22. 

23. 


EXAMPLES.  VIII. 

Multiply 


a -f  6 by  3.  2.  2a  - 

6 by  4. 

3.  3a -46  by  6. 

a^  + a by  a.  5.  cr  ~ 

a by  a2. 

6.  a^  + l by  3a2. 

4a2  - 5a  1 by  a'*. 

8. 

2a”  - 3a  - 4 by  - 3a^. 

2a2  - 3a6  A 26'2  by  a^b". 

10. 

6c  + ca-Fa6  by  abc. 

2j;2-3a;2-h5a--4  by  - 5.x'I 

. 12. 

4 - S.x^  A 3a;2  - 4x'^  by  - 6.c2. 

-5ab  by  Sa^  -2abAlb^. 
Simplify 

14. 

-6a»64  by  2a?  - Za”-b  - M- . 

2 (a  - 6)  + 4 (a  4-  6). 

16. 

h{b~2c)-i[c-2b). 

c (aAb)  -c  {a  - 6). 

18. 

la  (6  - c)  -2b  {a-  c). 

a2&2  (c2  _ (a2  _ ^,2)  + ^,2^.2  (^2  _ ^2), 

2 {3a6  - 4a  (c  - 26)  ] . 

3a-2[6-  {2c-6a-2  (6-2c)}-3(6-2c)J. 
4a3  - [(262  _ 3c3)  _ 66c  (6  + c)  + 3c  (c^  + 262)]. 
7ac  - 2 |2c  (a  - 36)  - 3 (5c  - 26)  a}. 


46.  Product  of  two  multinomial  expressions.  We 

have  now  to  consider  the  most  general  case  of  multiplica- 
tion, namely  the  multiplication  of  any  two  multinomial 
expressions. 

We  have  to  find 


{a  + h i-c  + ...)  X {x  + y + z...)  ■, 
and,  from  Art.  43,  this  includes  all  possible  cases. 

Put  M for  x + y + z + ...  ; then,  by  the  last  Article,  we 


have  {a  + h + cA  ...)  M=  aM  + hM  + cM  + . . . 

= Ma  + Mb  + 2Ic  + ...  [Art.  39]. 
— (a;  -\-  y A z A . . ) ct  -t-  (x  A y A z A {x  A y A z A ... 

~axA  ay  A az  -t-  ...  AbxA  by  A bz  A . . .A  cx  A cy  A cz  A . . . -r  .... 
Hence  {tiAb  Ac  a ...){xAy  a za  ...) 

= ax  A ay  A a':  A ...  AbxAby  AbzA  ...  a cx  A cy  A cz  A .... 
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Thus  the  'product  of  any  tivo  multinomial  e'xpress'ions  is 
the  sum  of  the  products  obtained  by  multiplying  every  term 
of  the  mxdt'iplicand  by  every  term  of  the  ‘multiplier. 

For  example, 

{a  + b){c  +d)=  ac  4-  be  +ad  + bd. 

Also 

{“2a  + 56)  (3a  f 26)  = 2a  x 3a  + 56  x 3a  + 2a  x 26  4-  56  x 26 

= 6a‘-  4-  15a6  4-  4a6  4-  106^  = 6a^  4-  19a6  4- 106". 

Again,  to  find  (a  - 6)  x {c  - d)  ; we  must  first  write  this 
in  the  form  {a  4-  (-  6)}  [c  4-  {-d)\,  and  we  then  have  for  the 
product 

ac  4-  (-  6)  c 4-  a (-  d)  4-  (-  6)  (-  d), 
which  by  Art.  38  is  equal  to 

ac  — be  — adj  + bd. 

Note.  In  the  rule  given  above  for  the  multiplication 
of  two  algebraical  expressions  it  must  be  borne  in  mind 
that  the  terms  include  the  prefixed  signs. 

47.  The  following  are  important  examples  - 

(i)  (a  4-  6)"  --  (a  4-  6)  (a  -h  b)  = aa+  ba  + ah  + bb  : 

{a + by  = cd  + 2ab  + b‘\ 

Hence,  the  square  of  the  sum  of  any  two  quaxitities  is 
equal  to  the  sum  of  their  squares  plus  twice  their  product. 

(ii)  (a  — by  = (a  — 6)  (a  — 6)  = aa  4-  (-  6)  a 4-  a (—  6) 

4-  (-  6)  (—  b)  = a^  — ab  — ab  + 6" ; 

{a-by=^a^-2ab  + b^ 

Hence,  the  square  of  the  difference  of  any  two  quantities 
is  equal  to  the  sum  of  their  squares  minus  twice  their  product. 

(hi)  (a  4-  6)  (a  — 6)  = aa  4-  6a  4-  a (-  6)  + 6 (-  6) 

— a^  4-  ab  — ab  — 6" ; 
(a  + 6)  (a  — 6)  = a^  — 6®. 
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Hence,  the  'product  of  the  sum  and  difference  of  any  two 
quantities  is  equal  to  the  difference  of  their  sqxmres. 

48.  It  is  usual  to  exhibit  the  process  of  multiplication 
in  tJie  following  convenient  form. 


or  + 2u6  — 6“ 
a®  — 

a*  + 2(x^i  — d’b' 

- 2a^6  - ia%-  + ’laid' 

a~b~  + 2ab^  — b* 
a'^  - + iah^  — b^ 


The  multiplier  is  placed  under  the  multiplicand  and  a 
line  is  drawn.  The  successive  terms  of  the  multiplicand, 
namely  + 2ab  and  - b'\  are  multiplied  by  a^,  the  first 
term  on  the  left  of  the  multiplier ; and  the  products 

+ 2ct'^6  and  - tdl)'  whicli  are  thus  obtained  are  put  in 
a horizontal  row.  The  terms  of  the  multiplicand  are  then 
multiplied  by  — '2ab,  the  second  term  of  the  multiplier,  and 
the  products  thus  obtained  are  put  in  another  horizontal 
row,  the  terms  being  so  placed  that  ‘ like  ’ terms  are  under 
one  another.  The  terms  of  the  multiplicand  are  then  multi- 
plied by  b'\  the  last  term  of  the  multiplier,  and  the  products 
thus  obtained  are  put  in  a third  horizontal  row,  ‘like’ terms 
being  again  placed  under  one  another.  The  final  result  is 
then  obtained  by  adding  the  rows  of  partial  products ; 
and  this  final  sum  can  be  readily  written  down,  since  the 
different  sets  of  ‘ like  ’ terms  are  in  vertical  columns. 

49.  The  following  are  additional  examples  of  multiplications 
arranged  as  in  the  preceding  article. 


a + b 
a + h 


a — h 
a-h 


u-{-  b 
a-b 


a-  -I-  ab 
-\-ab  +b- 


ir  - ab 
-ab  + Ir 


id  + ab 


- ab  - b- 


-f  "lab  + b^ 


u“-  2ab  + b" 


-b^ 
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(i-\-  fJ'Zb 
a - J2b 
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a^  + sJ2ha 

-lj2ha-2b'^ 
a?  - 262 


a + h + c 

a + 6 + c 

iU  + ab  + a c 

+ ah  + h-  + be 

+ ac  -h  6c  + c’2 

2ab  4“  2ac  b^  26c  4~  C"^ 


EXAMPLES.  IX. 

Multiply 


1. 

x + 2y  by  x-2ij. 

2. 

a - 36  by  a + 36. 

3. 

2cc  + 3y  by  3a;  - 2y. 

4. 

5a  + 46  by  a - 6. 

5. 

a; + 7 by  a; + 6. 

6. 

a;  - 7 by  a:  - 6. 

7. 

a;  + 7 by  a;  - 6. 

8. 

a + 9 by  a - 5. 

- 

9. 

2a: -4  by  2a; + 6. 

10. 

3a;  - 7 by  2a:  - 1. 

11. 

2xj  + 56  by  3y  - 46. 

12. 

37/(2  _ 1 by  377(2+  1. 

13. 

2/)t2  + 6n2  by  2m2  - MU. 

14. 

a + pby  a- lb. 

15. 

2d  + ^6  by  3(1  + 26. 

16. 

la  - 16  by  ^a  - lb. 

17. 

a;2  + a:  + 1 by  a:  - 1. 

18. 

a;2  - a:  + 1 by  a:  + 1. 

19. 

a‘2  + o6  + 62  by  a - 6. 

20. 

a2  - a6  + 62  by  a + 6. 

21. 

4«2  4-  6a6  + 962  2a  - 36. 

22. 

16p2  4-20p(j'  + 25g2  by  4p  - 5gr. 

23. 

- 3aa;2  + 2a2a:  by  a;  + 3a. 

24. 

a®  - 4a  26  + 6a62  by  cU 

' + 4a6. 

25. 

a;®  - 3a;2  + 2a:  + 1 by  a;2  + 3a;  + 2. 

26. 

a:®  + a;2  - 2a;  + 1 by  a;2 

-X  -i-2. 

27. 

a;2  + a:y  + by  a;2  - a;?/  + y^. 

28. 

a^  + aUb^  + 6‘*  by  a‘‘  - ( 

(262  + 6h 

29. 

2a:®  - 3a;2j/  + ^xif-  + y®  by  a;2  + %xy  + 2y2. 

30. 

a;®  — 4*2y  + 6a;y2  - 3yS  3^.2  _ 

4ixy  + 

5y2. 

50.  If  in  any  expression  consisting  of  several  terms 
which  contain  different  powers  of  the  same  letter,  the  term 
which  contains  the  highest  power  of  that  letter  be  put  first 
on  the  left,  the  term  which  contains  the  next  highest  power 
be  put  next,  and  so  on  ; the  terms,  if  any,  which  do  not 
contain  the  letter  being  put  last ; then  the  whole  expression 
is  said  to  be  arranged  according  to  descending  'powers  of  that 
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letter.  Thus,  the  expression  a®  + a?b  + ab~  + 6'^,  is  arranged 
according  to  descending  powers  of  the  letter  a.  In  like 
manner  we  say  that  the  above  expression  is  arranged  ac- 
cording to  ascending  poimrs  of  the  letter  b. 

51.  Although  it  is  not  necessary  to  arrange  the  terms 
either  of  the  multiplicand  or  of  the  multiplier  in  any  parti 
cular  order,  it  will  be  found  convenient  to  arrange  both 
expressions  either  according  to  descending  or  according  to 
ascending  powers  of  the  same  letter  : some  trouble  in  the 
arrangement  of  the  different  sets  of  like  terms  of  the 
product  in  vertical  columns  will  thus  be  avoided.  Hence 
before  beginning  to  find  the  product  of  two  expressions,  it 
is  often  desirable  to  rearrayige  the  terms. 

52.  A term  which  is  the  product  of  n,  letters  is  said 
to  be  of  n dimensions,  or  of  the  nth  degree.  Numerical 
factors  are  not  to  be  counted  in  reckoning  the  number  of 
dimensions.  Thus  abc  is  of  three  dimensions,  or  of  the 
third  degree ; and  5«“6%  that  is  baabbe,  is  of  five  dimen- 
sions, or  of  the  fifth  degree. 

53.  The  degree  of  an  expression  is  the  degree  of  that 
term  which  is  of  highest  dimensions. 

In  estimating  the  degree  of  a term,  or  of  an  expression, 
we  sometimes  take  into  account  only  a particular  letter,  or 
particular  letters  : thus  we  say  that  ax^  + bx-^  c is  of  the 
second  degree  in  x.,  or  is  a quadratic  expression  in  x ; also 
that  ax?y  A-  bx  f is  of  the  second  degree  in  x,  and  of  the 
third  degree  in  x and  y. 

When  all  the  terms  of  an  expression  ar-e  of  the  same 
dimensions,  the  expression  is  said  to  be  homogeneous.  Thus 
a?  2>a^b  — 56®  is  a homogeneous  expression,  every  term  being 
of  three  dimensions. 
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EXAMPLES.  X. 

Arrange  the  following  expressions  according  to  descending  powers 
of  a : 

1.  a^  + b"-‘2ah.  2.  2 - 4a- + 5a  - 

3.  a^  + ¥ + a^b  + ab-.  4.  5«- - 4 - Oa-' - 2a. 

5.  + IA  + - ‘dabc. 

6 . a^  + 6^  + c®  + a%  + (lb-  H-  a'-^c  + ac-  + b-c  + be'-. 

7.  What  are  the  degrees  of  the  above  expressions,  and  which  are 

homogenous  expressions  ? 

Bracket  together  the  different  powers  of  a:  in  each  of  the  following 
expressions  : 

8.  .T‘-  + ax  + bx  + ab.  9.  .t-  - ax  - b.c  - ab. 

10.  « + bx‘^  + cx-  + bex  + cax  + abx  + a be. 

1 1 . a.v'^  + bx^  + ex'-  + bex  + eax  + abx-h  a be . 

12.  (y-z)  + y''  (z-x)  + {x  - y). 

13.  Simplify  {b  + e-a)x  -|-  {c  + a-  b)x+  {a  + b-  e)  x. 

14.  Simplify  (b  - c)  x + {e-  a)  x + (a  - b)  x. 

15.  Simplify  { {b  - a)  x + (c  - d)  y ] + { (a  + b)  x ^-{e  + d)y\. 

54.  Product  of  homogeneous  expressions.  The  product 
of  any  two  homogeneous  expressions  must  be  homogeneous ; 
for  the  different  terms  of  the  product  are  obtained  by 
multiplying  any  term  of  the  multiplicand  by  any  term  of 
the  multiplier,  and  the  number  of  dimensions  in  the  product 
of  any  two  monomial  quantities  is  clearly  the  sum  of  the 
number  of  dimensions  in  the  separate  quantities ; hence  if 
all  the  terms  of  the  multiplicand  are  of  the  same  degree,  as 
also  all  the  terms  of  the  multiplier,  it  follows  that  all  the 
terms  of  the  product  are  of  the  same  degree. 

The  fact  that  two  expressions  which  are  to  be  multiplied 
are  homogeneous  should  in  all  cases  be  noticed  by  a student ; 
and  if  the  product  obtained  is  not  homogeneous,  it  is  at 
once  seen  that  there  is  an  error. 
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55.  We  now  return  to  the  three  important  cases  of 


multiplication  considered  in  Art.  47,  namely, 

{a  + hy  = a~  + '2ab  + (i), 

(a  - hy  = a^  - 2ab  + P (ii), 

{a  + b)(a  - b)  = - b"^ (iii). 


Def.  A general  result  expressed  by  means  of  symbols 
is  called  a formula. 

Since  the  laws  from  which  the  above  formulae  were 
deduced  were  proved  to  be  true  for  all  algebraical  quantities 
whatever,  we  may  substitute  for  a and  for  b any  other 
algebraical  quantities,  or  algebraical  expressions,  and  the 
results  will  still  hold  good. 

We  give  some  examples  of  results  obtained  by  substi- 
tution in  the  above  formulae. 

In  the  first  place,  let  us  put  — b in  the  place  of  b in  (i) ; 
we  then  have 

la  + ( - b)y  = a^  + 2a(-b)  + (-  by, 
that  is,  {a  - by  = c(?  — 2ab  -f  5^ 

Thus  (ii)  is  seen  to  be  really  included  in  (i). 

Now  put  6 4-  c in  the  place  of  b in  (i) ; we  then  have 
\aA{b  + c)Y  -=a^  + 2a  {b  A c)  + {b  + cy  ; 

.'.  {a  + b + cf  = 4-  2ab  + 2ac  + b^  + 2bc  + c~. 

Thus  [a  + b + cf^a^AK^A  c-  a 2ab  4-  2ac  4-  2bc. . . (iv). 

Now  put  — c for  c in  (iv),  and  we  have 

[a  AbA{-  c)}^  = a®  4-  ft-  4-  (-  cy  A 2ab  A 2a  (-  e)  + 2ft  (-  c)  ; 

.'.  (a  4-  ft  — c)“  - a*  Ab^Ac^  -I-  2ab  — 2ac  — 2bc. 

Again  put  b Ac  in  the  place  of  ft  in  (iii) ; we  then  have 
{a  4-  (ft  4-  c)}  [a,  — (ft  4-  c)}  — a-  — (ft  4-  c)^ 

Tlie  following  are  additional  examples  of  products  which 
can  be  written  down  at  once. 
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{(i"  + h-)  {(t~  - Ir)  = (a-)-  (//“)“.-  (p  - ]A, 

{a~h  + c)  (a  + h-c)  = {a  - {b  - o)}{a  + - c)} 

= aA-{b-cf  = rt2  _ (7,2  _ 2bc  + c2)  = a2  -b^  + 2bc  - 
(a,2  + ab  + b^)  (a^  - ab  + b^)  = {a^  + b^  + ah)  (a^  + b‘^~  ab) 

= (a^  + b~Y  - a^b^  = a'^  + 2a?b^  + b^  - a^b^  — a*  + + 6‘‘. 

56.  Square  of  any  multinomial  expression.  We  have 
found  in  the  preceding  Article,  and  also  in  Art.  49,  the 
square  of  the  sum  of  three  algebraical  quantities ; and  we 
can  by  the  same  methods  obtain  the  square  of  the  sum  of 
more  than  three  quantities.  The  square  of  the  sum  of  any 
number  of  algebraical  quantities  may  also  Ije  found  in  the 
following  manner. 

Suppose  we  wish  to  h}id 

{ct  + 6 + c + <f  + ...)  (n  + h + c + d + . . . ). 

We  know  that  the  product  of  any  two  algebraical  ex- 
pressions is  equal  to  the  sum  of  the  partial  products  obtained 
by  multiplying  every  term  of  the  multiplicand  by  every 
term  of  the  multiplier.  If  we  multiply  the  term  a of  the 
multiplicand  by  the  term  a of  the  multiplier,  we  obtain  the 
term  of  the  product  : we  similarly  obtain  the  terms  1/, 
c^,  &c.  We  can  multiply  any  term,  say  h,  of  the  multi- 
plicand by  any  different  term,  say  d,  of  the  multiplier ; and 
we  thus  obtain  the  term  hd  of  the  product.  But  we  also 
obtain  the  term  hd  of  the  product  by  multiplying  the  term 
d,  of  the  multiplicand  by  the  term  h of  the  multiplier,  and 
we  can  obtain  the  term  hd  in  no  other  way,  so  that  every 
such  term  as  hd.,  in  which  the  letters  ain  different,  occurs 
twice  in  the  product.  Tlie  required  product  is  therefore 
the  sum  of  the  squares  of  all  the  quantities  a,  h,  c,  d &c., 
together  with  twice  the  product  of  every  paii-. 

Thus,  the  square  of  the  s^^■m,  of  any  number  of  algehraical 
quantities  is  equal  to  the  sum  of  their  squares  together  with 
twAce  the  product  of  every  p>air. 
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Ex.  1.  Find  the  .square  of  a + h + c.  The  squares  of  the 
separate  terms  are  a-,  6-,  c-.  The  products  of  the  different  pairs 
of  terms  are  ab,  ac  and  be. 

Hence  {a  + b + c)^  = a^  + b'^  + + 2ab  + 2ac  + 2ftc. 

Ex.  2.  Find  the  square  of  a + 2b-  3c. 

The  required  square 

= a-  + (26)2  + ( _ 3c)2  + 2a  (26)  + 2a  ( - 3c)  + 2 (26)  ( - .3c), 

= a2  + 4&2  + 9c2  + 4a6  - 6ac  - 126c. 
Ex.  3.  Find  (a  - 6 + c - df. 

(„  -h  + c-  d)2  = a2  + (-  6)2  + c2  + (-d)2  + 2a  (-6)  + 2ac 

+ 2a  ( - d)  + 2 (-  6)  c + 2 (-  6)  (-d)  + 2c  ( - d) 
= a2  + 62  + c2  + d2  - 2ab  + 2ac  - 2ad  - 26c  + 26d  - 2cd. 
After  some  practice  the  intermediate  steps  can  be  omitted  and 
the  final  result  written  down  at  once.  To  ensure  taking  twice  the 
product  of  every  pair  it  is  best  to  take  twice  the  product  of  each 
term  and  of  every  term  which  follows  it. 

EXAMPLES.  XI. 


Write  down  the  squares  of  the  following  expressions  : — 


1. 

2a + 6. 

2. 

4a  + 36. 

3.  3a -6. 

4.  5a  - 66. 

5. 

a?  - 5a6. 

6. 

2a2  - Sab.  7.  - 3.ry  + 2y^. 

8.  4,t2  - 7y2. 

9. 

a-b~c. 

10. 

2a  + 26-c. 

11. 

4a + 26 -3c. 

12. 

2a-  5b  - 

3c. 

13. 

X^  -|-  X -{- 1 , 

14. 

a;2  - .1;+  1. 

15. 

x^  - .xy  -f- 

y\ 

16. 

X*  + x^y-  + 

17. 

a - b - c + d. 

18. 

2a  - 26  - 

3c  + 3d. 

19. 

3a + 26  - 4c  + d. 

20. 

5a  + 6 - 4c  - 3d. 

21. 

a;2  + a;2  + . 

r + 1. 

22.  x^-x^  + x 

-1. 

23. 

2x^  - x‘^y  + xy^~ 

3y2. 

24.  2.r®  - xhj  + 2xy^ 

'-y'\ 

Multiply 

25.  x~y  + zhjx~y-z.  26.  x~2y  + Az  by  x-2y-4z. 

27.  Sx-y-oz  by  Sx  + y~5z.  28.  ~x  + 2y~Sz  by  x + 2y-Sz. 
29.  x^  + .xy  + y^hj  x^-.xy+y^.  30.  Sx^  - xy + 2y^  hj  3x^  + xy + 2y^. 
31.  .x^-x  + 7 hj  x^-x-7.  32.  2a;2-3a;  + 7 by  2a;2  + 3a;+7. 

33.  a + 6 + c + d by  a-\-b  — c — d. 

34.  2a  - 36  + 2c  - 4d  by  2a  - 36  - 2c  + 4d. 

35.  2a  + 36  + c — 2d  by  2a-36-c-2d. 

36.  a-36- 4c  + d by  a + 36-4c-d. 
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57.  Continued  Products.  The  continued  product  of 
several  algebraical  expressions  is  obtained  by  finding  the 
product  of  any  two  of  the  expressions,  and  then  multiplying 
this  product  by  the  third  expression. 

Ex.  1.  Find  the  continued  product  (.r  + a)  (x  + b)  (x  + c). 

The  process  is  written  as  under : — 
x + a 
x + b 
x^  + ax 

bx  + ah 

x‘^+[a  + b)x  + ab 
x + c 

x^  +{a  + h)  x'^  + abx 

cx-  + c (a  + b)  X + abc 
x^  + {a  + b + c)  x^+  {ab  + ac  + bc)  x + abc 

If  a — b = c,  we  have  (.r  + + Sax^  + ^a^x  + cfi. 

The  above  result  is  arranged  in  a way  which  is  frequently 
required,  namely  according  to  powers  of  x,  and  all  the  terms 
which  contain  the  same  powers  of  x are  collected  together. 

Ex.  2.  Find  the  continued  product  of  x‘^  + a‘^,x  + a and  x - a . 
The  factors  can  be  taken  in  any  order;  hence  the  required  product 
= {x-  a)  (x  + a)  [x^  + a^)  = {x'^  - a?)  (x"  4-  a^)  — x^-a^. 

Ex.  8.  Find  {x-aY{x  + a)-. 

Since  factors  can  be  taken  in  any  order, 

{x-aYix  + af  = {x- a)  {x  + a)  {x-a)  (x + n)  = {(.r  - n)  (.r  + a)}'^ 

— {x-  - = x^  - + rt'*. 

58.  Powers  of  a Binomial.  We  shall  in  a succeeding 
chapter  shew  how  to  write  down  any  power  of  a binomial 
expression,  by  a formula  which  is  called  the  Binomial 
Theorem.  The  square  and  the  cube  of  a binomial  should 
however  be  learnt  at  this  stage.  These  are  given  by 

(rt  bf  ^ cP  =fc  2ah  + l)\ 

^nd  {a^hf  ~ a"'  ± ?>(fb  + 3oIr  ± b’; 


MULTIPLTGATION. 
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EXAMPLES.  XII. 

Multiply 

1.  3a2+a&-fc2by  2.  - xy  - Sif- \)y  3x‘^  + xy  - 

3.  5x^  - Ax^y  + 3xy^  by  x^  + 4.'cy  + 

4.  x'^  - Ixhj  + 3xy'^  by  x'^  + Ix^y  - 3x'^y‘^. 

5.  3x^-7x^  + 5x-3  by  2a;*  + 7.'r2- 5a;  + 4. 

6.  a^  + 3a2-7a  + 6 by  3a^-a2  + 5a-4. 

7.  -|a;2  - ixy  + y^  by  - ^xy  - i/. 

8.  Ix^  -^xy  + Uy"^  by  12x^ + ^xy  - lif. 

9.  a^  + b^  + c^  -be  - ca-  ab  by  a + b + c. 

10.  4a2  + 96^  + c^  - 3&C  - 2ca  - 6a&  by  2a  + 3fo  + c. 

11.  a^  + b^  + c^  + bc  + ca- ab  by  a + b-c. 

12.  9a^  + b^  + 9c^  + 3bc -dca  + 3ab  by  3a-fe  + 3c. 

13.  x^ + xy + y‘^  hj  y^  - xy + x^.  14.  - 2a?;  + 4&^  by  462  + 2a6 + a^. 

15.  ax  + a^x^  + a^x^  by  o^x‘^  - ax+1. 

16.  a:^  + 1,  a;  + 1 and  a;  - 1.  17.  a^  + .c“,  a + x,  and  a - .r. 

18.  a:’^  + 4?/2,  a-  + 2y  and  a:  - 2i/.  IQ.  9x^  + 25y^,3x  + 5y  and  3x-5y. 

20.  + 1/"*)  + //■^i  -^  + 1/  * - 2/- 

21.  (a^  + b^)^,  {a-i-b)^  and  {a-b}-. 

22.  (a;2  + a:+l)^  and  [x^  - x + 1)-. 

23.  - •'"^y  + 2/^)  + •'^y  + ?r  ^4  ~ + y*. 

24.  + lA,  a®  + ab  + Ir  and  -ab+  b'K 

25.  X-  -ax  + a-,  x‘^  + ax+  a-,  a + x and  a-x. 

26.  x + y + z,  -x  + y + z,  x-y  + z and  x + y-z. 

Find  the  following  cubes 

27.  (2a  + 3&)3.  28.  (2a -35)1  29.  {3a-2bf. 

30.  {a  + b + c)‘\  31.  {a-b  + c)-\  32.  (a-5-e)=*.  , 

33.  Shew  that 

(i)  (2a;  + 1)"  + {x  -1\"  = ix-  + (.t  + 1)^  + 1 . 

(ii)  (2x  + l)2  + (a-  + 2)“(a;-  2)2+4a;(a;  + 3)  + l. 

(iii)  (a;-  + X + l)^  + {x-  - x + 1)^  -2  {x*  + 3x‘^  + 1) . 

34.  Shew  that 

<r  - b^  = (a  - ?;)  (a^  + ah  + b~)  = (a  - b)^  + 3ab  [a  - b) 

= la  + b)‘^  - 3ab  ia  -i  b)  - 2?;^. 
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35.  Shew  that 

(x  + y)  {x  + z)  + {y  + z)  {y  + x)  + (z  + x)  [z  + y)-  [x  + y + zY  = yz -v zx  + xy . 

36.  Shew  that  (6  - c)®  + (c  - a)=*  + (a  - 6)^  - 3 (ft  - c)  (c  - a)  [a-h)  — 0. 

37.  Simplify  {x  + y -\-  z)^  - x-\-y  zY  A-  {x  ~y  z)-  - {x  + y - zf. 

38.  Simplify 

{x  + y + z)  {x^  + y^  + z^)  - yz  {y  + z)  - zx  (2  + a;)  - xy  {x  + ]j). 

39.  Shew  that  (fc  + c)  (c  + a)  {a  + h)  + ahc=^{a  + h + c)  {he  + ca  + ah). 

40.  Shew  that,  if  x = 2y  + 5z;  then  will  x^  = 8y'^  + 1252=^  + 30.'c?/2. 

41.  Shew  that,  if  a:= 6 + c - 2a,  y — c + a-2h,  and  2 = a + i - 2c  ; then 

x^  + y'^  + z^  + 2yz  + 2zx  + 2xy  = 0. 

42.  Shew  that  + IP  + P + 3 (i  + c)  {c  + a)  {a  + b)  = {a  + b + c)-h 

43.  Shew  that  a?  {h  + c)^  + IP  {c  + a)~  + c^  {a  + h)^  + 2a/;c  {a  + b + c) 

— 2 {bc  + ca  + ab)-. 

44.  Shew  that  {a  + />)•*  + 3c  (a  + by  + 3c^  {a  + b)  + P 

= (6  + cf  + Sa{b  + c)2  + 3a2  (6  + c)  + 

45.  Shew  that 

{ {a  + b)  X-  - (a2  + h-)x  + + IP}  { {a  - b)  x"^  - {a^  -h^)  x + a?- 

(«2  _ /,2)  x^-2  (a»  - IP)  *2  + 3 {a^  - b^)  *2-2  (a^  - IP)  * + a«  - ^6 
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DIVISION. 

59.  In  multiplication  we  have  two  factors  given,  and 
we  have  to  find  their  product.  In  division  we  have  the 
product  and  one  factor  given,  and  we  have  to  determine  the 
other  factor,  so  that  to  divide  a by  6 is  to  find  a quantity  c 
such  that  & X c = «. 

60.  Since  division  is  the  inverse  operation  to  that  of 
multiplication,  and  successive  multiplications  can  be  per- 
formed in  any  order  [Art.  39],  it  follows  that  successive 
divisions  can  be  performed  in  any  order. 

Thus  a-^h-^c  = a-^c-~b. 

It  also  follows  from  Art.  39,  that  to  divide  by  any 
quantities  in  succession  gives  the  same  result  as  to  divide 
at  once  by  their  product. 

Thus  a-Th-^c~a-^{hc). 

61.  Not  only  may  a succession  of  divisions  be  per- 
formed in  any  order,  but  a succession  of  divisions  and 
multiplications  may  be  performed  in  any  order. 

For  example  axh-^c  = a-^c'Ah. 

For  a - a-^  c X c 

a X h = a c X c X h 

^ a ^ c X b X c [by  Art.  39] 
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therefore,  dividing  each  by  c,  we  have 
axb-^c  — a-ircxb. 

Hence  we  get  the  same  result  if  we  divide  the  ‘product  of 
two  quantities  by  a third,  as  if  we  divide  one  of  the  quantities 
by  the  third  and  then  multiply  by  the  other. 


62.  The  operation  of  division  is  often  indicated  by 
placing  the  dividend  over  the  divisor  with  a line  between 

them  : tlius  ~ or  ajb  means  a^b. 
b 


When  a -^b  is  written  in  the  fractional  form  y , « is 

b 


called  the  numerator  and  b the  denominator. 

By  putting  a=  \ \naxb~G  = a^cxb, 
we  have  1 x b c = \ c xb, 

that  is  j4-f;  = -x6  = 6x-, 

c c 


so  that  to  divide  by  any  quantity  c gives  the  same  result  ns  to 
multiply  by^. 

63.  Since  d’’xd^  = a^,  and  = we  have  con- 
versely of  — a^~^,  and  -f-  and  similarly 

in  other  cases. 

Hence  if  one  power  of  a letter  be  divided  by  another 
power  of  the  same  letter,  the  index  of  the  quotient  is  equal  to 
the  difference  of  the  indices  of  the  dividend  and  the  divisor. 


64.  We  have  proved  in  Art.  38,  that  ax  (— b)  = — ab  ; 

(—  ab)  6)  = a,  and  (—  ab)  ^ a = -b. 

We  have  also  proved  that 

(—  rt)  X (—  b)  — 4-  ab,  and  (-+-  a)  x {+b)  =^  + ab  ; 

(4-  ab)  ~ a)  = - h and  (4-  ah)  ~ (4-  a)  = 4-  b. 
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Hence  if  the  signs  of  the  dividend  and  divisor  are  alike, 
the  sign  of  the  quotient  is  + ; and  if  the  signs  of  the  dividend 
and  divisor  are  unlike,  the  sign  of  the  quotient  is  - ; we 
therefore  have  the  same  Law  of  signs  in  division  as  in  mul- 
tiplication. 

65.  Division  of  monomial  expressions.  The  results 
arrived  at  in  the  preceding  ai-ticles  will  enable  us  to  divide 
any  one  monomial  expression  by  another.  These  results 
are  : — 

(i)  The  sign  of  tlie  quotient  is  -i-  when  the  signs  of 
the  dividend  and  divisor  are  alike,  and  the  .sign  of  tlie 
quotient  is  — when  the  signs  of  the  dividend  and  divisor  are 
different. 

(ii)  The  operations  of  multiplication  and  division 
may  be  performed  in  any  order. 

(iii)  When  one  power  of  any  letter  is  divided  by 
any  smaller  power  of  the  same  letter  the  index  of  the 
quotient  is  equal  to  the  difference  of  the  indices  of  the 
dividend  and  the  divisor. 

Ex.  1.  Divide  18a'*6®  by 

= 18-^6  x x from  (ii), 

= from  (iii) 

Ex.  ‘2.  Divide  15a^b^  by  -5ub'\ 

15a'*&®-^(-  5ab^)=  - 15-^5  x d^-^a  x b^~b^,  from  (i)  and  (ii), 
= - from  (iii), 

— - 3a^b. 

Ex.  8.  Divide  - by  - IcVb'^d. 

The  whole  work  of  dividing  one  monomial  expression  by 
another  can  be  performed  mentally  and  the  result  written  down 
at  once.  First  put  down  the  sign  of  the  result;  then  divide  the 
numerical  coefficient  of  the  dividend  by  that  of  the  divisor  ; then 
take  each  letter  which  occurs  in  the  dividend  to  a power  whose 
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index  is  the  difference  of  the  indices  of  that  letter  in  the  dividend 
and  the  divisor. 

Thus  ( - since  — 

If,  in  the  above  example,  we  had  used  the  rule  for  finding  the 
index  of  the  quotient  of  c^-i-c*  we  should  have  been  led  to  the  at 
jjre.'ient  meaningless  result  c^':  but  is  obviously  1. 

6 6 . Division  of  a multinomial  expression  by  a monomial. 

Wlien  a multinomial  expression  is  divided  by  a monomial 
the  quotient  is  equal  to  the  sum  of  the  quotients  obtained 
by  dividing  its  separate  terms  by  that  monomial. 

Thus  {a  + b + x = a x + b ~ x + ... 

To  prove  this,  multiply  by  x ; then 

(a  + b + ...)-i-xxx  = a+  b+  ; 
also  (a  ~ X + b x-f-  ...)  x x a x x x + b-^x  x x + ... 

[Art.  44]. 

= Cl  I b \ ... 


1. 

4. 

7. 

10. 

12. 

14. 

16. 

18. 

20. 


Hence  {a  + b + . . .)  ~ x = a + b x + ■■■ 

Ex.  1.  Divide  cd  + 2a‘“  by  a. 

The  result  is  a.^  -f-  a + -^a  — d^  + 2a. 

Ex.  2.  Divide  a'^x-  - 3ax  by  ax. 

The  result  is  d-^x'^—ax  + ( - 3«a;)-f-a.c  = ax  - 3. 

Ex.  3.  Divide  12a;‘^  - bax-  - 2a-x  by  3.r. 

The  result  is  12a;^-^3x'  + ( - 5a.x^)-^3x  + ( - 2d^x)~3x 

— 4.t^  - |«.c  --  fti-. 


EXAMPLES.  XIII. 


Divide 

10a  by  -ba.  2. 

cv^  by  - a.  5. 

12a“fc^  by  - aft".  8. 
25a^ft®c^  by  - ba%d. 
abed  by  - aft. 
3a^x^%pz  by  3axHj^. 
Sx^  - bax  by  x. 

4a®  - 5a®  + 2a‘*  by  a^. 
15a‘*ft®  - 7a W + 9d^b^ 


-10ft  by  2ft.  3.  -2.r  by  - 3,c. 

Sab  by  - 2ft.  6.  ~ 4aft  by  3a. 

- 6x^^^  by  - 4.cy.  9.  - 3x^i/'^  by  2a:y". 

11.  - 27a9ft“c^  by  - 6a®ft». 

13.  d^bh*d7  by  - 2ab^cd^. 

15.  -3a?b^cx~y^  by  -2abcxhf\ 

17.  by  - ?/2. 

19.  12a3  + 9a-‘-6a5-^ -3a2. 

by  - 3a2ft®. 
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67.  Division  by  a multinomial  expression.  We  have 
uow  to  consider  the  most  general  case  of  division,  namelj 
the  division  of  one  multinomial  expression  by  another. 

The  object  of  division  is  to  find  what  algebraical  ex- 
pression the  divisor  must  be  multiplied  by  to  produce  the 
dividend. 

Consider  for  example  the  division  of 

+ 8d^b  -f-  4a6-  -f-  6*  by  2a  -f  b. 

The  dividend  and  the  divisor  must  first  be  both  arranged 
according  to  descending  (or  ascending)  powers  of  some  com- 
mon letter,  and  the  terms  of  the  quotient  will  be  found 
separately  in  the  same  order.  In  the  present  case  the  ar- 
rangement is  according  to  descending  powers  of  the  letter  a. 
Now  the  term  of  highest  degree  in  a in  the  dividend,  namely 
8a^,  must  be  the  product  of  the  terms  of  highest  degree  in  a 
in  the  divisor  and  the  quotient ; hence  the  first  term  of  the 
quotient  must  be  8a?  2a  - 4rt^.  Now  multiply  the  divisor  by 
ia?  and  subtract  from  the  dividend  : we  then  have  the  re- 
mainder ia?b  -)-  iab-  -t-  b^.  This  remainder  must  be  the  product 
of  the  divisor  by  the  other  terms  of  the  quotient ; and  hence 
the  first  term  of  the  remainder,  namely  iarb,  must  be  the 
product  of  the  first  term  of  the  divisor  and  the  next  term 
of  the  quotient.  Hence  the  second  term  of  the  quotient  is 
4«^6 -f- 2a  = 2<x6.  Now  multiply  the  divisor  by  2ab  and  sub- 
tract the  product  from  the  remainder  : we  then  get  the 
second  remainder  2a&^  -f  W.  The  third  term  of  the  quotient 
is  similarly  2a6^  2a  = b-.  Multiply  the  divisor  by  5^  and 
subtract  the  product  from  2oJf-  -f  and  there  is  no  remain- 
der. Since  there  is  no  remainder  after  the  last  subtraction, 
the  dividend  must  be  equal  to  the  sum  of  the  different 
quantities  which  have  been  subtracted  from  it ; but  we 
have  subtracted  in  succession  the  divisor  multiplied  by  4a^, 
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by  2ab  and  by  6^ ; we  have  therefore  subtracted  altogether 
the  product  of  the  divisor  and  + 2ah  + h".  Hence  the 
required  quotient  is  4a^  + 2ah  + 6^. 

The  process  is  written  in  the  following  form. 

2a  + &)8a^  + 8a‘^6  + iah-  + P{Aar  + 2ah  + 

8a^  + 4:d-b 

^aPb  + 4rt6“  4-  b^ 

id^b  + 2ab'^ 

2ad-  + F 
2ab~  + U' 

From  the  above  example  it  will  be  seen  that  in  order  to 
divide  one  multinomial  expression  by  another  we  proceed 
as  follows  : - 

1.  Arrange  both  dividend  and  divisor  according  to 
ascending  or  botlb  according  to  descending  poivers  of  some 
common  letter. 

2.  Divide  tJce  first  term  of  the  dividend  by  the  first  term 
of  the  divisor  : this  will  give  the  first  term  of  the  quotient. 

3.  Mtdtiply  the  divisor  by  the  first  term  of  the  quotient 
found  above,  and  subtract  the  product  from  the  divideyid. 

4.  Now  treat  the  remainder  as  a new  divideyid,  and  go 
on  repeatiyig  the  process. 

C8.  The  following  are  additional  examples  ; 

Ex.  1.  Divide  + 2cc  - 1 by  1 - X. 

The  order  of  the  terms  in  the  divisor  must  first  be  changed  to 
- x + 1. 

- a;  4- 1 ) 3.r=^  - 4^2  4-  2a;  - 1 ( - ‘dx^  4-  a:  - 1 
3a;3-3a;^  

- a;2  + 2a;-l 

- a;^4-a: 


a;  - 1 
a:-  1 
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Ex.  2.  Divide  a‘^  - a%  + 2a?h‘^  - alr^  + b‘^  by  + h-. 


«2  + z,2)  ^4  _ a^b  + 2a2&2  _ afts  ^ _ ab  + b^ 

a*  + a%‘^ 

- a?b  + a~b-  - ab^  + h'^ 

- aH)  - ab^ 

+ a2&2  +64 

+ «262  +64 

Ex.  3.  Divide  by  a®  - a6  + 6^. 

a® - (x?>  + b") a'*  +a^b^  +b^(a^  + ab  + 6- 

- a^b  + a?b‘^ 

+ a?b  + 6“* 

+ a?b  - a^b^  + ab^ 

+ a%-  - aP  + b^ 


+ a^b^  - ab®  + ¥ 


In  the  last  example  the  terms  of  the  dividend  were  placed 
apart  in  order  that  ‘like’  terms  might  be  placed  under  one 
another  without  altering  the  order  of  the  terms  according  to 
descending  powers  of  a.  The  subtractions  can  however  be 
easily  performed  without  putting  ‘like’  terms  under  one  another; 
but  the  Arrangement  of  the  terms  according  to  descending  {or 
ascending)  poivers  of  the  chosen  letter  should  never  be  departed 
from. 

69.  The  following  formulae  are  very  important,  and 
should  be  remembered  ; they  can  easily  be  verified. 

{x^  + '2ax  + a^)  ^{x->r  a)  — x + a, 

(x^  — 2ax  + -h  (x  — a)  = x — a, 

{x^  — a^)  (x  — a)  = x + a, 

{x^  — a^)  (x  — a)  = x‘^  + ax  + a^, 

[x^  + a®)  ■^(x  + a)—x“  — ax  + 

(x"^  — a^)  4-  {x  — a)  = af  4-  ax^  + ofx  + of, 

[x*  — a^)  ~{x  + a)  = xf  — ax-  + a?x  — of. 
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EXAMPLES.  XIV. 

Divide 

1.  x^-5x  + 6 hy  x-2.  2. 

3.  .T’^-23.r  + 132  by  aj- 11.  4. 

5.  3x^  - 4.x  - 4 by  .r  - 2.  6. 

7.  a'^  - hy  a - b.  8. 

9.  x-'-16?/2  by  x + 4y.  IQ. 

11.  x-^-iy^  hy  x-iy".  12. 

13.  3x‘-^  + 8.t4-4  by  6x  + 12.  14. 

15.  a-i-b^hya-b.  16. 

17.  a?x^  + bhj^  hy  ax  + by.  18. 

19.  x^  - 8x  - 3 by  3 - X.  20. 

21 . 2.x^  - 9x®  + lO-x^  - 5.r  + 6 by  3 - x. 

22.  x‘*  + 2.t2-x  + 2 by  l-x  + x^. 

70,  We  now  give  examples  which  require  greater  care 
in  the  arrangement  of  the  terms. 

Ex.  1.  Divide  2a^  - 2&®  - 3c^  - 55c  - oca  - 3ab  by.  a -2b-  3c. 
Where,  as  in  this  example,  more  than  two  letters  are  involved, 
we  must  not  merely  arrange  the  terms  according  to  powers  of  a, 
but  b also  is  given  the  precedence  over  c.  The  terms  are  there- 
fore arranged  as  under. 

a-2b-3c)2a-^~  3ab  - 5ac  - 2b^  - 5bc -3c^(2a  + b + c 
2a^  - 4ab  - 6ac 

ab  -t-  ac  - 2b^  — 5bc  - 3c" 
ub  -2b^-3bc 

+ ac  - 26c  - 3c" 

+ ac  -2bc-3c'^ 

Ex.  2,  Divide  a^  + b^  + - 3abc  by  a -1-  6 -f  c. 

First  arrange  the  dividend  according  to  powers  of  a,  and  give 
b precedence  over  c throughout. 


5x-  24  by  x-f  8. 
x'^  - 4x  - 77  by  x-t-7. 

3x2 -11.x  4- 10  by  Sx-T). 

■X?  — 9y2  by  x — 3y. 

9x2  _ 04y4  by  Ha;  + gy". 

}x*‘  - by  ^x^’  - 
x2  - - 1 by  4x  -t-  3. 

8a» -1-276"  by  2a-j-36. 

8a®x®  - 125t/®  by  2a2x2  - 5y'^. 
2x2  _ 5a;2  + 4 by  2 - X. 
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■c)  - Sabc  + b’’^  + c^  {a^  - ab  - ac  + b^  -he + c^ 

a^+  a^b  +a^c 


a^b  - cfle  - 3abc  + b^  + 
a%  - ab^  - abc 


- a^c  + ab“  - 2abc  + b^  + c^ 

- a^c  - abc  - ac^ 

+ ab'^  - abc  + ac^  + & * + c-’ 

+ ab“^  + 4- 

- abc  + ac^  - b\  + c’ 

- abc  — b‘^c  — bc'^ 

a,c^  + bc^  + c-‘ 

ac^  + bc^  + c® 

By  using  brackets,  the  above  process  can  be  shortened, 
rt  + 6 + c ^ a-'^  - 3a.be  + 6^  + ^3  ^ ^2  _ „ (/j  (p2  _ + c^j 

a®  + a^  (b  + c) 


Thus 


-u2  (b  + c)-3a6c  + 63  + c^ 
-a^(b  + c)-a  (b  + c)^ 


a (6^  -bc  + c^)  + 6*  + c^ 
a (b^  - be  + c^)  + (ft  + c)  (62  - 6c  + c^) 

Ex.  3.  Divide  a^  (6  - c)  + 6^  (c  - a)  + c^(a-b)  by  a - 6. 

First  arrange  the  dividend  according  to  descending  powers  of 
a.  Then 

a - b ^ a^  (b  - c)  - a(b‘^  - c^)  + b^c  - bc^  ^ a (b  - c)-c  {b-c) 
a^  (b-c)-  ab  (6  - c) 

-a  {be-  c2)  + b-c  - bc^ 

-a  {be-  c2)  + be  (6  - c) 

71.  In  the  process  of  division  as  described  in  Art.  67, 
the  dividend  and  divisor  being  arranged  according  to  de- 
scending powers  of  a,  we  subtract  from  the  dividend  at  the 
first  subtraction  an  expression  such  that  the  term  in  it 
which  contains  the  highest  power  of  a is  the  same  as  the 
term  in  the  dividend  which  contains  the  highest  power  of 
a ; hence  it  follows  that  the  highest  power  of  a contained 
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in  tlie  remainder  after  the  first  subtraction  will  be  less  than 
the  highest  power  of  a contained  in  the  dividend.  Similarly, 
the  highest  power  of  a contained  in  every  remainder  will 
be  less  than  in  the  preceding  remainder ; and  hence  by 
proceeding  far  enough  we  must  come  to  a stage  where 
there  is  no  remainder,  or  else  where  there  is  a remainder 
the  highest  power  of  a in  which  is  less  than  the  highest 
power  of  a in  the  divisor,  and  in  this  latter  case  the  division 
(cannot  be  exactly  performed. 

It  is  convenient  to  extend  the  definition  of  divi&ion  to 
the  following  : To  divide  A hy  ^ is  to  find  ayi  algebraical 
expression  0 such  that  B x C is  either  equal  to  A,  or  differs 
from  A by  an  expression  which  is  of  lower  degree,  in  some 
particular  letter,  than  the  divisor  B. 

For  example,  if  we  divide  + ^ax  + by  x + a,  we  have 
x + a)  x^  + Sax  + ( .T  + 2a 

x^+  ax 

2ax  + 

2ax  + 2ar 

- aP' 

Thus  (x"^  + Sax  + a^) ~ (x  + a)  =x  + 2a,  with  remainder  - a-. 

We  may  express  the  above  in  the  following  form  : 
x^  + Sax  + a'^  = (x  + 2a)  (x  + a)  - a-. 

We  have  also,  by  arranging  the  dividend  and  the  divisor 
differently, 

. a.  f x)  a?  + Sax  + x^  {a  + 2x 

+ ax 


2ax+  X- 
2ax  + 2,t“ 


Hence,  when  there  is  a remainder,  a change  in  the  order  of 
the  dividend  and  the  divisor  leads  to  a result  of  different  form. 
This  is,  however,  what  might  be  expected  considering  that  in  the 
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lirst  case  we  find  what  the  divisor  must  be  multiplied  by  m order 
to  agree  Avith  the  dividend  so  far  as  the  terms  which  contain  x 
are  concerned ; and  in  the  second  case  we  find  what  the  divisor 
must  be  multiplied  by,  in  order  to  agree  with  the  dividend  so  far 
as  the  terms  which  contain  a are  concerned. 

When  therefore  we  have  to  divide  one  expression  by  another, 
both  expressions  being  arranged  in  the  same  way,  it  must  be 
understood  that  this  arrangement  is  to  be  adhered  to. 

EXAMPLES.  XV. 

Divide 

1.  + + 1 by  + + 1.  2.  1 + x'*  + x®  by  1 - .r*  + x-*. 

3.  x-*  + 4x‘“^  + 16  by  + 2x  + 4.  4.  16x^  + 36x‘-^  + 81  by  4x'-  - 6x  + 9. 

5.  x'*  + 2x^  + x + 2 by  x^  + x + 1.  6.  2x^-x®  + 2x-+ 1 by  1 -x  + x^. 

7.  X®  - 4x®  + 2x  - 4 by  2 - X.  8.  x*’ - 3x^  - 52  by  2 - x. 

9.  1 - X + 5x®  - 3x'*  by  1 - 2x  + 3x"-^. 

10.  X®  + 2x®  - 4x‘‘  - 2x®  + 12x‘^  - 2x  - 1 by  x-  + 2x  - 1 . 

11.  l-4x3  + 3x“by  (1-xf.  12.  l-5xH4x5  by  (x-1)-. 

13.  35  + 4x  - 16x‘-^  + 19x®  - 6x^  by  7 + 5x  - 3x^. 

14.  3x®  - 12x'‘  + 17x®  - 9x"  + 1 by  (1  - x)'h 

15.  X®  - 5x^  + 5x- 1 by  1 + x^  - 2x. 

16.  16x6  - 97x4  - 84x2  + 7 7x+ 8 by  4x2  + llx  + l. 

17.  l + 2x®  + x6  + 2x^  by  1 + x + x2.  18.  x^^  + x^  + l by  x^  + x + l. 

19.  6x®  - Ix^y  + x6y2  + 20x2^6  + 8?/®  by  2x2  - ‘6xy  + 4^2_ 

20.  82/®  - 22x?/4  + 20xhj^  + x2?/2  _ 7a;4y  _|-  6x®  by  4y2  _ Sxy  + 2x2. 

21.  x‘^ -y^  - xz  + yz  hj  X -y.  22.  a?  - + 2xz  - 2yz  hy  x - y. 

23.  -h"  + ac -be  hy  a + b + c.  24.  x^  - y- - z‘-^  + 2yz  hy  y - z - x. 

25.  - 4:b^  - c‘^  - 4:bc  hy  2b  + c - a. 

26.  + 452  + 9c2  - 125c  - 6ca  + 4a5  by  So -2b  - a. 

27.  2a2  - 252  _ 2c2  - 45c  + 3ca  + 3a5  by  a + 25  + 2c. 

28.  3«2  _ 1652  - 4c2  + 205c  - Ilea  + 8ab  by  a + 45  - 4c. 

29.  x^  + y^-z^  + 3xyzhy  x + y -z. 

30.  8x^  - y'^  + z^  + Qxyz  hy  y - z -2x. 

31.  27a®- 852  + C6+ 18a5c  by  3a-25  + c. 

32.  a^  + Sa^b  + Sab^  + b'^  + c^hy  a + b + c. 

33.  + 54  + c4  - 252c-2  - 2c*2a2  - 2a252  by  a + 5 + c. 
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34.  (.'C+l)3  + '(/3by  j:  + //  + 1.  35.  - ys)'^ + hy  x^  + yz. 

36.  - '^yz)'^  - 2D/z^  by  X-  - hyz. 

37.  + 6a6  + \r  - 4c“  - led  - (i"  by  3a  + 6 - 2c  - d. 

38.  - ^')  •■»'■  ~ [a-  2&)  (a-  + 36“)  by  .-c  - a -1-  2 

39.  (^  “ ^)  + (®  ~ ^.y  (^  - t'")  + (<;  - a)  + c^  (a  - 6) . 

40.  - c)  + &■*  (c  - a)  + O'*  (a  - i))  by  {b  - c)  + h-  (c  - a)  + c‘^  (a-b). 


MISCELLANEOUS  EXAMPLES.  I. 

A.  1.  Find  the  value  of  (i/ - 2)‘^  + (2 -a:)^  + (x  — 2/)2  when  .r  = - 1, 2/  = 0 
and  z — 1. 

2.  Add  together  3a-  - 2ca  - ‘2ab,  2b'^  + Sbe  + Sba  and  c-  - 2ac  - 2bc. 

3.  Shew  that 

a*  + 6®  + c®  - ‘6abc  - a {a^-  be)  -b  ca)  - c (c^  - ab)  = 0. 

4.  Multiply  2x^  - i-r  + 1 by  Ja;  + 3, 

and  + Ixy  + 1/  by  ^x"-  - ^xy  + y'\ 

5.  Simplify  {x  + 1)  {x  + 2)  {x  + 3)  - {x  -1)  {x-  2)  {x  - 3) . 

6.  Divide  2 - 12a:®  + 10a;®  by  1 — 2a;  + a;2. 

B.  1.  Find  the  value  of  c“  + b {c  + a),  and  of  J2bc-a,  when  a==ll, 
& = 3 and  c — &. 

2.  Subtract  5a^  - 3a^6  + 4a^F^  from  5b‘^—'ib'^a  + Ib“a-. 

3.  Simplify  .r  - ( 1 - 1 - a;) , 3x-  - 7 - 4a- 

and  />  - 2a  - {c  - a - (6  - a + c)}. 

4.  Multiply  9a‘“  - 1 by  x-  + and  a + b + c by  a + - f. 

5.  Shew  that 

2 (a^  + + c^  - be  - ca  - ab)  = {b  - c)’^  + [c  - a)^  + (a  - 5)-. 

6.  Divide  a:®- 3a;2  + 3a:  + ?/®  - 1 by  a + y - 1. 

C.  1.  Find  the  numerical  value  of 

Ja“  + 2bc  sj  6-  + ca  Jc^  + ai) 

a b c ’ 

when  a — 4,  h — ‘6  and  c—  - 2. 

2.  Add  together  3a-&  - 5ab~  + 76®  and  2a®  - -|a®6  + 5a6®  - |6®. 
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3.  Multiply'’  ax^-x  + a by  ax^  + x + a,  and  lind  the  square  of 

2tt  + b — 3c. 

4.  Simplify  {x  + y)“  - (.c  + //)  {x~y)~[x  {'2y  - x)  - y (‘i.c  -y)\. 

5.  The  product  of  two  algebraical  expressions  is 

x^  + xhj  + xhj^  - x-hj^  + y*’, 

and  one  of  them  is  x^  + xy  + ; what  is  the  other  ? 

6.  Prove 

(i)  a [b  - c) + h (c  - a) + c (a  - b)  = 0, 

(ii)  {b  - c)  + b'-^  {c-a)  + c®  {a-b)  + {b  - c)  (c  - a)  {a  - 6)  = 0. 

D.  1.  If  a = 1,  6 = 2 and  c = -3,  find  the  value  of  6a + 36  + 4c,  and 
of  a®  + 6®  + c®  - Sabc. 

2.  Simplify  3 {a;- 2 (y-z)}  - [4y  + {2y  - (2  - a;)}]. 

3.  What  must  be  added  to  (a  + 6 + c)^  that  the  sum  may  be 
(a-6-c)"? 

4.  Multiply  a^  + 6®  by  a - 6,  and  divide  the  result  by  a + 6. 

5.  Divide  x^  + z^  by  x + z,  and  from  the  result  write  down  the 
quotient  when  (x  + y)®  + z^  is  divided  by  x + y + z. 

6.  Prove 

(i)  (x  + y)  (.T-y)  + (y  + 2)(y-2)  + (z  + x)  (z-.c)  = 0, 

(ii)  [x  - y )-  + (y  - 2)^  + (2  - xf 

= 2 (.c-y)  {x-z)  +2(y-z)  (y-x)  + 2(z-x)  {z-y). 

E.  1.  Find  the  value  of 

2 hj  (a"  + 6^)  + ^ {a“  + b~  — C'  + bd") 
d ~~  c 'b  b — a 

when  a = 3,  6 = 4,  c = 5 and  d = 6, 

2.  Simplify  4x  - (y  - x)  - 3 [2y  - 3 (x  + y)  [ and 

2x  - 3y  - 4 (x  - 2y)  + 5 { 3x  - 2 (x  - y) } , 
and  multiply  the  two  results. 

3.  Shew  that  (a  + 6)'*  = a=^  + 63  + 3a6  (a  + 6),  and  verify  the  result 
when  a = 1 and  6 = - 2. 

4.  Find  the  coefficient  of  x-  in  the  product  of  x-  - (a  - 6)  x - ab 
and  x^  + (a  + 6)  X + ab. 
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5.  Divide  the  difference  of  (2a  + 31))^  and  (3a  + 26)”  by  a + 6 ; divide 
also  the  sum  of  (2a  - 36)^  and  (3a  - 26)®  by  a - 6. 

6.  Shew  that 

(a  + 6 + c — d)  (a  + 6 — c + d)  + (a  — 6 + 6“  + d)  ( — a 4-  6 + c + d)  = 4 (a6  + cd). 

F.  1.  Find  the  value  of 

(a  + 6)  (c  + d)  — (6  + c)  (d  + a) 
a b + be  ~ cd  - da 

Avhen  a = 3,  6 = 4,  c = 5 and  d=  - 4. 

2.  Dind  the  value  of  (a  - x)  (a  - ^y)  (a  - -^z). 

3.  If  a-2  + 7a-  + c is  exactly  divisible  by  a + 4,  what  is  the  value  of  c ? 

4.  Divide  a®  -y^  - + 2yz  hy  x + y - z,  and  find  the  coefficient  of 

a in  the  quotient  obtained  by  dividing  8a-*  f xy^  -y*hy  x-  \y. 

5.  Shew  that 

(a®  + 6^)  (c®  + d®)  = (ac  + 6d)®+  (ad  - 6c-)®  = (ac  - 6d)®  + (ad  + 6c)®. 

6.  Shew  that 

(6  - c)®  + (a  - 6)  (a  - c)  = (c  - a)®  + (6  - c)  (6  - a)  = (a  - 6)®  + (c  - a)  (c  - 6). 

G.  1.  Simplify  oa  - 3 [2a  + 9y  - 2 |3a  — 4 (?/ - a)}]. 

2.  Subtract  6a®-4a6  + 76®  from  2a®-4a6  + 26®,  and  from  the 
remainder  subtract  4a®  - 6a6  + 56®. 

3.  Multiply  a®  + 6®  + 1 - a6  - a - 6 by  a + 6 + 1. 

4.  Divide  a®  + 6®  - 8c®  + 3a®6  + 3a6®  by  a + 6 - 2c. 

5.  The  product  of  two  algebraical  expressions  is  a^  - 64a,  and 
one  of  the  expressions  is  a®  - 2a  + 4 : what  is  the  other  ? 

6.  Prove  that 

(1  + a + a®)  (1  -a  + a®)  (1  -a®  + a*)  (1  - a^  + a®)  = 1 + a®  + a^®, 
and  that 

a®  (6  - c)  + 6®  (c  - a)  + c®  (a  - 6)  + (6  - c)  (c-a)  (a  - 6)  (a  + 6 + c)  = 0. 


CHAPTER  V. 

SIMPLE  EQUATIONS. 

72.  A STATEMENT  of  the  equality  of  two  algebraical 
expressions  is  called  an  equation,  and  the  two  equal  expres- 
sions are  called  the  members  or  sides  of  the  equation. 

When  the  statement  of  equality  is  true  for  all  values 
of  the  letters  involved,  the  equation  is  sometimes  called 
an  identical  equation.  An  identical  equation  is  however 
generally  called  an  identity,  and  the  name  equation  is 
reserved  for  those  cases  in  which  the  equality  is  only  true 
for  certain  particular  values  of  the  letters  involved. 

Thus  a + a — ^a,  and  (a  + h)"  = a~  + 2ab  + h^,  which  are  true  for 
all  values  of  a and  b,  are  identities;  and  5a  + 2 — 12,  which  is 
only  true  when  a is  2,  is  an  equation. 

Note.- — For  the  sake  of  distinction,  a quantity  which 
is  supposed  to  be  known,  but  which  is  not  expressed  by 
any  particular  aiithmetical  number,  is  represented  by  one 
of  the  first  letters  of  the  alphabet  a,  b,  c,  Ac.,  and  a quantity 
which  is  unknown,  and  which  is  to  be  found,  is  represented 
by  one  of  the  last  letters  of  the  alphabet  x,  y or  c. 

73.  To  solve  an  equation  is  to  find  the  value,  or  values, 
of  the  unknown  quantity  for  which  the  equation  is  true; 
and  these  values  of  the  unknown  quantity  are  said  to  satisfy 
the  equation,  and  are  called  the  roots  of  the  equation. 
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74.  An  equation  which,  contains  only  one  unknown 
quantity,  x suppose,  is  said  to  be  of  the  first  degree  when  x 
occurs  only  in  the  tir.st  power ; it  is  said  to  be  of  the  second 
degree  when  x^  is  the  highest  power  of  x which  occurs,  and 
.so  on. 

Equations  of  the  first  degree  are  however  generally 
called  simple  equations,  and  equations  of  the  second  degree 
are  generally  called  quadratic  equations. 

In  the  present  chapter  we  shall  only  consider  simple 
equations  which  contain  one  unknown  quantity. 

75.  In  the  solution  of  equations  frequent  use  is  made 
of  the  following  axioms  : — 

(i)  If  we  add  to  equals  the  same  quantity,  or  equal 
quantities,  the  sums  will  be  equal. 

Thus,  if  a — b,  then  a + c — h + c. 

(ii)  If  we  take  from  equals  the  same  quantity,  or  equal 
quantities,  the  difierences  will  be  equal. 

Thus,  if  a = then  a - c = h - c. 

(iii)  If  we  multiply  equals  by  the  same  quantity,  or 
by  equal  quantities,  the  products  will  be  equal. 

Thus,  if  a — h,  then  ac  — bc. 

(iv)  If  we  divide  equals  by  the  same  quantity  not 
zero,  or  by  equal  quantities,  the  quotients  will  be  equal. 

Thus,  if  a = 6,  then  a-^c—b-^c.  But  although  2xO  = 3xO,  we 

cannot  divide  by  0 and  say  that  2 = 3. 

76.  Let  a + b — c-d. 

Add  - b to  both  sides,  then  the  equality  still  holds  good 
by  Axiom  (ii) ; 

.'.  a + b — b = c-  d — b, 
that  is  a = c — d - b. 

Thus  the  term  b has  been  cancelled  from  one  side  of  the 
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equation,  and  it  appears  on  the  otlier  side  Avitli  its  sign 
changed  from  + to 

Again,  add  d to  both  sides  of  the  last  equation  ; then, 
by  Axiom  (i), 

a + d = c — d ~ b + d ] 
a-\-d  = c — h. 

Thus  tlie  term  d has  been  cancelled  from  one  side  of  the 
equation,  and  it  appears  on  the  other  side  with  its  sign 
changed  from  — to  +. 

W e can  proceed  in  a similar  manner  in  any  other  case ; 
hence  any  term  may  he  moved  from  one  eide  of  an  equation 
to  the  other.,  provided  its  sign  is  changed. 

When  terms  are  changed  from  one  side  of  an  equation 
to  the  other  side,  they  are  said  to  be  transposed. 

77.  We  may  change  the  signs  of  all  the  terms  of  an 
equation;  for,  by  Axiom  (iii),  we  do  not  destroy  the  equality 
by  multiplying  both  sides,  and  therefore  every  term,  by  - 1 ; 
and  this  multiplication  Avill  change  the  sign  of  every  term. 

78.  The  method  of  solving  simple  equations  will  be 
seen  from  tlie  following  examples  — 

Ex.  1.  Solve  8x  + 7 = 4a;  + ‘27. 

Transpose  the  terms  Ix  and  7,  then 
8a- -4.x-:::. ‘27 -7. 

Combine  like  terms,  then 

4.x  = ‘20. 

Divide  both  sides  by  4,  the  coefficient  of  x ; then 
x = 5. 

Ex.  2.  Solve  5 X - 7 = 7x  - 15 . 

By  transposition,  we  have 

bx-lx—  - 15  + 7. 
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Combining  like  terms,  we  get 

-2,r=  -8. 

Itivide  both  sides  by  - 2,  the  coefficient  of  x-,  then 
x=  i. 

Ex.  3.  Solve  1+ 2=‘|  + |. 

Multiply  every  term  by  4,  the  l.c.ai.  of  the  denominators,  then 
the  fractions  will  be  got  rid  of,  and  we  shall  have 


2o;  + 8 = x-  + 10. 

Transposing 

2x-.r  = 10-8; 
x = 2. 

Ex.  4.  Solve  (.i;  - 1)  — I . 

Multiply  by  12  to  get  rid  of  fractions;  then 
\-(a;  + l)-J/(.r-l)  = 12, 
that  is  3 {x  + 1)  - 4 {x  - 1)  = 12  ; 

3x  + 3 - 4;c  + 4 = 12. 

Transposing 

3.r-4x  = 12-3-4; 

— x — 5, 

or,  by  changing  the  signs, 

x=  - 5. 


Ex.  5.  Solve  ax  + h'^  = bx  + a". 

By  transposition, 

ax  - bx  = a~  - b'\ 

that  is  {a  — b)x~  a?  - b~. 

Divide  by  a - b,  the  coefficient  of  x ; then 
x={cP  - 6^)-f-(a  - h)  = a-\-b. 

Note.  The  student  should  test  his  results  by  seeing 
that  the  values  obtained  really  satisfy  the  given  equa- 
tions. 
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For  example,  if  we  put  5 for  x in  Ex.  1,  we  have 
8x5  + 7 = 4x5  + 27, 

that  is  40  + 7 = 20  + 27,  which  is  clearly  true. 

Again,  if  we  put  a + b for  x in  Ex.  5,  we  have 
a{a  + b)  + b^  = b {a  + b)  + a?, 

that  is  + ab  + b~  = ab  + b^  + a”, 

which  is  an  identity. 

79.  From  the  above  it  will  be  seen  that  the  different 
steps  in  the  process  of  solving  a simple  equation  are  as 
follows.  First,  clear  the  equation  of  fractions,  and  perform 
all  the  algebraical  operations  which  are  indicated.  Then 
transpose  all  the  terms  into  which  the  unknown  quantity 
enters  to  one  side  of  the  equation,  and  all  the  other  terms 
to  the  other  side.  Next  combine  all  the  terms  which 
contain  the  unknown  quantity  into  one  term,  and  divide  by 
the  coefficient  of  the  unknown  quantity  ; this  gives  the 
required  root. 

Note.  In  order  to  acquire  a habit  of  clear  and  accurate 
thought,  the  way  in  which  each  new  equation  is  derived 
from  the  preceding  should  always  be  indicated. 

A beginner  should  be  cautioned  against  the  common 
mistake  of  putting  a meaningless  sign  of  equality  at  the 
commencement  of  a line. 

80.  The  following  are  additional  examples  of  .simple 
equations. 

Ex.  1.  Solve  {x  -1)  {x~2)  +b  = {x  + 1)-. 

Eemoving  the  brackets,  we  have 

X-  - 3.r  + 2 + 5 = + 2.x  + 1. 

Transposing,  we  have 

.x'^  - 3.x  - X-  - 2x  = 1 - 2 - 5 
- 5x=  - 6. 

Divide  by  - 5 ; then 


x = i. 
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Ex.  2.  Solve  3 (.t-  1)  - {3a;  - (2  - a:)|.  = 5. 
Removing  the  brackets,  we  have 

3x  - 3 - 3a:  + 2 - .T  = 5 ; 

3.T  - 3.r  --  a:= 5 + 3 - 2 ; 

- X — 6, 

or  a:=  - 6. 


Ex.  3.  Solve  3x"  - 1 = (3x  + 2)  {x  - 3). 
Removing  the  brackets,  we  have 

3.r2  - 1 = 3.t2  - 13a;  - 10. 


Transposing,  we  have 

,3.r2-3:r2  + i8.r=  -10  + 1. 
Hence  13a;=:-9, 


1. 

3. 

5. 

7. 

9. 

11. 

12. 

13. 

14. 


Ex.  4.  Solve  a (x  - a)  + b {x  - h)  = 2ab. 
Removing  the  brackets,  we  have 

ax  - a^  + hx  - b^  = 2ab. 
Transposing,  we  have 

ax  + hx  — a^  + b^  + 2ab, 
that  is  X {a  + b)  — (a  + b)^ 

x = {a  + b)^-^{a  + b)  = a + b. 
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Solve  the  following  equations 
3a:  + 4 = a;  + 10. 

5a; -12  = 6a; -8. 

3(a;-2)  = 2(a;-3). 
.r-(4-2.a:l=-7(a;-l). 

2 (a;  - 3)  = 5 (a;  + 1)  + 2.r  - 1. 

2 (a; -2) + 3 (a;- 3) + 4 {.r- 4)- 
2{x-\)-3{x~2)  + A{x-3)- 
5x  + 6{x  + l)-7  {x  + 2)-S{x- 

X + -|.T  = 10. 
a;  - 1 x -2 


2.  x + 7 = 4x  + 4. 

4.  7a;  + 19  = 5a;  + 7. 

6.  5(.t  + 2)  = 3(^c  + 3)  + 1. 
8.  5(4-3.r)  = 7(3-4a;). 
10.  4(l-.r)  + 3(2  + .a:)  = 13. 
20  = 0. 

2 = 0. 

3)=0. 


16. 


17.  l(a;  + l)-|(a;-l)  = 3. 


SIMPLE  E Q UA  TIONS. 


63 


18. 

19. 

20. 

22. 

24. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

36. 

38. 

39. 

40. 
42. 
4f. 

45. 

46. 

48. 

50. 

51. 

52. 

53. 

54. 


i (2  - X)  - i (ox  + 21)  = x + B. 
I^(x-2)+^{x-S)  +l(x-4)  = 10. 

21. 


+ = 23. 

l-2{a;-3(l  + x)}  = 0.  25. 

(.T-l)(a;-2)  = (a;~3)(.T-4). 

2a;2  = (,'c  + l)2  + (.T  + 3)2. 

,3x-2  = (a;  + 1)2  + (a:  + 2)2  + (x  + 3)2. 


2*-[3-{4a:  + (x-l)}-5]  = 8. 


(x+1)(x  + 2)  = (.t-2)0c-4). 


(.1-  - 2)  (x  - 5)  + (a;  - 3)  (a;  - 4)  = 2 (x  -i)(x-  o). 


(x  - 1)2  + 4 (.z'  - 3)2  = 5 (a;  + 5)2. 


5 (ar  + 1)2  + 7 (a:  + 3)2  = 12  (x  + 2)2. 

(x-  1)  (x  - A)  — 2x  + (x  - 2)  (x  - 3). 

(x  - 1)2  + (x  - 2)3  + (a;  - 3)3  = 3 (a;  - 1)  (a;  - 2)  (a;  - 3). 

x + ^ 2a; -1  dx  + 5 21  + x 

^+li=0.  35.  -y ^=^5^ 


15. 


•5z  + 3-75  = 5-25a;-l.  37.  -25.7; + 4 - •375.z  = -2a;- 9. 

•15a;  + 1 -2  - -875.z  + -375  = -0625,z. 
l-2,z-4(l-8a;-  -5)  = •4.a;  + 8-9. 

a(x-a)  = b{x-b).  41.  2 (a;- a)  + 3 (a:  - 2a)  = 2a. 

J(a:  + a + 5)  + ^(.a:  + a-5)  = 5.  43.  (a  + 6)  a:+ (a  - ?i)  .z  = a2. 

(a  + 6)  a;  + (5  - a)  a;  = 52, 

J (a  + a:)  + ^ (2a  + a;)  + ^ (3a  + a;)  = 3a. 

'Td  7*h 

-j-+— = a2  + &2_  (a  + 5.z)  (&  + a.z)  = a5  (a;2- 1). 

(a2  + a;)  (&2  + a;)  = (a5  + a;)2.  49.  a (a;  + a) + 5 (6  - x)  = 2aft. 

(x  + a + 5)2+  (x  + a - 5)2  = 2x2. 

(x  - a)  (x  - 5)  + (a  + 5)2=(x  + a)  (x  + 5). 

(x  + a + 5 + c)  (x  + a - 5 - c)  = (x  - a - 5 + c)  (x  - a + 5 - (;). 
ox  (x  + a)  + 5.x  (x  + 5)  = (a  + 5)  (.x  + a)  (x  + 5). 

(x  - a)3+  (x  - 5)3  + (.x  - ^;)3  = 3 (x  --  a)  (x  - 5)  (x  - c). 


CHAPTER  VI. 

PROBLEMS. 

81.  We  shall  in  the  present  chapter  consider  a class  of 
questions  called  'problems.  In  a problem  the  magnitudes  of 
certain  quantities,  some  of  which  are  known  and  others  un- 
known, are  connected  by  given  relations ; and  the  values  of 
the  unknown  quantities  have  to  be  found  by  means  of  these 
relations. 

In  order  to  solve  a problem  the  relations  between  the 
known  and  unknown  quantities  must  be  expressed  by 
means  of  algebraical  symbols  ; we  thus  obtain  equations, 
the  roots  of  which  are  the  required  values  of  the  unknown 
quantities. 

82.  In  the  present  chapter  we  shall  only  consider 
problems  in  which  there  is  one  unknown  quantity,  and  in 
which  the  relation  between  the  known  and  the  unknown 
quantities  is  expressed  algebraically  by  means  of  a simple 
equation. 

Of  such  problems  the  following  are  examples  : 

Ex.  1.  What  number  is  that  whose  double  exceeds  its  half 
by  27  ? 

Let  X represent  the  number.  Then  the  double  of  the  number 
is  2x,  and  its  half  is  | . By  the  question  2x  exceeds  | by  27, 


V 


PROBLEMS. 


65 


Hence  we  have  the  equation 

2x  = | + 27. 

Transposing  2.r  — ^ = 27, 

that  is  fa;  = 27; 

,i;  = 27h-|  = 18. 

Thus  18  is  the  number  required. 

Ex,  2.  A has  £4  and  B has  15  shillings.  How  much  must 
A give  to  B in  order  that  he  may  have  just  four  times  as  much 
as  iS  ? 

Let  X be  the  number  of  shillings  that  A gives  to  B. 

Then  A will  have  80  - a;  shillings,  and  B will  have  15  + a; 
shillings.  But  A now  has  four  times  as  much  as  B.  Hence  we 
have  the  equation 

80-a;  = 4 (15  + a;). 

That  is  80  - a;  = 60  + 4x. 

Transposing  -a;-4a:  = 60-80, 

that  is,  -5a:  =-20. 

Divide  by  -5,  then  a;  = 4. 

Thus  A must  give  4 shillings  to  B. 

Note.  It  should  be*  remembered  that  x must  always 
stand  for  a mimber.  It  is  also  to  be  noticed  that  in  any 
problem  all  concrete  quantities  of  the  same  kind  must  be 
expressed  in  terms  of  the  same  unit ; for  example,  in  the 
above  all  sums  of  money  were  expressed  as  shillings. 

Ex,  3.  A line  20  inches  long  is  divided  into  two  parts,  one 
of  which  is  double  the  other.  How  long  are  the  parts  ? 

Let  X be  the  number  of  inches  in  the  smaller  part.  Then, 
since  the  two  parts  together  make  up  20  inches,  the  number  of 
inches  in  the  larger  part  is  20  - x.  By  the  question  the  larger 
part  is  double  the  smaller ; hence  we  have  the  equation 
20  - a;  = 2a: ; 

20  = 3a:, 

or  3a:  = 20. 

Hence  a:  = \®-=6|. 

Thus  one  part  is  6f  inches,  and  the  other  is  13f  inches. 
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Ex.  4.  A man  has  12  coins  some  of  which  are  half-crowns 
and  the  rest  shillings,  and  the  coins  are  worth  18  shillings 
altogether.  How  many  are  there  of  each  kind  ? 

Let  X be  the  number  of  half-crowns  ; then  12  - a:  will  be  the 
number  of  shillings.  The  half-crowns  are  worth  shillings, 
and  the  shillings  are  worth  12  - cc  shillings.  Hence  since  the 
coins  are  worth  18  shillings  altogether,  we  have  the  equation 
fcc  + (12-x)  = 18. 

Therefore  - a;  = 1 8 - 1 2, 

that  is  |.'r  = 6; 

x = 6--|  = 4. 

Hence  there  are  4 half-crowns,  and  8 shillings. 

Ex.  5.  A father  is  six  times  as  old  as  his  son,  and  in  four 
years  he  will  be  four  times  as  old.  How  old  is  each  ? 

Let  the  son  be  x years  old.  Then  the  father  must  be  Qx  years 
old.  After  four  years  the  son  will  be  a? + 4,  and  the  father  will 
be  6.T4-4  years  old.  Hence  by  the  question 
6.'T-f4  = 4 (a; + 4), 
that  is  6a:  4-4  = 4a: -f- 16. 

Hence  6a:- 4x=16  - 4,^ 

that  is  2a:  =12; 

.-r  = 6. 

Hence  the  son  is  6 years  old,  and  the  father  is  36  years  old. 

Ex.  6.  A can  do  a piece  of  work  in  12  hours,  which  B can 
do  in  4 hours.  A begins  the  work,  but  after  a time  B takes  his 
place,  and  the  whole  work  is  finished  in  6 hours  from  the 
beginning.  How  long  did  A work  ? 

Let  a3=the  number  of  hours  that  A worked. 

Then  6 - a:  = the  number  of  hours  that  B worked. 

Since  A can  do  the  whole  work  in  12  hours,  the  part  done  by 
A in  1 hour  is 

Therefore  the  part  done  by  A altogether  is  ^ . 

Since  B can  do  the  whole  work  in  4 hours,  the  part  done  by 
i?  in  1 hour  is 

Therefore  the  part  done  by  B altogether  is  J (6  - a;). 
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But  A and  B together  do  the  whole  of  the  work.  Hence  we 
have  the  equation 

^ + i(6-.r)  = l. 

Multiply  by  12,  then 

a;  + 3 (6-a;)  = 12, 
that  is  a: + 18 -3a:  = 12. 

Transposing  - 2a;  = - 6 ; 

a:=3. 

Hence  A worked  for  3 hours. 

Ex.  7.  Find  the  time  between  3 and  4 at  which  the  hands  of 
a clock  are  together. 

Suppose  that  the  hands  are  together  at  x minutes  after 
3 o’clock. 

At  3 o’clock  the  hour-hand  is  15  minute-spaces  in  front  of  the 
minute-hand,  and  after  x minutes  they  are  together.  Hence 
while  the  minute-hand  moves  through  x minute-spaces  the  hour- 
hand  will  move  through  a;  - 15  such  spaces.  But  the  minute- 
hand  moves  twelve  times  as  fast  as  the  hour-hand,  and  therefore 
in  any  time  the  minute-hand  passes  over  twelve  times  as  many 
minute-spaces  as  the  hour-hand. 

Hence  a:  = 12  (a:- 15), 

that  is  a;  = 12a:- 180  ; 

lla:  = 180, 

or  .a:  = iA-0-=16TV. 

Thus  the  time  required  is  16,4,-  minutes  past  3 o’clock. 

EXAMPLES.  XVII. 

1.  Find  two  numbers  whose  sum  is  200,  and  whose  difference 
is  2. 

2.  Find  two  numbers  whose  sum  is  56,  and  whose  difference 
is  20. 

3.  Divide  25  into  two  parts  whose  difference  is  5. 

4.  Divide  100  into  two  parts  whose  difference  is  45. 

5.  What  number  is  that  to  which  if  you  add  40  the  sum  will  be 
three  times  the  original  number  ? 
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6.  What  number  is  that  from  which  if  you  take  away  14  the 
remainder  is  one-third  of  the  original  number  ? 

7.  The  difference  of  two  numbers  is  15,  and  one  number  is  four 
times  the  other.  Find  the  numbers. 

8.  Find  two  numbers  whose  difference  is  10,  and  one  of  which  is 
three  times  the  other. 

9.  The  sum  of  two  numbers  is  38,  and  one  of  them  exceeds  twice 
the  other  by  2.  What  are  the  numbers  ? 

10.  Find  two  numbers  the  sum  of  which  is  31,  and  which  are 
such  that  one  of  them  is  less  by  2 than  half  the  other. 

11.  Find  a number  whose  fourth  part  exceeds  its  fifth  part  by  2. 

12.  Find  a number  whose  third  part  exceeds  its  seventh  part 
by  80. 

13.  Find  a number  which  when  multiplied  by  4 is  as  much 
above  35  as  it  was  originally  below  it. 

14.  Find  a number  which  when  multiplied  by  8 exceeds  27  as 
much  as  27  exceeds  the  original  number, 

15.  Four  times  the  difference  between  the  fourth  and  fifth  parts 
of  a certain  number  exceeds  by  4 the  difference  between  the  third  and 
seventh  parts.  What  is  the  number  ? 

16.  Fifty  times  the  difference  between  the  seventh  and  eighth 
parts  of  a certain  number  exceeds  half  the  number  by  44,  What  is 
the  number  ? 

17.  Divide  100  into  two  parts  such  that  three  times  one  of  the 
parts  plus  five  times  the  other  is  410. 

18.  Divide  100  into  two  parts  such  that  twice  one  part  is  equal  to 
three  times  the  other. 

19.  The  difference  of  two  numbers  is  20,  and  one  half  of  one  of 
the  numbers  is  equal  to  one-fifth  of  the  other.  Find  them. 

20.  The  sum  of  two  numbers  is  36,  and  their  difference  is  half 
the  greater.  Find  them. 

21.  A has  £100,  and  B has  £20 ; how  much  must  A give  B in 
order  that  B may  have  half  as  much  as  A ? 

22.  A and  B play  for  a stake  of  5s.  If  A loses  he  will  have  as 
much  as  B,  but  if  A wins  he  will  have  three  times  as  much  as  B. 
How  much  has  each  ? 
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23.  A and  B have  £50  between  them.  A wins  from  B as  much 
as  he  had  originally,  and  he  then  had  three  times  as  much  as  B. 
What  had  A at  first  ? 

24.  A,  B and  C have  a certain  sum  between  them.  A has  one 
half  of  the  whole,  B has  one-third  of  the  whole,  and  C has  £50.  How 
much  have  A and  B ? 

25.  A and  B together  have  £76,  and  A has  £5  more  than  B : how 
much  has  each  ? 

26.  A has  £5  more  than  B,  B has  £20  more  than  C,  and  they 
have  £360  between  them.  How  much  has  each? 

27.  A has  £15  more  than  B,  B has  £5  less  than  C,  and  they  have 
£65  between  them.  How  much  has  each  ? 

28.  A has  £5  less  than  B,  G has  as  much  as  A and  B together, 
and  they  have  £100  between  them.  How  much  has  each  ? 

29.  Divide  £30  among  10  men,  20  women  and  40  children,  giving 
to  each  man  15  shillings  more  than  to  each  child,  and  to  each  woman 
as  much  as  to  two  children. 

30.  Divide  15  shillings  among  3 men,  5 women  and  20  children, 
giving  to  each  man  one  shilling  more  than  to  each  woman,  and  to  each 
child  half  as  much  as  to  each  woman. 

31.  A man  of  40  has  a son  10  years  old ; in  how  many  years  will 
the  father  be  three  times  as  old  as  the  son  ? 

32.  One  man  is  70  and  another  is  50  years  of  age ; when  was  the 
first  twice  as  old  as  the  second  ? 

33.  A father’s  age  is  three  times  that  of  his  son,  and  in  10  years 
it  will  be  twice  as  great : how  old  are  they? 

34.  In  5 years  a father  will  be  just  four  times  as  old  as  his 
daughter,  and  in  10  years  he  will  be  just  three  times  as  old : how  old 
is  he  now  ? 

35.  A sum  of  money  is  divided  between  three  persons  A,  B and 
C in  such  a way  that  A and  B have  £60  between  them,  A and  G have 
£65,  and  B and  G have  £75.  How  much  has  each  ? 

36.  Four  persons  A,  B,  G,  D are  possessed  of  certain  sums  of 
money,  such  that  A and  B together  have  £49,  A and  G together  have 
£51,  B and  G together  have  £53,  and  J.'  and  I)  together  have  £47. 
How  much  has  each  ? 
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37.  What  is  the  price  of  beef  if  a reduction  of  20  per  cent,  in  the 
price  would  enable  a purchaser  to  obtain  6 lbs.  more  for  a sovereign? 

38.  How  much  are  eggs  a score,  when  a rise  of  20  per  cent,  in  the 
price  would  make  a difference  of  80  in  the  number  which  could  be 
bought  for  a sovereign  ? 

39.  A.  man  leaves  one  half  of  his  property  to  his  wife,  one-third 
to  a son,  and  the  remainder  (which  is  £2000)  to  a daughter.  How 
much  did  he  leave  altogether  ? 

40.  A.  man  left  his  property  to  be  divided  between  his  three 
children  in  such  a way  that  the  share  of  the  eldest  was  to  be  twice 
that  of  the  second,  and  the  share  of  the  second  twice  that  of  the 
youngest.  It  was  found  that  the  eldest  received  £750  more  than  the 
youngest.  How  much  did  each  receive  ? 

41.  A purse  contains  28  coins  which  altogether  amount  to  £7. 
A certain  number  of  the  coins  are  shillings,  one-fifth  of  that  number 
are  half-sovereigns,  and  the  rest  are  sovereigns.  Find  the  number  of 
each. 

42.  A purse  contains  36  coins  which  altogether  amount  to  £11. 
A certain  number  of  the  coins  are  sovereigns,  there  are  three  times 
as  many  half-sovereigns,  and  the  rest  are  shillings.  Find  the  number 
of  each. 

43.  Find  the  time  between  5 o’clock  and  6 o’clock  when  the 
hands  of  a watch  are  together. 

44.  Find  at  what  time  between  9 and  10  o’clock  the  hands  of  a 
watch  are  at  right  angles  to  one  another. 

45.  There  are  two  numbers  one  of  which  exceeds  the  other  by  3, 
while  its  square  exceeds  the  square  of  the  other  by  99.  Find  the 
numbers. 

46.  In  a mixture  of  spirits  and  water  half  of  the  whole  plus 
25  gallons  was  spirit;  and  a third  of  the  whole  minus  5 gallons  was 
water : how  many  gallons  were  there  of  each  ? 

47.  A garrison  of  1000  men  having  provisions  for  60  days  was 
reinforced  after  10  days,  and  from  that  time  the  provisions  only  lasted 
20  days.  Find  the  number  in  the  reinforcement. 

48.  A labourer  was  engaged  for  36  days,  upon  the  condition  that 
he  should  receive  2s.  6d.  for  every  day  he  worked,  but  should  pay 
Is.  6d.  for  every  day  he  was  idle.  At  the  end  of  the  time  he  received 
58s.  How  many  days  did  he  work  ? 
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49.  A sum  of  money  is  divided  among  three  persons.  The  first 
receives  £10  more  than  a third  of  the  whole  sum ; the  second  receives 
£15  more  than  a half  of  what  remains;  and  the  third  receives  what 
is  over,  which  is  £70.  Find  the  original  sum. 

50.  A purse  of  sovereigns  is  divided  amongst  three  persons,  the 
first  receiving  half  of  them  and  one  more,  the  second  half  of  the 
remainder  and  one  more,  and  the  third  6.  Find  the  number  of 
sovereigns  the  purse  contained. 

51.  From  a sum  of  money  £20  more  than  its  half  was  taken  away : 
from  the  remainder  £30  more  than  its  third  part:  and  from  what 
then  remained  £40  more  than  its  fifth  part ; after  which  there  was 
nothing  left.  What  was  the  sum  ? 

52.  At  a cricket  match  the  contractor  provided  dinner  for  24  per- 
sons, and  fixed  the  price  so  as  to  gain  12|  per  cent,  upon  his  outlay. 
Three  of  the  cricketers  were  absent.  The  remaining  21  paid  the  fixed 
price  for  their  dinner,  and  the  contractor  lost  Is.  What  was  the 
charge  for  dinner  ? 

53.  A can  do  a piece  of  work  in  30  days,  which  B can  do  in 
20  days.  A begins  the  work,  but  after  a time  B takes  his  place,  and 
the  whole  work  is  finished  in  25  days  from  the  beginning.  How  long 
did  A work  ? 

54.  A can  do  a piece  of  work  in  20  days,  which  B can  do  in 
30  days.  A begins  the  work,  but  after  a time  B takes  his  place  and 
finishes  it;  and  B worked  for  10  days  longer  than  A.  How  long  did 
A work  ? 

55.  How  many  men  are  there  in  a regiment  which  can  be  drawn 
up  in  two  hollow  squares  with  the  men  3 and  5 deep  respectively,  if 
the  one  square  will  just  fit  within  the  other,  and  the  same  number  of 
men  be  in  each  square  ? 


CHAPTER  VII. 


SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGREE. 

83.  A SINGLE  equation  which  contains  two  unknown 
quantities  can  be  satisfied  by  an  indefinite  number  of  pairs 
of  values  of  the  unknown  quantities.  Consider,  for  example, 
the  equation  ic  — 32/  = 24.  It  is  clear  that  the  equation  is 
satisfied  by  the  values  3/  = 0 and  a;  = 24;  or  y=\  and  £c  = 27 ; 
or  3/=  2 and  x-  30.  In  fact,  we  may  suppose  3/  to  be  equal 
to  any  quantity  provided  that  x is  taken  equal  to  24  + 3^. 

If  there  are  two  equations  containing  two  unknown 
quantities,  each  equation  taken  by  itself  can,  as  we  have 
just  seen,  be  satisfied  in  an  indefinite  number  of  ways;  but 
this  is  not  the  case  when  both  equations  are  to  be  satisfied 
by  the  same  values  of  the  unknown  quantities. 

Def.  Two  or  more  equations  which  are  to  be  satisfied 
by  the  same  values  of  the  unknown  quantities  contained  in 
them,  are  called  simultaneous  equations. 

84.  The  degree  of  an  equation  which  contains  the  two 
unknown  quantities  x and  3/,  is  the  degree  of  that  term  which 
is  of  the  highest  dimensions  in  x and  y.  [Art.  53.] 

Similarly  the  degree  of  an  equation  which  contains  the 
unknown  quantities  x,  y and  z is  the  degree  of  that  term 
which  is  of  the  highest  dimensions  in  x,  y and  s. 
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Thus  ix  + by  = 20  is  an  equation  of  the  first  degree;  and 

- 2>xy  = 7 is  an  equation  of  the  second  degree. 

The  equations  av?  + hy^  + c — 0 and  x + y = xy  are  also  of 
the  second  degree. 

85.  In  the  present  chapter  we  shall  shew  how  to  solve 
simultaneous  equations  of  the  first  degree. 

It  will  be  seen  that  any  two  simultaneous  equations 
containing  two  unknown  quantities  can  be  solved  by  de- 
ducing from  the  given  equations  a third  equation  from  which 
one  of  the  unknown  quantities  is  absent  ] and  this  will  give 
the  value  of  that  unknown  quantity  which  is  retained. 

86.  We  will  shew  how  to  solve  two  simultaneous 
equations  of  the  first  degree  by  taking  as  an  example  the 
following  pair  of  equations; 

3aj  + 5?/  = 22, 
and  7x-4y=20. 

Multiply  each  member  of  the  first  equation  by  7,  and 
each  member  of  the  second  equation  by  3 : the  equations 
then  become 

21a: + 352/=  154, 
and  21a:—  122/=  60. 

The  coefficients  of  x are  now  the  same  in  the  two  equa- 
tions j hence  if  we  subtract  each  member  of  the  second 
equation  from  the  corresponding  member  of  the  first,  we 
shall  obtain  an  equation  from  which  x is  absent : the  equa- 
tion will  be 

472/ = 94,; 

whence  y = 2. 

If  we  put  this  value  of  y in  the  first  of  the  given  equa- 
tions, we  have  3a: + 10= 22;  hence  3a:=22  — 10,  or  a:  =4. 

We  may  if  we  please  find  the  value  of  x before  finding 
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the  value  of  y.  To  do  this,  multiply  the  first  equation 
by  4,  and  the  second  equation  by  5 : the  equations  then 
become  12a; + 20?/=  88, 

and  35a;  — 20?/  = 1 00. 

The  coefiicients  of  y in  the  two  equations  are  now  equal 
in  magnitude  but  opposite  in  sign ; hence  if  we  add  each 
member  of  the  second  equation  to  the  corresponding  member 
of  the  first,  we  shall  obtain  an  equation  from  which  y is 
absent : the  equation  will  be 

47a;  = 188; 

whence  x=  4. 

We  can  now  find  the  value  of  y by  putting  a;=4  in  the 
first  of  the  given  equations. 

It  will  be  seen  from  the  above  example  that  in  order  to 
solve  two  simultaneous  equations  of  the  first  degree  we  can 
proceed  as  follows  : — Multiply  the  given  equations  by  num- 
bers such  that  in  the  resulting  equations  the  coefficients  of 
one  of  the  unknown  quantities  may  be  equal  in  magnitude; 
then  by  addition  or  subtraction  we  shall  obtain  a simple 
equation  which  contains  only  one  of  the  unknown  quantities, 
and  which  can  be  solved  as  in  the  preceding  chapter. 

The  unknown  quantity  which  has  been  got  rid  of  by  the 
above  process  is  said  to  have  been  eliminated. 

It  is  generally  best  to  eliminate  that  unknown  quantity 
which  has  the  smaller  coefficients  in  the  two  equations. 

87.  The  following  are  additional  examples  : 

Ex.  1.  Solve  3a; +2?/ = 13,  7a; + 3?/ = 27. 

Multiply  the  equations  by  3 and  2 respectively ; we  then  have 
9a;  + 6?/  = 39, 

and  14a;  + 6?/  = 54. 

By  subtraction  we  eliminate  ?/,  and  have 
-5a;=  -15; 
x — 3. 
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Put  this  value  of  x in  the  first  of  the  given  equations  ; then 
9 + 2j/  = 13; 

2/ = 2. 

Thus  x — 3,  y — 2 are  the  values  required. 

Ex.  2.  Solve  2.r -32/ + 14  = 0,  -ix  + 5y  — 26. 

We  have  2x  -3y=  - 14, 

and  -4:X  + 5y=  26. 

Multiply  the  first  equation  by  2 ; then 
4:X~6y=  - 28. 

From  the  last  two  equations  we  have  by  addition 
-2/=  -2, 

or  y = 2. 

We  then  have  from  the  first  equation, 

2x  - 6=  - 14, 

that  is  2a:  = - 14  + 6 = - 8 ; 

x = - 4. 

Hence  the  values  required  are 

a;=  - 4,  y = 2. 

Ex.  3.  Solved = 9,  6a: -^  = 29. 

3 4 4 

Clear  of  fractions  by  multiplying  the  equations  by  12  and  4 
respectively;  then 

20a: -32/ = 108, 

24x  - 7y  — lW. 

Multiply  the  first  equation  by  7 and  the  second  by  3 ; then 
140a: -212/ = 756, 

72a: -212/ = 348. 

By  subtraction,  we  have 

68a:  = 408; 

.r  = 6. 

120 -32/ = 108, 

2/ = 4. 


Then 

whence 
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EXAMPLES.  XVIII. 


Solve  the  equations : 


1. 

7o3  + 4y  = l, 

2. 

3a; + 5?/ = 19, 

3. 

X - 11?/  = 1, 

9a;  + 4?/  = 3. 

5a;  - 4?/  = 7. 

lll?/-9a;=99. 

4. 

Sx-2\y  = 5, 

5. 

34a; -15?/ = 4, 

6. 

39a; -15?/ = 93, 

6a;  + 14t/  = - 

■26. 

51a;  + 25?/ = 101. 

65a; + 17?/  = 113. 

7. 

19a;  + 85?/  = 

= 350, 

8.  8a;-ll?/  = 0 

, 9. 

3a;-ll?/  = 0, 

17a: +119?/  = 

= 442. 

25a; -17?/ = 139. 

19a;  - 19?/ = 8. 

10. 

2^3  ’ 

11  -- 

44-  3 6 2’ 

12. 

| + 3?/  + 14  = 0, 

^ 2?j_ 

4~T-^- 

a;  3?/  1 

5 “ id  “2‘ 

d 

11 

+ 

+ 

13. 

^ r A 

- + 5?y=  -4 

14. 

a; + 2 

— +4i/  = 2, 

15. 

2 x + 3 y , ?/  + 6 ^ 

5 + 7 =^’ 

| + 5a;  = 4. 

?/  + ll  a;  + l 
11  2”“ 

1. 

2x~hxy  a;  + 7 - 
3" 

16. 

4a; -i(  y- 

3)  = 5x- 

3,  17. 

|-i(2/-2)-i(a;-3)  = 0. 

2z/  + i (2a;  - 

= 

' 6 

^-2  (2/-l)-i(^-2)  = 0. 

18. 

a;  - 2 y + \ 
3 4 

^=0, 

19. 

a;-2 

3 

2a;  - 5 11 

-2!/ 

= 0. 

2a;- 7 

-l+J'-O 

5 

7 

3 

16 

88.  Instead  of  proceeding  as  in  Art.  86  we  may  solve 
two  simultaneous  equations  in  the  following  manner. 

Example.  Solve  the  equations  Sx-5y  = 2 and  5x-2y  — 16. 
From  the  first  equation  ~we  have  dx  = 5y  + 2,  and  therefore 
x = \{5y  + 2).  Now  substitute  this  value  of  x in  the  second 
equation,  and  we  get 

-|(5«/  + 2)-22/  = 16, 

which  is  a simple  equation  containing  only  one  of  the  unknown 
quantities;  the  solution  of  which  gives  y = 2.  Then,  since  y=2, 
we  have 


^ — \ (%  + 2)  (10  + 2)  — 4. 
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We  may  also  proceed  as  follows.  From  the  first  of  the  given 
equations  we  have  3x  = 5y  + 2,  or  x = ^{5y  + 2).  Also  from  the 
second  equation  we  have  5ic  = 2?/  + 16,  or  x=^  (2y  + l&). 

Hence,  by  equating  the  two  values  of  x,  we  get 
i(5^  + 2)=i(2y  + 16). 

The  last  equation  gives  y = 2,  and  then  as  before  we  find  that 
x=A. 

89,  The  following  are  examples  of  common  types  of 
simultaneous  equations : 

Ex,  1.  Solve  57a; + 25i/  = 3772  and  25.r + 57y  = 1148. 

We  have  57 x + 25y  = 3772, 

25a; + 57y  = 1148, 

In  this  example  the  direct  application  of  the  method  of 
Art.  86  would  lead  to  troublesome  arithmetic ; but,  since  the 
coefficients  of  x and  y are  simply  interchanged  in  the  two  given 
equations,  we  should  by  addition,  or  subtraction,  obtain  equations 
in  which  the  coefficients  of  x and  y would  be  equal.  Hence  we 
proceed  thus : 

By  addition,  82*  + 82y  = 4920  ; 

* + y = 4920H-82  = 60. 

By  subtraction , 3 2*  - 32y = 2 624  ; 

x-?/  = 2624^32  = 82. 

And  from  the  equations  x + y~Q0,  x-y  = 82  we  obtain  at 
once  *=71  and  2/=  - 11. 

Ex.  2.  Solve  (x-l)(y-2)~(x-2){y-l)=  -2, 

(a;  + 2)  (iy  + 2)^(a;-2)(^-2)  = 32. 

On  removing  the  brackets,  the  first  equation  becomes 


xy  - y - 2x + 2 - xy  + 2y  + x - 2=  - 2, 

or  -*  + ?/=-  2 (i). 

The  second  equation  becomes 

a;^  + 2a;  + 2y  + 4 - a;y  + 2.*  + 2</  - 4 = 32, 

or  4*  + 4y  = 32 (ii). 

Multiplying  (i)  by  4,  we  have 

- 4a;  + 4y=  - 8 (hi). 
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From  (ii)  and  (iii)  we  have  by  addition 
8?/ = 24,  and  therefore  y = 
From  (ii)  and  (iii)  we  have  by  subtraction 
8.r  = 40,  and  therefore  x = 5. 

6 


3 4 

Ex.  3.  Solve  - + - 
X y 


+ - =13. 
X y 


These  equations  can  be  solved  as  two  simultaneous  equations 

containing  the  unknown  quantities  - and  - . 

X y 

Multiply  the  equations  by  5 and  3 respectively ; then  we  have 
15  20 


= 40, 


and 


= .39. 


X y 

15  18 

1 

.r  y 

Hence  we  have  by  subtraction 
2 

- = 1 ; and  therefore  y — 2. 

y ^ 

We  then  have  from  the  first  equation 
* ^=3. 


that  is 


2 

:8-2  = ( 


3 = 6a;,  or  a;  = J. 

Thus  x=^,  2/ = 2 are  the  values  required. 

Ex.  4.  Solve  ax  + by  = 2ab,  bx  - ay  = b‘^  - a? . 

Multiply  the  first  equation  by  a,  and  the  second  equation 
by  5 • we  then  have 

a^x  + aby  = 2a^b, 

and  b^x  - aby  = b^-  a%. 

Hence  by  addition  a?x  + b^x  = a%  + 6^, 
that  is  (a^  + b‘^)x  = b (a^  + b^) ; 

X — b. 

Put  this  value  for  x in  the  first  of  the  given  equations  ; then 
ab  + by  = 2ab; 
by  = ab  ; 
y = a. 

Thus  x = b,  y = a are  the  required  values. 
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Ex.  5.  Solve  5a;  + 3^  - 13  = 3.r  - 2t/  + 7 = 2a;  + 6?/  - 4. 

Since  5x  + Zy  -1^  — ^x -2y  + 1, 

we  have  2a;  + 5^  = 20 (i) . 

Also,  since  ‘6x  -2y  + 1 = 2x  + &y  -4, 

we  have  x-8y  — -ll  (ii). 


The  solution  of  (i)  and  (ii)  by  the  method  of  Art.  86,  gives  a;  = 5 
and  y = 2. 


EXAMPLES.  XIX. 


Solve  the  equations : 

1.  nx  + 23y  = 86,  2.  15a;  + 19?/ = 18, 

23a;  + 17?/ = 74.  19a;  + 15?/ = 50. 

4.  29a: + 85?/ =31,  5.  x+  •2y  = -3, 

13a;  - 43?/ = 95.  l-7a;  + -01?/  = ’345. 

7.  3a:  - 4?/ + 2 = 5a;  - 6^  - 2 = 7a;  + 2?/  + 4. 


3.  51a:- 14?/=  287, 

14a: -51?/=  -157. 
6.  *5a:H-  y = 2’75, 
3-4a;  + -02?/  = l-75. 


8.  4a:  - 6?/  - 3 = 7a:  + 2?/  - 4 = ~2x  + 3y  + 24. 

9.  3x+^?y-2  = ll?/-^  = 20.  10.  5a:  + |-l  = 3y  + |-2  = 4. 


11. 


7 + a:  d + y _ll  + x + y 


x + 1 _y  + 2 _x  + y 


13.  {x  + l){y  + 5)  = {x  + 5){y  + l),  14.  a:?y  - (.r  - 1)(?/ - 1)  = 6(?/ - 1), 


xy  + x + y = 

(.i:  + 2)(^  + 2). 

H 

II 

15. 

5-^  = 2. 

X y 

16. 

2 5 „ 

— i — — 7, 
a:  ?/ 

17. 

X y 

H + !=io. 

X y 

X y 

X y 

18. 

X y 

19. 

3 7 

20. 

2x  - - = 3, 

y 

a:  y 

y 3 

8a:  + — +6  = 0. 

y 

21. 

?-3,=8, 

22. 

^-9,=  57, 

f+2»  = 7. 
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23. 

a:--  + 7 = 3a;--  - ll  = 7.r  + 21. 

y y 

24.  x + y = 2a, 
X -y  = 2b. 

25. 

ax  + l)y=:{a  + hY, 

26. 

ax  + by  = a^  + b^, 

ax  -by  = a^-  b^. 

bx  + ay  = 2ab. 

27. 

X-  y=  a - b, 

28. 

ax  + by  = a^-  b^, 

ax  - by  = 2a^  - 2b^. 

bx  + ay  = a^-  b^. 

29. 

b\x  - a?y  = 0, 

30. 

X-}-  y=  a + b, 

bx  -\-ay  =aAb. 

ax  -by  = b^~  a^. 

31. 

bx  - ay  = b^, 

32. 

ax-by  = a^+b^, 

ax  - by  = a^. 

x+  y=z2a. 

33. 

a^x  + b^y  = c^, 

34. 

ax  + by  — 1, 

a^x  + h^y  = c^. 

bx  + ay  = l. 

35. 

a b , 
- + - = 1, 
X y 

36. 

{a  + b)x  + {a  + c)y  = a + b, 

‘ + 2=1. 

X y 

{a  + c)  .r  -f  (a  4-  b)  y = a + c. 

37. 

{a  + b)  X - {a  - b)  y = Sab, 
(a  + b)y  - {a- b)x  = ab. 

90. 

Simultaneous  Equations  with  three  unknown  quan- 

titles.  Three  simultaneous  equations  of  the  first  degree  con- 
taining the  three  unknown  quantities  x,  y and  % can  be 
solved  in  the  following  manner. 

Multiply  the  first  and  second  of  the  given  equations 
by  such  quantities  that  in  the  resulting  equations  the 
coefficients  of  one  of  the  unknown  quantities,  % suppose, 
may  be  equal : then  by  addition  or  subtraction  we  elimi- 
nate z. 

Then  take  the  first  and  third,  or  the  second  and  third  of 
the  given  equations,  and  eliminate  2:  in  a similar  manner. 
We  thus  obtain  two  Simultaneous  equations  containing  the 
two  unknown  quantities  x and  y j and  these  can  be  solved 
as  in  Art.  86. 
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Ex.  1.  Solve  the  equations 

2x  + iy  + z — l, 

Sx  + 2i/  + 2z  = 8, 

5x  - iy  + iz  = 9. 

Multiply  the  first  equation  by  2 ; then 
4a;  + 8y  + 2^:  = 14, 

Subtract  the  second  equation  ; then 

x + 6y  = 6 (i). 

Now  multiply  the  first  equation  by  4 ; then 
8x  + 16y  + 4z  = 28. 

Subtract  the  third  equation  ; then 

3a; + 20?/ = 19 (ii). 

From  (i)  and  (ii)  we  obtain  a:  = 3,  ?/  = |.  Substitute  these 
values  in  the  first  of  the  given  equations  ; then 
6 + 2 + 2 = 7 ; therefore  z — -1. 

Thus  a;  = 3,  y = i and  z = -1  are  the  values  required. 


Ex.  2.  Solve  the  equations 


111, 

— I — 5, 

y z X 

z X y 

X y z 


Add  the  first  two  equations  ; then 

- = 8,  whence  2 = t • 
2 4 


Add  the  first  and  third  equations ; then 

- = 6,  whence  2/  = ^ • 

Add  the  second  and  third  equations ; then 

- = 4,  whence  x = \. 

X 2 


S.  ALG. 
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EXAMPLES.  XX. 


1. 

y + z=14, 

2. 

y + z = 2a,  3. 

x+  y + z=  1, 

Z + X = 1S, 

z + x = 2b, 

2x  + 3y  + z=  4, 

x + y = 21. 

x + y = 2c. 

4a; + 9?/ + 2 = 16. 

4. 

5x  "t"  ^y  “i*  7^  — 2, 

5. 

2x-  y+  z=  4c,  6. 

X + 2y  - 3z  = &, 

2x  - 4:ij  + 9z  = 7, 

5x+  y + 3z=  5, 

2x  + 4y  - 72  = 9, 

3x  + 2y  + 3z  = 3. 

2a; -3y + 4^  = 20. 

3a;  - y -5z  = 8. 

7. 

x + 2y  + 3z  = 4^, 

8. 

3x  + 2y  + 5z  = 21,  9. 

10a;  - 2?/  + 42  = 5, 

2x  + 3y  -\-iz  = %, 

2a;  - 3y  + 4^  = 11, 

3a;  + 5y  — 3z  = 7 , 

3x  + iy  + 5z  = 3. 

x + 3y  + lz  = 20, 

X + 3y  -2z  = 2. 

10. 

x+  y+  z = l, 

11. 

ax  + by  = l,  12. 

cy  + bz  = be, 

by+  cz  = 1, 

az  + ex  = ca. 

d 

II 

1(M 

+ 

cz  + ax=l. 

bx  + ay  = ab. 

90*.  The  following  example  is  important : 

Solve  ax  + hy  + c = 0, 

a'x  + b'y  + c'  = 0. 

Multiplying  by  b'  and  b respectively,  we  have 
ab'x  + bb'y  + cb'  = 0, 
and  a'bx  + b'by  +c'b  = 0. 

Hence  (ab' - a'b)  x + cb' - c'b  = 0; 

xj{bc'  -b'c)  = ll{ab'  - a'b). 

We  can  find  the  value  of  y in  the  same  way;  but  we  can  clearly 
obtain  the  value  of  y from  that  of  x by  interchanging  a and  b 
and  a'  and  b',  so  that 

y I {ac'  - a'c)  = 11  {ba'  - b'a). 

Hence  xj(bc'  - b'c)  = yj{ca'  - c'a)  = l[{ab'  - a'b). 


CHAPTER  VIII. 


PROBLEMS. 

91.  We  shall  now  give  examples  of  problems  which 
involve  more  than  one  unknown  quantity,  and  in  which  the 
relations  between  the  known  and  unknown  quantities  are 
expressed  algebraically  by  means  of  equations  of  the  first 
degree. 

Many  of  the  problems  given  in  Chapter  VI.  really 
contain  two  unknown  quantities,  but  the  given  relations  are 
in  those  cases  of  so  simple  a nature  that  it  is  easy  to  find  an 
equation  giving  one  of  the  unknown  quantities  in  terms  of 
the  known  quantities,  and  having  found  one  of  the  unknown 
quantities  the  other  is  immediately  determined. 

Ex.  1.:  Find  two  numbers  such  that  the  greater  exceeds 
twice  the  less  by  three,  and  that  twice  the  greater  exceeds  the 
less  by  27. 

Let  X and  y be  the  numbers,  of  which  x is  the  greater. 

Then  we  have  by  the  question 

x-2y=  3, 

and  2x-  y = 27. 

Multiply  the  first  equation  by  2 ; then 
2a:-4?/  = 6. 

Now  subtract  the  members  of  this  last  equation  from  the 
corresponding  members  of  the  second  equation,  and  we  have 
3y  = 21,  or  y — 7. 


6—2 
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PROBLEMS. 


Then  from  the  first  equation 

ic  = 3 + 2y  = 3 + 14=:17. 


Thus  the  numbers  are  17  and  7. 

Ex.  2.  A number  of  two  digits  is  equal  to  seven  times 
the  sum  of  its  digits,  and  the  digit  in  the  ten’s  place  is  greater 
by  four  than  the  digit  in  the  unit’s  place.  What  is  the  number? 

Let  X be  the  digit  in  the  ten’s  place,  and  y be  the  digit  in  the 
unit’s  place. 

Then  the  number  is  equal  to  lOx  + y,  for  the  x represents  so 
many  tens  ; also  the  sum  of  the  digits  is  x + y. 

Hence  we  have  10a;  + y — 7(x  + y), 
that  is  lOx  + y = 7x  + 7y  ; 


Thus  the  required  number  is  84. 

Ex.  3.  Find  the  fraction  which  is  equal  to  ^ when  its 
numerator  is  increased  by  unity,  and  is  equal  to  J when  its 
denominator  is  increased  by  unity. 

Let  the  numerator  of  the  fraction,  and  y = the  denomi- 
nator. 

Then  we  have  by  the  question 

a;  -f  1 1 . x 1 

ir=2- 

Multiply  the  first  equation  by  y ; then 


Multiply  the  second  equation  by  y -t- 1 ; then 


Subtract  the  corresponding  members  of  the  last  two  equations ; 
and  we  have 


and  therefore 


We  have  also 
Hence 


‘dx  = 6y,  or  x~2y. 
x^y  + i. 

‘4f/  = 2/  + 4,  or  y-i, 
a- = 8. 


*=5  (!/  + !)■ 
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from  which  we  find  that  y = 8.  Then,  since  y is  8, 
.-r  = |-l-4-l  = 3. 

Thus  the  fraction  is  i. 


Ex.  4.  A man  and  a boy  can  do  in  15  days  a piece  of  work 
which  would  be  done  in  2 days  by  7 men  and  9 boys.  How  long 
would  it  take  one  man  to  do  it  ? 

Let  ,T  = the  number  of  days  in  which  one  man  would  do  the 
whole ; 

and  let  ?/  = the  number  of  days  in  which  one  boy  would  do  the 
whole. 

Then  a man  does  - th  of  the  whole  in  a day  ; 

X 

and  a boy  does  ^ th  of  the  whole  in  a day. 

Now  by  the  question  a man  and  a boy  together  do  of 
whole  in  a day. 

Ill 


Hence  we  have 


— I — ~ T7  • 
X y lb 


We  have  also,  since  7 men  and  9 boys  do  half  the  work 
in  a day 

7 9 1 

1 — = ; • 

X y 2 

Multiply  the  first  equation  by  9 and  subtract  the  second; 
then 

9_7_^_1 
.T  .r  ~ 15  2 


that  is 


2_J^ 

a: ""  10  ’ 5 “ 20  ■ 


.t  = 20. 

Thus  one  man  would  do  the  work  in  20  days. 
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EXAMPLES.  XXI. 

1.  A and  B have  £50  between  them,  but  if  A were  to  lose  half 
his  money,  and'JB  | of  his,  they  would  then  have  only  £20.  How 
much  has  each  ? 

2.  A number  of  two  digits  has  its  digits  reversed  by  the  addition 
of  9.  Shew  that  the  digits  differ  by  unity. 

3.  A man  bought  8 cows  and  50  sheep  for  £225.  He  sold  the 
cows  at  a profit  of  20  per  cent.,  and  the  sheep  at  a profit  of  10  per 
cent.,  and  received  in  all  £257.  10s.  What  was  the  cost  of  each  cow 
and  of  each  sheep  ? 

4.  Twenty-eight  tons  of  goods  are  to  be  carried  in  carts  and 
waggons,  and  it  is  found  that  this  will  require  15  carts  and  12 
waggons,  or  else  24  carts  and  8 waggons.  How  much  can  each  cart 
and  each  waggon  carry  ? 

5.  A and  B can  perform  a certain  task  in  30  days,  working 
together.  After  12  days  however  B is  called  off,  and  A finished  it  by 
himself  24  days  after.  How  long  would  each  take  to  do  the  work 
alone  ? 

6.  If  the  numerator  of  a certain  fraction  be  increased  by  1 and 
its  denominator  diminished  by  1,  its  value  will  be  1.  If  the  nume- 
rator be  increased  by  the  denominator  and  the  denominator  be 
diminished  by  the  numerator,  its  value  will  be  4.  Find  the  fraction. 

7.  Find  the  fraction  such  that  if  you  quadruple  the  numerator 
and  add  3 to  the  denominator  the  fraction  is  doubled,  but  if  you  add 
2 to  the  numerator  and  quadruple  the  denominator  the  fraction  is 
halved. 

8.  The  first  edition  of  a book  had  600  pages,  and  was  divided 
into  two  parts.  In  the  second  edition  one  quarter  of  the  second  part 
was  omitted  and  30  pages  added  to  the  first.  The  change  made 
the  two  parts  of  the  same  length.  What  were  they  in  the  first 
edition  ? 

9.  If  A were  to  receive  £10  from  B he  would  then  have  twice  as 
much  as  B would  have  left;  but  if  B were  to  receive  £10  from  A, 
B would  have  three  times  as  much  as  A would  have  left.  How  much 
has  each  ? 
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10.  A farmer  sold  30  bushels  of  wheat  and  50  bushels  of  barley 
for  £18.  15s.  He  also  sold  at  the  same  prices  50  bushels  of  wheat 
and  30  bushels  of  barley  for  £19.  5s.  What  was  the  price  of  the  wheat 
per  bushel  ? 

11.  A rectangle  is  of  the  same  area  as  another  which  is  6 yards 
longer  and  4 yards  narrower ; it  is  also  of  the  same  area  as  a third, 
which  is  8 yards  longer  and  5 yards  narrower.  What  is  its  area  ? 

12.  ^ and  B can  together  do  a piece  of  work  in  15  days.  After 
working  together  for  6 days,  A went  away,  and  B finished  it  by  himself 
24  days  after.  In  what  time  would  A alone  do  the  whole  ? 

13.  An  income  of  £120  a year  is  derived  from  a sum  of  money 
invested  partly  in  3J  per  cent,  stock  and  partly  in  4 per  cent,  stock. 
If  the  stock  be  sold  out  when  the  3J  per  cents,  are  at  108  and  the 
4 per  cents,  at  120,  the  capital  realised  is  £3672.  How  much  stock  of 
each  kind  was  there  ? 

14.  A number  of  two  digits  is  equal  to  seven  times  the  sum  of 
its  digits  : shew  that  one  digit  must  be  twice  the  other. 

15.  Find  all  the  numbers  of  two  digits,  each  of  which  is  equal 
to  four  times  the  sum  of  the  digits. 

16.  £1000  is  divided  between  A,  B,  G and  D.  B gets  half  as 
much  as  A ; the  excess  of  C’s  share  over  X>’s  share  is  equal  to  one- 
third  of  A’s  share,  and  if  U’s  share  were  increased  by  £100  he  would 
have  as  much  as  C and  D have  between  them.  Find  how  mucli  each 
gets. 

17.  A number  has  two  digits  of  which  the  second  is  double  of 
the  first ; and,  if  the  digits  be  reversed,  the  new  number  exceeds 
the  original  number  by  36  ; find  the  number. 

18.  A certain  number  consists  of  two  digits,  and  another  number 
is  formed  from  it  by  reading  it  backwards.  If  the  sum  of  the  two 
numbers  is  99  and  the  difference  is  45,  find  the  digits. 

19.  In  a certain  proper  fraction  the  difference  between  the 
numerator  and  the  denominator  is  12,  and  if  each  be  increased  by  5 
the  fraction  becomes  equal  to  |.  Find  it. 

20.  The  wages  of  10  men  and  8 boys  for  a day  amount  to 
£1.  ITs. ; and  four  men  receive  one  shilling  more  than  six  boys.  How 
much  does  each  boy  receive  ? 
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21.  A farmer  has  two  farms  for  each  of  which  he  pays  a rent  of 
30  shillings  an  acre,  and  his  total  rent  is  £675.  If  the  rent  of  one 
farm  were  reduced  by  6 shillings  an  acre,  and  that  of  the  other  by 
10  shillings  an  acre,  his  rent  would  be  £500.  What  is  the  acreage  of 
each  of  the  farms  ? 

22.  A man  has  one  pound’s  worth  of  silver  in  half-crowns, 
shillings  and  sixpences ; and  he  has  in  all  20  coins.  If  he  changed 
the  sixpences  for  pennies,  and  the  shillings  for  sixpences,  he  would 
have  73  coins.  How  many  coins  of  each  kind  has  he? 

23.  The  price  of  a passenger’s  ticket  on  a French  railway  is  pro- 
portional to  the  distance  he  travels ; he  is  allowed  25  kilogrammes  of 
luggage  free,  but  on  every  kilogramme  beyond  this  amount  he  is 
charged  a sum  proportional  to  the  distance  he  goes.  If  a journey  of 
200  miles  with  50  kilos,  of  luggage  cost  25  francs,  and  a journey  of 
150  miles  with  35  kilos,  cost  16J  francs,  what  will  a journey  of  100 
miles  with  100  kilos,  cost  ? 

24.  A has  twice  as  many  pennies  as  shillings  ; B,  who  has  Sd. 
more  than  A,  has  twice  as  many  shillings  as  pennies;  together  they 
have  one  more  penny  than  they  have  shillings.  How  much  has  each? 

25.  Of  the  candidates  in  a certain  examination  one  quarter  fail. 
The  number  of  marks  required  for  passing  is  less  by  2 than  the 
average  marks  obtained  by  all  the  candidates,  less  by  11  than  the 
average  marks  of  those  who  pass,  and  equal  to  double  the  average 
marks  of  those  who  fail.  How  many  marks  are  required  for  passing  ? 


MISCELLANEOUS  EXAMPLES.  II. 


A.  1.  Find  the  value  of 


ab  + 2hc  -^cd  + 


when  u = l,  5 = 2,  c = - 3 and  d = 0. 


2.  Subtract  2a-S  {a-b-a)  from  25  - 3 (5  - a - 5). 


3.  Shew  that 

{x  + 3){y  + 3)-S{x  + l){y  + l)  + S{x-l){y-l)-{x-  3)  {y  - 3)  = 0, 
and  that 

(x  + 2)(y  + 2)-4{x  + l){y  + l)  + 6xy-4{x-l)  {y-l)  + {x-2)  {y~2)=:0. 
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4.  Divide  a;®  - 5x*  + 7®®  - ic®  - 4a:  + 2 by  a:®  - 3®^  + Sa"  - 1. 

5.  Solve  the  equations  : 


(i) 


X a:  + l as  + 2 a;  + 3 . 

2+nr+  t-+-6-=^- 


(ii)  1 + 1 = 5.  2.t  + |-17  = 0. 

(iii)  ax-by  — a^-b~\ 
bx  - ay  = b^  - a?\ 


6.  A number  of  marbles  was  divided  among  three  boys  so  that 
the  first  boy  had  10  less  than  half  of  the  whole,  the  second  had  10 
more  than  a quarter  of  what  was  left,  and  the  third  had  20,  How 
many  marbles  were  there  ? 

B.  1.  Find  the  numerical  value  of 

{a  - by  + (b  - c)‘^  + (c  - a)^  + {b  -c)  {c  - a)  (a  -b), 
when  a = l,  b = 2 and  c = ^. 


2.  From  the  sum  of  {2a  -b)^  and  {a  - 2b)^  take  the  square  of 
2{a-b). 

3.  Shew  that 

n^  — n{n-l)  (n-2)  + 3n(n-  1)  + ??, 
and  n^  = n (n  - 1)  (n  - 2)  («  - 3)  + 6n  {n  - 1)  (?i  - 2)  + In  {n  - 1)  + n. 


4.  Find  the  algebraical  expression  which  when  divided  by 
- 2.r  + 1 gives  a quotient  x^  + 2x+l  and  a remainder  x-\-l. 


5.  Solve 


(i) 

(ii) 


(iii) 


3{x  + 3)^  + 5(x  + 5f  = 8{x  + 8f. 
h{x+y)-Ux-y)=s  } 

^{x  + y)-l{x-^J)  = ll\ 

i+^=i, 

X y X y b 


6.  A man  paid  a bill  of  £100  with  sovereigns  and  crowns,  using 
in  all  130  coins.  How  many  coins  of  each  sort  did  he  use? 
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C.  1.  Simplify  a- [a + Z>  - {a  + fc + c - rt  + & + C + d}]. 

2.  Find  the  sum,  the  difference,  and  the  product  of  a + b and 
a b 

2~  2' 

3.  Shew  that 

u6-3(a-l)  (6-l)+3(a-2)  (6-2)-(a-3)  (6-3)  = 0, 

and  that 

afe  - 4 (a  - 1)  (fc  - 1)  + 6 (a  - 2)  (6  - 2)  - 4 (a  - 3)  (6  - 3)  -f  (a  - 4)  {b  - 4)  = 0, 

4.  Divide  a^  + b^  + c^-  3abc  hj  a + b + c,  and  from  the  result  write 
down,  without  division,  the  quotient  when  8x®  + 8y^  + z^~  12xyz  is 
divided  by  2x  + 2y  + z. 

5.  Solve  the  equations  : 

(i)  x = ^{5y  + 2),  y=l{x-l). 

(ii)  ax  + by  = a^,  bx  + ay  = b^. 

6.  A and  B each  shoot  30  arrows  at  a target.  B makes  twice  as 
many  hits  as  A,  and  A makes  three  times  as  many  misses  as  B.  Find 
the  number  of  hits  and  misses  of  each. 


D.  1.  Find  the  value  of 

abc  {ab  + bc  + cd  + da)  ~{a  + b)  (a  + c)  (a  + d), 
when  a = l,  6 = 3,  c=  -5  and  d = 0. 

2.  Simplify  {a  + b)^-[2a^- {{a-b)  {a  + 2b) -b  (a-b)}}. 

3.  Find  the  continued  product  of  x + a,  x + b and  x + c;  and 
from  the  result  write  down  the  continued  product  of  a-x,  a-y 
and  a-z. 


4.  Divide  75a^bh^  - by  5a^bc^,  and 

_ 26®  _ 0^2  ^ a6  - ac  + 76c  by  a - 6 + 2c. 

5.  Solve  the  equations : 

(i)  i(x-l)-i(x-2)  + i(x-3)=0. 
x-3  _y -1 _x  + y 


(ii) 


(hi)  -+-  = 22,  ---  = 20. 

^ ' X y X y 


6.  A square  grass  plot  would  contain  69  square  feet  less  if  each 
side  were  one  foot  shorter.  How  many  square  feet  does  it  contain  ? 
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E.  1.  Simplify 

{ft  {a~c)  +ac}  - a {h  - a - c \ + b (c  - b - a)  - ab. 

2.  From  what  must  the  sum  of  3a^  + 2ab~ac,  3b^  + 2bc-ab  and 
3c^  + 2ca  - be  be  taken  in  order  that  the  remainder  may  be  a^  + b^  + c^7 

3.  Shew  that  [x  -\-yY  + {y  + zf  + {z  + x)- 

+ 2{x  + y)  [x  + z)  + 2{y-]rz){y  + x)A2{z  + x){z-\-y) 

=^4:{x  + y + zf. 

4.  Divide  + ^-x-  - Ja;  + f by  + 2,  and 

aco!?-\-(ad-bc)  x'^— {ac  + bd)x  + hc  by  ax~b. 

5.  Solve  the  equations  : 

(i)  {x-l){x  + 2)  = x^  + 3. 

(ii)  2a:  + -4y  = l-21 
5a;  + -22/  = 1-8)  ‘ 

(hi)  {a-b)x={a  + b)y] 
x + y — 2a  J " 

6.  Find  two  numbers  such  that  twice  their  difference  is  greater 
by  unity  than  the  smaller  number,  and  is  less  by  two  than  the  larger 
number. 

F.  1.  Find  the  value  of  3 {x  + y + z)'^  - {x‘^ + y'^ + z^),  when  a;  = 3, 
y—  - 5 and  z = 7. 

2.  Find  the  continued  product  of  + x*,  + ac-,  a + x and  a - x. 

3.  Shew  that  (1  - a)  (1  - ft) +a  (1  - ft)  + ft  = l, 

and  that  (1  - a)  (1  - ft)  (1  - c)  + a (1  - ft)  (1  - c)  + 6 (1  - c)  + c = 1. 

4.  Divide  4?/^  -9y^  + 6y-l  by  2y^  + 3y-l. 

Divide  also  + 2ft^  - 3c^  + ftc  + 2ac  + 3uft  by  a + b-c. 

5.  Solve  the  equations  ; 

(i)  (a  + a;)  (ft  + a::)=:(c  + a:)  (d  + x). 

(ii)  3x-ly  — 4i,  lx  - ^y  — 2. 

6.  If  12  lbs.  of  tea  and  3 lbs.  of  coffee  cost  £1,  15s.,  and  12  lbs.  of 
coffee  and  3 lbs.  of  tea  cost  £1.  Is.  6d.,  what  is  the  price  per  lb.  of  tea 
and  of  coffee  ? 


CHAPTER  IX. 


FACTORS. 

92.  Definitions.  An  algebraical  expression  which  does 
not  contain  any  letter  in  the  denominator  of  any  term  is  called 
an  integral  expression. 

Thus  a-\-h  and  - }b~  are  integral  expressions. 

An  expression  is  said  to  be  integral  with  respect  to  any 
particular  letter  when  that  letter  does  not  occur  in  the 
denominator  of  any  term. 

Thus  — 4 — ^ is  integral  loith  respect  to  x. 
a a + h 

An  expression  is  said  to  be  rational  when  none  of  its 
terms  contain  square  or  other  roots. 

9.3.  In  the  present  chapter  we  shall  shew  how  factors 
of  rational  and  integral  algebraical  expressions  can  be 
found  in  certain  simple  cases. 

In  arithmetic  we  mean  by  the  factors  of  a number  its 
integral  divisors  only ; and  similarly,  by  the  factors  of  an 
algebraical  expression,  we  mean  the  rational  and  integral 
expressions  which  exactly  divide  it. 

94.  Monomial  Factors.  When  any  letter,  or  group  of 
letters,  is  common  to  all  the  terms  of  an  expression,  each 
term,  and  therefore  the  whole  expression  is  divisible  by  that 
letter,  or  group  of  letters. 

Thus  ah  + ac  = a {h  + c), 

a^  + alr^^ab  {a+h), 

and  ^ax^y  + Qaxhj^  — Sax^y  (x  + 2?/") . 
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Monomial  factors,  if  there  are  any,  can  be  seen  by 
inspection,  and  the  whole  expression  can  be  at  once  written 
as  the  product  of  the  monomial  factor  and  its  co-factor,  as 
in  the  above  examples.  In  what  follows  therefore  we  need 
only  consider  expressions  which  have  been  freed  from 
monomial  factors. 


EXAMPLES.  XXII. 


Find  the  factors  of  the  following  expressions  : 
1.  x^  + x.  2.  a^~ah. 

4.  "iax  + ^x^.  5.  ^x^-^x'^. 

7.  x^  - 5x^y  + 20x-y^.  8.  + a^x^. 


3.  ah -he. 
6.  a^-da%. 


9.  Bax'*  - -f  20a V.  IQ.  ?>(Fx^y'^  - \a^x^^ . 

11.  lla?hc‘^ -\db\^.  12, 

95.  Pactors  found  by  comparing  with  known  identities. 


Sometimes  an  algebraical  expression  is  of  the  same  form  as 
some  known  result  of  multiplication  : in  this  case  its  factors 
can  be  written  down.  We  proceed  to  apply  this  principle 
in  the  case  of  the  most  important  forms  of  algebraical 
expressions. 

96.  We  know  that 

a:  + ‘iah  + h^:={a  + b)\ 
and  - 2ab  If. 

Hence,  when  a trinomial  expression  consists  of  the  suvi  of 
the  squares  of  any  two  quantities  plus  twice  the  product  of 
the  quantities,  it  is  equal  to  the  square  of  their  sum.  And 
when  a trinomial  expression  consists  of  the  sum  of  the 
squares  of  any  two  quantities  minus  twice  their  product,  it 
is  equal  to  the  square  of  their  difference. 

Hence  it  is  easy  to  recognise  when  a trinomial  is  a com- 
plete square ; for  two  of  the  terms  must  be  squares,  and  the 
remaining  term  must  be  twice  the  product  of  the  quantities 
whose  squares  are  the  other  terms. 
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The  two  terms  which  are  squares  must  both  have  the 
same  sign. 

Thus  a‘^  + Qah  + 9h^,  that  is  + (Sb)^  + 2a  (3b) , consists  of  the 
squares  of  a and  3&  together  with  twice  the  product  of  a and  3&, 
and  hence  a^  + 6a&  + 96^=(a  + 35)2. 

Again 

Aab  - a?  - 46^=  (26)''^-  2a  (26)}  = - [a-  2b)^. 

As  other  examples,  we  have 

16a4  + 8a2  + 1 = (4a2)2  + 2 {ia?)  + 1 = (4a2  + 1)2, 

^.3  _ 4a;2^2^4^y4_aj  (a;2_  4a;^2^4^4^|  {x^  ~ 2x  {2l/)  +(2?/2)2} 

= x {x-  2y^Y, 

and  (a  + 6)2  - 2c  (a  + 6)  + c2  = { (a  + 6)  - c}2. 

Note.  We  may  consider  that  a^—'iab  + h^  is  equal  to 
(b  — ay  instead  of  {a  — by,  for  by  the  Law  of  Signs  (b  — a)", 
that  is  { — {a-b)Y,  is  equal  to  {a  — by.  In  fact  when  we 
find  that  an  expression  is  equal  to  the  product  of  two 
factors,  we  may  equally  well  consider  it  as  the  product  of 
the  same  two  factors  with  all  the  signs  changed. 


EXAMPLES.  XXIII. 


Find  the  factors  of  the  following 
1.  4a;2  + 4a:  + l.  2. 

3.  l-8a;2  + 16a;h  4. 

5.  9^4  + 240.262  + 166“.  6. 

7.  4o.2a;2  + 4,abxy  + b'^y^.  8. 

9.  3o2  + 6a6  + 362.  10. 

11.  o3-6o26  + 9o62.  12. 

13.  ixY-x^-^y\  14. 

15.  ixy^  - 4tx^y^  + x^y . 16. 

17.  (o  + 6)2  + 4c  (o  + 6)  + 4c2.  18. 

19.  4.^;2j/2+4(a  + ;,)a;y  + (a  + 6)2.  20. 

97.  From  the  formula 


expressions  : — 

. %x^-%x  + l. 

4a2_l2o6  + 962. 

, x‘^  + xy  + \x/. 

25o“a;2  - S0a%^xy  + 96“^2_ 

, 5o“-10o26  + 562. 
3a6-30a“62  + 75a36«. 

8a;2  - 4a;“  - 4. 

a;2y2  ^ ^Sy  _|_  ^xy^. 

{x‘^  + y^-2{x^  + y‘^)  z^  + z\ 
9 (a  + 6)2 -6c  (a  + 6)  + c2. 


— b^  — {a  + b)  {a  — b), 

we  see  that  the  difference  of  the  squares  of  any  two  quanti- 
ties is  equal  to  the  'product  of  the  sum  and  the  difference  of 
the  quantities. 
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Thus  a?  - 4&2,  or  a®  _ (26)2,  is  equal  to  {a  + 26)  {a  - 26). 

Also  9ocr^  - 4xy^,  that  is  x {(3a;)2  - (2y)^},  is  equal  to 
x(Sx  + 2y)  (Sx-2y). 

As  other  examples , we  have  : 

8axy  - lS(Fx^y^=2axy  (4  - 9a-x^y^)  = 2axy  {2^  — {Saxy)^} 

= 2axy  (2  - 8axy)  (2  + Saxy), 
a*-b^  = {a?  + 62)  (a^  - 6^)  = {a^  + 6^)  (a  + 6)  (a  - 6), 
and  792  - 712-=  (79  + 71}  (79  - 71)  = 150  x 8=  1200. 

We  may  deal  with  the  squares  of  multinomial  expres- 
sions in  precisely  the  same  way  as  with  the  squares  of 
monomial  expressions. 

Thus  (a-f  6)2-c2=:{(a-t-6)-t-c}  {{a  + b)-c\ 

= {a  + b + c)  (a  + b-c), 

+ a%'^  + b^=:{a^  + 62)2  _ (^6)2=  («2  + 62  4-  ab)  {a^  -f  62  - ab), 
and  {2a  -b  + 2c)2  - {a  + 4b  + c)2 

= { (2a  - 6 -1-  2c)  -f  (a  -f  46  + c) } { (2a  - 6 + 2c)  - (a  -f  46  -f  0) } 
= (3a -i- 36 -h 3c)  {a-5b  + c). 

EXAMPLES.  XXIV. 

Find  the  factors  of  the  following  expressions : — 


1. 

a2-9. 

2. 

16  - 62. 

3. 

25a2-62. 

4. 

x2  - 9y2. 

5. 

16a;2  - 9if. 

6. 

64a2  - 4962. 

7. 

4a2-8162. 

8. 

X?  - 9^4. 

9. 

36a4  - 4962. 

10. 

4a262-9c2. 

11. 

9a2a;2  - 4962^2 

12. 

49a%^c^-3QxY^^’ 

13. 

4xy‘^  - 9x^. 

14. 

8a62-18a2. 

15. 

3a5  - 108a3. 

16. 

7a5-28a2. 

17. 

8x^y  - 82xy'^. 

18. 

7a6c2  - 7a263. 

19. 

034  - 1/4. 

20. 

x‘^  - 16i/4. 

21. 

81a4  - 1664. 

22. 

625a4-256a;4. 

23. 

xY  - ^^54. 

24. 

a‘64  - 

25. 

81a;4y4_ 

26. 

16a464c4-l. 

27. 

16  - 81xY- 

28. 

x^  - 1/. 

29. 

a®  - 6®c®. 

30. 

aio  - a2. 

31. 

(a  + 6)2  - c2. 

32. 

(a  + 6)2-4c2. 

33. 

4 (x  + y)^-  1. 

34. 

9 (a;-i/)2-4. 

35. 

{x  + yf-{x-yy\ 

36. 

(2a-l-6)2-(26-fa)2. 

37. 

a;2-(a;-?/)2.  33. 

a2  - 

(26-a)2, 

39.  4 (a -{-'6)2 -(a -6)2. 

40.  9{x  + y)^-4{x-y)^.  41.  (a« -i- 62)2  - 4a262. 

42.  (d-i-6  + c)2-(a-6-c)2.  43.  (3a-f6-2c)2-(a-i-86- c)2. 
44.  (a-26+3c)2-(a-c)2.  45.  (3*2  + ^;  - 2)2-(a;2- a:  - 2)2 
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98.  From  the  formulae 

+ a®  = (x  + a)  (of  — ax  + a?), 

and  — a?  — (x  — a)  {x^  + ax  + a^),  [Art.  69.] 

we  see  that  the  sum  of  the  cubes  of  any  two  quantities  is 
divisible  by  the  sum  of  the  quantities ; and  that  the  differ- 
ence  of  the  cubes  of  any  two  quantities  is  divisible  by  the 
difference  of  the  quantities. 

Thus  8a3  + 276®,  that  is  (2a)3  + (3&)^,  is  divisible  by  2a + 36, 
and  the  quotient  is  (2a)^  - (2a)  (36)  + (36)^,  that  is  4a^  - 6a6  + 96^. 
Also  27x3  - 8,  that  is  (3x)3  - 2^,  is  equal  to 

(3x  - 2) { (3x)2  + (2 . 3x)  + 2q  = (3x  - 2)  (9x^  + 6x  + 4). 

As  other  examples, 

- |c3=  (a6  - |c)  {cC^h^  + \ahc  + ^c^), 
and  a6  - 66  = (a»  + ¥)  {a^  - 6^) 

= (a  + 6)  (a^  - a6  + 6^)  (a  - 6)  (a^  + ab  + 6^). 
The  cubes  of  multinomial  expressions  may  be  dealt  with 
in  precisely  the  same  way. 

Thus  (a  + 6)3  - c3=  {(a  + 6)  - c}{(a  + 6)3  + (a  + 6)  c + c3}, 
and  (x  - 2y)3  - {ij  - 2x)3 

-{x-2y-y-  2x)  { {x  - 2yf  + {x  - 2y)  {y  - 2x)  + {y  - 2x)3} 

= (3x  - 3y)  (3x3  _ 

EXAMPLES.  XXV. 


Find  factors  of  each  of  the  following  expressions : 
2.  8a3  + 63. 


1.  a3-863. 

4.  a®  - 126x6. 

7.  x^y^  A . 

10.  9a462-ia65. 

13.  a6-64. 

16. 

18. 

20. 


5.  4a3  + 3263. 

8.  8a666  + x6. 

11.  3a^6  + 24a64. 

14.  64a6-  72966. 

17. 

19. 


3.  8a3  - 126x3. 

6.  27x3 -lj/3. 

9.  2x^3  _ 1^.4^ 

12.  40a36c  - 664c4. 

15.  x12-«6J,6_ 


(x  + 2t/)3+(?/  + 2x)3. 
(x-3y)3-  (y-3x)3. 


(x  + 2^)3 -2/3. 

{2y  - x)3  - (2x  - yf. 
(2?/-x)3  + (2x-2/)3. 


99.  By  multiplication  we  have 

(a?  + a)  (a:  + 6)  = + (a  + 6)  a;  + ah 
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Hence  conversely,  if  an  expression  of  the  form  x^+jrx+q 
be  the  product  of  the  two  factors  x + a and  x + h,  the  given 
expression  must  be  the  same  as  x^  + (a+h)  x + ab;  we  must 
therefore  have  p = a + b and  q = ab.  Hence  a and  b are  such 
that  their  sum  is  p,  and  their  product  q. 

For  example,  to  find  the  factors  of  a:^  + 7a;  + 12.  The  factors 
will  be  ic  + a and  x + h,  where  ah  = 12  and  a + h = l.  Hence  we 
must  find  two  numbers  whose  product  is  12  and  whose  sum  is  7. 
Pairs  of  numbers  whose  product  is  12  are  12  and  1,  6 and  2,  and 
4 and  3;  and  the  sum  of  the  last  pair  is  7.  Hence 
-\-lx-\-12  = {x  + 4)  (a;  + 3). 

Again,  to  find  the  factors  of  x^-lx  + 10,  we  have  to  find  two 
numbers  whose  product  is  10,  and  whose  sum  is  - 7.  Since  the 
product  is  + 10,  the  two  numbers  must  both  be  positive  or  both 
negative ; and  since  the  sum  is  - 7,  they  must  both  be  negative. 
The  pairs  of  negative  numbers  whose  product  is  10  are  - 10  and 
-1,  and  - Sand  -2;  and  the  sum  of  the  last  pair  is  -7.  Hence 
x^  ~7x  + 10  = {x  - 5)  {x-2). 

Again,  to  find  the  factors  of  x^  + ^x~lS,  we  have  to  find 
two  numbers  whose  product  is  - 18,  and  whose  sum  is  3.  Since 
the  product  is  - 18,  one  of  the  numbers  is  positive  and  the  other 
negative.  The  pairs  of  numbers  whose  product  is  - 18  are  - 18 
and  1,-9  and  2,-6  and  3,-3  and  6,-2  and  9,  and  - 1 and 
18;  and  of  these  pairs  the  sum  of  6 and  - 3 is  3.  Hence 
+ 3a;  - 18  = (a;  + 6)  (a:  - 3) . 

EXAMPLES.  XXVI. 

Find  the  factors  of  each  of  the  following  expressions : 


1. 

x^  + lx  + 3. 

2. 

x^  — 4x  + 3. 

3. 

x^  - 6a;  + 8. 

4. 

x‘^  - 8a;  + 15. 

5. 

x^  - 11.x-  + 18. 

6. 

x^  + 9x  + 20. 

7. 

x^-\-2x  - 3. 

8. 

x^  + 4a;  - 5. 

9. 

x^  + x-  6. 

10. 

x^-x  - 6. 

11. 

x^  + 2x-  35. 

12. 

a;2  - 3a;  - 10. 

13. 

x^  + ox-  14. 

14. 

x^-x-  132. 

15. 

a;2  + 18a;  + 72. 

16. 

x'^-ox-  84. 

17. 

a;2-25a;  + 150. 

18. 

x^  + 5x-  150. 

19. 

a;2  + lla;-180. 

20. 

X - 156. 

21. 

a;2-31a;  + 240. 

22. 

a;2-17a;-200. 

23. 

- 34a;  + 288. 

24. 

a;2  - 35.x  - 200. 
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100.  By  multiplication  we  have 

{ax  + h)  {cx  + d)  = acx?  + {ad  +hc)x-^  bd. 

Hence  conversely,  if  an  expression  of  the  form  + 
be  the  product  of  the  two  factors  ax  + h and  cx  + d,  the  given 
expression  must  be  the  same  as  acx^  -h  {ad  + he)  x + hd]  we 
must  therefore  have  ac  = p,  hd—r  and  ad  + hc  = q.  We  can 
in  simple  cases  find  by  trial  the  values  of  a,  b,  c,  d which 
satisfy  these  relations. 

For  example,  to  find  the  factors  of  - 16a;  + 5.  The  3x^  can 

only  be  given  by  the  multiplication  of  dx  and  x.  The  5 could 
only  be  given  by  the  multiplication  of  6 and  1 or  - 5 and  - 1 ; 
and,  since  the  middle  term  is  negative,  the  latter  pair  must  be 
taken.  We  have  now  only  a choice  between  (3a: - 5)  (a;- 1)  and 
(3a;  - 1)  [x- 5),  and  it  is  at  once  seen  that  the  latter  must  be  taken 
in  order  that  the  coefficient  of  x in  the  product  may  be  - 16. 
Thus  the  factors  required  are  3a;  - 1 and  x-5. 

Again,  to  find  the  factors  of  5x^  + 32x-21,  the  5x^  can  only 
be  given  by  the  multiplication  of  5x  and  x.  The  end  term  - 21 
can  be  the  product  of  - 21  and  1,  - 7 and  3,-3  and  7 or  - 1 
and  21.  The  possible  pairs  of  factors,  so  far  as  the  two  end 
terms  are  concerned,  are  therefore  (5x^21)  (a;±l),  {5x^7)  (x±3), 
(5a;  ^3)  (a;  ±7)  and  (5a;=Fl)  (a;  ±21).  It  will  be  found  that  of  these 
pairs  the  one  which  will  give  32a:  for  the  middle  term  is 
(5a; -3)  (a; + 7). 

101.  The  factors  of  x^  — 5xy+  can  be  found  in  the 
same  way  as  the  factors  of  x^  - 5x  + 4.  For  we  must  find 
two  quantities  whose  product  is  and  whose  sum  is  — 5y ; 
these  are  - 4y  and  — y.  Hence 

x~  — 6xy  + 4y®  ~{x  — iy)  {x  — y). 

So  also  the  factors  of  2>x^  — 1 Qxy  + can  be  found  in  the 
same  way  as  the  factors  of  3x^  — 16x  + 5 ; and  the  factors  of 
either  can  be  written  down  as  soon  as  the  factors  of  the 
other  are  known. 

For  example,  if  we  know  that  5a:2  + 32a;  - 21  = (5a;  - 3)  (a;  + 7), 
we  must  have  5x^  + S2xy  - 21y^  = {5x  - 3y)  {x  + ly). 
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EXAMPLES.  XXVII. 


Find  the  factors  of  each  of  the  following  expressions : 


1. 

3a:“-  10a; + 3. 

2. 

3a;2-17a;  + 10. 

3.  2*2 +11* + 12. 

4. 

2a;2  4-3a;-2. 

5. 

3a;2  + 7a;-6. 

6.  4*2  + *- 3. 

7. 

5a;-  - 38a:  + 21. 

8. 

3*2  + 11a; -20. 

9.  7*2 -33* -54. 

10. 

5a;2-38a:  + 48. 

11. 

7a;2  + 75a;-i08. 

12.  9*2 + 130* -75. 

13. 

4c2  + 21a;-18. 

14. 

4a;2  + 4a;  - 15. 

15.  6*2 + 55* -50. 

16. 

10a.'2  + 3a:-l. 

17. 

132*2  + a;  _ 4 

18,  4*2  - 5* + 1. 

19. 

12x^+  50x  - 50. 

20. 

7*2 + 123* -54. 

21.  24*2 -30* -75. 

22. 

a;2  + 4a;'^  + Sy^. 

23. 

*2  - Qxy  + 8y2. 

24.  *2-ll*?/  + 18?/2 

25. 

x“  + 5xy  - lAy'^. 

26. 

*2-25*?/  + 150//2. 

27.  *2- 35*?/-200?/2. 

28. 

Sx^-nxy  + 10y'\ 

29.  7*2- 

33*?/  - 54?/2. 

30. 

24*2  _ 70a;i/  — 75i/2 

31.  *^-13*2  + 36. 

32. 

X*  - 25*2?/2  ^ 144y4 

33.  36*4 . 

-97*2?/2  + 36?/4. 

34. 

x'^  - 3a;2  - 18a;. 

35.  xhj- 

*2y2  _ 2xi/. 

36. 

15a;^  - 4*2y2  _ 4.xhj°. 

37.  75x1/ 

'■  - 130*2^4  _ 

102.  It  is  clear  that  the  method  of  finding  by  trial  the 
factors  of  an  expression  of  the  form  px^  + qx  + r,  where 
p,  q,  r are  known  numbers,  would  be  very  tedious  if  there 
were  many  pairs  of  numbers  whose  product  was  p and  many 
pairs  whose  product  was  r,  for  there  would  then  be  very 
many  pairs  of  factors  which  would  agree  with  the  given 
expression  so  far  as  the  end  terms  were  concerned,  and  out 
of  these  the  single  pair  which  would  give  the  correct  middle 
term  would  have  to  be  sought.  It  would,  for  example,  be 
almost  impossible  to  find  the  factors  of  2310a;^-2419ic-9009 
in  this  way. 

Again,  we  not  unfrequently  meet  with  such  an  expression 
as  x^  + 6x  + 7 which  cannot  be  written  as  the  product  of 
two  factors  altogether  rational,  and  in  such  a case  it  would 
be  impracticable  to  try  and  guess  the  factors. 

We  therefore  need  some  method  of  finding  the  factors  of 
a quadratic  expression  which  is  applicable  to  all  cases.  This 
method  we  proceed  to  investigate. 
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103.  We  first  note  that  since  + 2ax  + a®  is  a perfect 
square,  namely  (x  + a)-,  it  follows  that  in  order  to  complete 
the  square  of  which  x^  and  2ax  are  the  first  two  terms.,  we 
must  add  the  square  of  a ; that  is  Ave  must  add  the  square 
of  half  of  the  coefficient  of  x. 

For  example,  + 6a;  is  made  a perfect  square  by  the  addition 
of  (f)2;  and  the  square  is  a;2  + 6a;  + 9,  which  is  (a: + 3)^. 

So  also,  x^  + 5x  is  made  a perfect  square  by  the  addition  of 
(1)2;  and  the  square  is  x-  + 5x  + ^-^,  Avhich  is  (a;  + f)2. 

And  aj2  - 7x  is  made  a perfect  square  by  the  addition  of  ( - 1-)2, 
that  is  of  and  the  square  is  x‘^  - 7x  + ^-^,  which  is  (x 

Whatever  a may  be,  + ax  is  made  a perfect  square  by  the 


104.  We  will  now  find  the  factors  of  ax^  + bx  -h  c hy  a 
method  which  is  applicable  in  all  cases. 

The  problem  before  us  is  to  find  two  factors  which  are 
to  be  rational  and  integral  tvifh  respect  to  x,  and  are  there- 
fore of  the  first  degree  in  x,  but  which  are  not  necessarily 
rational  and  integral  with  respect  to  arithmetical  numbers 
or  any  other  letters  which  may  be  involved. 

We  first  apply  the  method  to  some  examples. 

Ex.  1,  Find  the  factors  of 

x‘^  + ^x  + 8. 

As  we  have  seen  in  the  last  Article,  + Qx  is  made  a perfect 
square  by  the  addition  of  3^ ; hence,  adding  and  subtracting  3^,  we 
have  .r2  + 6a:-H8  = a:2-|-6fl!;  + 9-9-f  8 

= (a; -1- 3)2-1. 

The  last  form  of  the  expression  is  the  difference  of  two  squares 
and  the  factors  are  therefore  a;q-3  + 1 and  a;  + 3 - 1,  that  is  a: + 4 
and  a:  + 2.  Hence  the  factors  of  a;2  -t-  6a;  + 8 are  a;  + 4 and  a;  -t-  2, 
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Ex.  2.  Find  the  factors  of  - Sx  - 28. 

xP'  - 3*  is  made  a perfect  square  by  the  addition  of  ( - 1)^,  that 
is  of  f ; hence,  adding  and  subtracting  f , we  have 
- 3a;  - 28  = - 3a;  + 1 - 1 - 28 

= (x- 1)^  - (-V)^' 

Now  the  factors  of  the  last  expression  are  .r-f  + V^  and 
a; -I --If. 

Thus  the  required  factors  are  x + 4 and  x-7. 

Ex.  3.  To  find  the  factors  of  a;^ -f- 6a; -f  7. 
x^  + Qx  is  made  a perfect  square  by  the  addition  of  3^ ; hence 
we  write 

a;2-f6a;-i-7  = a;2-+-6a;-f-9-9-t-7 
= (*-^3)2-2 
= (a;-i-3)2-(f2)2. 

Now  the  factors  of  the  last  expression,  and  therefore  of 
a;2  + 6a;  + 7,  are  x + ^ + J2  and  a;  -f  3 - ,^2. 

Ex.  4.  To  find  the  factors  of  3a;2  - 10.r  + 3. 

3.a;2  - 10a; -f  3 = 3 (a;2  - a;  -l- 1). 

Now  .a;2  - ^^-x  is  made  a perfect  square  by  the  addition  of 
( - f)2,  that  is  of  ; hence 

.x-2  - i^x  + l = x^~  i/a;  -f  -V-  - -V-  -f  1 

The  factors  of  the  last  expression  are  .a;  - | -f  f and  a;  - f - -J-, 
that  is  a;  - J and  a;  - 3.  Hence 

3a;2  - 10a;  -f-  3 = 3 (a;  - 1-)  (a;  - 3). 

rrom  the  above  examples  it  will  be  seen  that  the  method 
of  finding  the  factors  of  a quadratic  expression  consists  in 
changing  the  expression  into  an  equivalent  one  which  is 
f/ie  difference  of  two  squares. 

The  factors  of  ax?  + hx  + c are  therefore  found  in  the 
following  manner: 

ax^  -f  ia;  -f  c = ffl  f + - cr  -f  - V 
\ a aj 
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Now  + - X is  made  a perfect  square,  namely  -i  , 


by  tlie  addition  of 


m 


Aar 


And,  by  adding  and  sub- 


tracting --  2 to  tlie  expression  within  brackets,  we  have 


h c 
a[x‘^  + -x  + - 
a a, 


f 2 ^ 

a { X -I-  - X -f- 

l « 

h 


(h\ 

V2rv 

The  factors  of  tl>e  expression  in  square  brackets  are  by 
Article  97 

" ^ L '*■  y {h‘  - - y (y  • 

Hence  a,x!^  + hx  -t-  c 

=-!-4*yS-31{"iV(£-31- 


] 05,  Instead  of  working  out  every  example  from  the 
beginning,  we  might  use  the  formula  found  in  the  last 
article,  and  we  should  only  have  to  substitute  for  a,  h and  c 
their  values  in  the  particular  case  we  are  considering. 


Ex,  1.  Find  the  factors  of  + 7x  + 12. 

Here  a = l,  ?>  = 7,  c = 12. 

Hence  .r- -t- 7a: -f- 12 

= {^-  + 1 + V(¥  - 12) } {:r  -H  7 - - 12) } 

= {^  + i + i)i^  + i-h) 

= (a:  + 4)  (a;-f  3). 

Ex,  2.  Find  the  factors  of  5x^  + S2xy  - 21y". 

Here  a = B,  h = S2y,  c=  -21y^. 
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Hence 


10 


16w 

and 

5 


Vf 


256|/2  + 10^[ 


25 


5 ' 


Hence  5x^+S2xy -21y"  — 5^x + + jx  + 

= 5 (x  + ly)  ^ X 


167/ 

5 


19?/ 


% 

5 

: (.r  + 7?/)  (5a;  - 877) . 


106.  If  in  the  formula  of  Art.  104  we  put  2 for  a and 
4 for  h,  we  obtain  the  factors  of  the  expression  + 2£C  + 4 ; 

these  factors  are  aj  + 1 + ^(1  - 4)  and  cc  + 1 - ^(1  - 4),  that 
is  a:  + 1 4-  - 3)  and  a?  + 1 - - 3). 

Now  all  squares,  whether  of  positive  or  of  negative 
quantities,  are  positive.  Hence  it  is  impossible  to  find  any 
quantity  whose  square  is  — 3.  Such  an  expression  as  J-  3 
is  however  often  used  in  Algebra  j and  the  meaning  to  be 
given  to  J-  3 is  simply  that  expressed  by  J—  3 x J—  3 = - 3. 

The  square  root  of  a negative  quantity  is  said  to  be 
imaginary  or  impossible ; and  a:  + 1 + J—  3 and  a::  + 1 — 3 

are  said  to  be  imaginary  factors  of  a:^  + 2a:  + 4. 

By  referring  to  the  fonnula  of  Art.  104,  it  will  be  seen 
that  the  factors  of  ax^  A-hxA-c  are  imaginary  whenever 
c . 

.—I  — IS  negative. 

4a^  a ^ 


107.  Factors  found  by  rearrangement  and  grouping  of 
terms.  The  factors  of  many  expressions  can  be  found  by  a 
suitable  rearrangement  and  grouping  of  the  terms.  No 
general  rule  can  be  given,  but  in  many  cases  it  will  be  suf- 
ficient to  arrange  the  expression  according  to  powers  of  one  of 
the  contained  letters,  and  the  factors  will  then  often  become 
obvious,  particularly  if  the  given  expression  only  contains 
one  power  of  that  letter.  [See  also  Art.  276,  page  358.] 
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Ex.  1.  Find  the  factors  of  - 3x^  + x-  3, 

■T®  — 3x~  + x — 3 = x^  (x  — 3)  + (.r  — 3)  = (x^  + 1)  (x  — 3). 

Ex,  2.  Find  the  factors  of  ax  + b^  + bx  + ay. 

Arrange  in  powers  of  x ; then  we  have 

X [a  + b)  + by-\-ay  = x [a  + b)  + y {a  + b)  = {x  + y)  {a  + h). 

Ex.  3,  Find  the  factors  of  aaj^  - a5  + a - 1. 

Arrange  in  powers  of  a;  then  we  have  a{x^  + l)- {x  + 1),  and  it 
is  now  obvious  that  a;  + l is  a factor. 

Ex.  4.  Find  the  factors  of  {b  - c)  + b^  {c  - a)  ■\-c^  {a-b). 
Arrange  in  powers  of  a ; then  we  have 

a^{b-c)-  a - c^)  + be  {b-  c). 

It  is  now  obvious  that  & - c is  a factor,  and  the  given  expression 
= (b-  c)  {a'^  -a  {b  + c)  + be]  = [b  - e){a-  b)  (a  - e). 

Ex,  5.  Find  the  factors  of 

- 36®  - c®  - 2a6  4-  46c. 

This  is  a quadratic  expression  in  a,  or  in  6,  or  in  c.  We 
therefore  proceed  as  in  Art.  104.  The  given  expression 
= tt®-2a6-362-c2  + 46c. 

The  terms  which  contain  a,  namely  a^-2ab,  will  be  made  a 
complete  square  by  the  addition  of  6®.  We  therefore  write  the 
expression  in  the  form 

ft®  - 2ab  + 6®  - 46®  - c®  + 46c  = {a-bf-  46®  - c®  + 46c 

= (ft  - 6)2-  (26  - c)®=  {(ft  - 6)  - (26  - c)}  {(ft  - 6)  + (26  - c) } 

= (ft  - 36  + c)  (ft,  + 6 - c) . 

108.  The  expression  + c"  - 2>ahc  is  of  frequent 

occurrence  and  its  factors  should  be  known.  It  is  easy  to 
verify  that 

o?  + 5®  + — Zahe  — (a  + h + G){a^  + ¥ + c^  — hc  — ca  — ah). 

The  expression  x‘^  + + \ is  also  of  frequent  occurrence. 

Writing  it  in  the  form  (x^  + If  -x^,  we  see  that  x?  + \ +x 
and  x^  + \ -X  are  factors ; and  we  do  not  proceed  any 
further,  for  both  x^  + xa  \ and  x"-x+  1 have  imaginary 
factors  of  the  first  degree. 

We  conclude  this  chapter  with  a set  of  miscellaneous 
examples  of  factors. 
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EXAMPLES.  XXVIII. 


Express  in  factors ; 

1. 

16x4  - 6252/4.  2. 

81a4  - 1664.  3^  .^.5  _ 81.^. 

4. 

l + 27a*.  5. 

27  + 8x3. 

6.  27.x4  + 8x. 

7. 

(a  + 6)2  - (c  - d)-.  8. 

(a  + 6)2  - 4 (c  - <Z)2,  9.  (a+6)2-(a+c)- 

10. 

(x  + ^)4-(x-^)4.  11. 

(a  + 6 + c)2  - 

-4c2.  12.  (a  + 6-3c)2-9c- 

13. 

(a2  + a6  + 62)2_(a2_&2)2. 

14.  (a^ 

+ a6  + 62)2  _ ^^2  -ab  + 62)2. 

15. 

(x3  + 3x)2-(3x2+1)2. 

16.  (x2  + 5xy  + 2/2)2  - (a;2  - X?/ + ?/2)2. 

17. 

(a  + 6 + c + d)2  - (a  - 6 + c 

-d)^  18. 

(3a  + 26  + c)2-(a  + 26  + ,3c)‘ 

19. 

(2x  + 3?/)®  + (3x  + 2?/)2. 

20. 

(a + 36)3 -(3a + 6)3. 

21. 

x2-fx?/-^?/2. 

22. 

x2  + ^a  + xy  + 7/2. 

23. 

X^  + -J^-x2  + X. 

24. 

6x2  _ ^xy  - 6j/2. 

25. 

x4  - fx^y  - x2?y2. 

26. 

72  (x2  - 1)  - 17x. 

27. 

X-4  - 5*2  + 4. 

28. 

x4-  13x27/2  + 36?/4. 

29. 

ah  (.r2  + 1/2)  + xy  {cfi  + ft2) . 

30. 

ab  (x2  - 7/2)  + xy  {a?  - lA). 

31. 

(a  + 6)2  - 5c  (a  + 6)  + 6c2. 

32. 

(x  + ?/)2 -Tz  (x  + y)  + 102;2. 

33. 

(a  + 6)2-8(a  + 6)  (c  + ^^) + 15  (c  + d)2. 

34.  x(x  + 2)-7/ (T/  + 2). 

35. 

x{x  + 4)-i/(ij  + 4). 

36. 

x3  - 5x2  + x - 5. 

37. 

x®  + x2  - 4x  - 4. 

38. 

2x3-3x2-2x  + 3. 

39. 

5x®-x2-5.x  + l. 

40. 

ax'3  + .x  + a + 1. 

41. 

ax®  + 6.x  + a + 6. 

42. 

x3  + 6x2  - a2x  - a% . 

43. 

6x2  .j.  dx'^  jjx  + a. 

44. 

a.x2  + 6?/2  + (a  + 6)  x?/. 

45. 

^262  + ^2+62  + 1. 

46. 

a262-a2-62  + l. 

47. 

ac  + bd-ad-  be. 

48. 

ac^  + bd^  - ad^-  bc^. 

49. 

- y^  + xz  - yz. 

50. 

a2- 62 -(a -6)2. 

51. 

a4  + «2/,2  _ /,2(.2  _ 

52. 

a2  - 62  + 6c  - ca. 

53. 

a2  — a — c2  + c. 

54. 

1 4 6x  - (a2  + a6)  x2. 

55. 

1 - ahx^  + (6  - a?)  x". 

56. 

a2c2  + ac(Z  + abc  + bd. 

57.  a^x  + ahx-\-ac  + hhj + ahy + hc.  58.  + - d? -2  {ac -hd). 

59.  4a2^>2  _ + ^2  _ g2j2_  0Q_  (^2  _ J2  ^ ^2  _ ^2^2  _ ^2ac  - 2l)d)- . 

61.  a;4- 23x2  + 1.  62.  x^-lxhf^-y^.  63.  x*  - -Fi/ . 

64.  3x2+1.  65.  (x2  + 4x)2- 2 (x2  + 4x)  - 15. 

66.  (x2  + 7x  + 6)(.x2  + 7x  + 12)-280. 
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HIGHEST  COMMON  FACTORS. 

109.  A Common  Factor  of  two  or  more  algebraical  ex- 
pressions is  an  expression  which  will  exactly  divide  each  of 
them. 

Thus  a is  a common  factor  of  ah  and  ac. 

The  Highest  Common  Factor  of  two  or  more  algebraical 
expressions  is  the  expression  of  higheM  dimensions  which 
will  exactly  divide  each  of  them. 

Thus  a?  is  the  highest  common  factor  of  a%  and  a®c. 

Instead  of  Highest  Common  Factor  it  is  usual  to  write 
H.C.  F. 

We  proceed  to  shew  howto  find  the  h. c.f.  of  given 
expressions. 

110.  H.C.F.  of  Monomial  Expressions.  The  highest 
common  factor  of  two  or  more  monomial  expressions  can  be 
seen  by  inspection. 

Take,  for  example,  a%‘^c  and 

The  first  expression  is  clearly  divisible  by  a,  or  by  a?,  or  by 
a^,  but  by  no  higher  power  of  a ; and  the  second  expression  is 
divisible  by  a,  or  by  a^,  but  by  no  higher  power.  Hence  -will 
divide  both  expressions,  and  it  is  the  highest  power  of  a which 
will  divide  them  both.  Also  h^,  but  no  higher  power  of  b,  will 
divide  both  expressions  ; and  c,  but  no  power  of  c above  the  first, 
will  divide  both  expressions. 

Hence  the  h.  c.f.  of  and  is  a^b-c. 
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Again  to  find  the  h.  c.  f.  of  alrcM-  and  a^c^d?. 

The  highest  power  of  a which  divides  both  expressions  is  a ; 
h will  not  divide  both  expressions ; the  highest  power  of  c which 
divides  both  is  c® ; and  the  highest  power  of  d which  divides  both 
is  Hence  the  h.c.  f.  is  ac^d‘^. 

Also  a^bc*,  and  a^bcH"^  are  all  divisible  by  by  b, 

and  byc^;  and  therefore  the  h.  c.f.  of  the  three  expressions  is 
a%c‘^. 

From  the  above  examples  it  will  be  seen  that  the  H.  c.  F. 
of  two  or  more  monomial  expressions  is  obtained  by  taking 
each  letter  which  is  common  to  all  the  expressions  to  the 
lowest  power  in  which  it  occurs. 

If  the  expressions  have  numerical  coefficients,  the  g.  c.  m. 
of  these  can  be  found  by  arithmetic,  and  prefixed  as  a 
coefficient  to  the  algebraical  h.  c,  p. 


EXAMPLES.  XXIX. 

Find  the  h.c.f.  of 


1.  a?b-  and  aW. 

3.  and 

5.  and 

7.  and  8x^y^. 

9.  Mlaxyh^  and  llbhj'^. 

11.  8x^yz^,  15xyh^  and  lOxhjh-. 


2.  abc^  and  a-bc'^. 

4.  4.x-"y  and  lOxy'h 
6.  a%^x^  and  8Nx. 

8.  and  2b^c^. 

10.  ab^,  a%c  and  abc-. 

12.  ab\^x^^,  a^bc^x^  and  a^b’^cx-. 


111.  H.  C.  F.  of  Multinomial  Expressions  whose  factors 
are  known.  When  the  factors  of  two  or  more  multinomial 


expressions  are  known,  their  h.  c.  F.  can  be  at  once  written 
down.  The  h.  c.  p.  will  be  the  product  obtained  by  taking 
each  factor  which  is  common  to  all  the  expressions  to  the 
longest  po  wer  in  which  it  occurs. 


Consider,  for  example,  the  expressions  [x-af{x-\-bY  and 
{x  - of  (x  + 6)^.  It  is  clear  that  both  expressions  are  divisible  by 
(x  - a)2,  but  by  no  higher  power  of  (x- a).  Also  both  expressions 
are  divisible  by  (x  + bf  but  by  no  higher  power  of  x + b. 

Hence  the  h.c.f.  is  (x  - a)^  (x  + b)-. 


108 


HIGHEST  COMMON  FACTORS. 


Again  a?h  [a  - ly  [a  + by  and  ah^  {a  - by  (a  + by  are  both 
divisible  by  a,  by  b,  by  (a  - by,  and  by  (a  + by.  Hence  the  h.c.f. 
is  ab  (a  - by  (a  + by. 

In  the  following  examples  the  factors  can  be  seen  by 
inspection,  and  hence  the  h.  c.  f.  can  be  written  down. 

Ex.  1.  Find  the  h.  c.  f.  of  a'^b^  - and  a‘*b^  + 

Since  a^b^  - = a%'^  {cfi  - b^)  = _ 5)  (a  -f-  fo), 

and  = aH)'^  (a  + b)  ; 

we  see  that  the  h.  c.  p.  is  a^b^  {a  + b). 

Ex.  2.  Find  the  h.  c.f.  of 

a®  + 3a^b  + 2ab^  and  a*  + 4a®6  + 3a%^. 

+ Sa^b  + 2ab^  = a {a^  + Sab  + 2b^)  =:  a (a  + b)  {a  + 2b), 
and  a*  + A.cfib  + = a^  {a^  + 4a6  + 36^)  = {a  + b)  (a  + Sb)  • 

hence  the  h.c.f.  is  a {a  + b). 

Ex.  3.  Find  the  h.  c.  p.  of  3a®  + 2a^  - a and  5a*  + 3a®  - 2a®. 

3a®  + 2a® -a  — a (3a®  + 2a - 1)  = a (3a  — 1)  (a  + 1), 
and  5a‘*  + 3a®  - 2a®  = a®  (5a®  + 3a  - 2)  =a®  (5a  - 2)  (a+ 1)  ; 
hence  the  h.  c.f.  is  a (a  + 1). 

EXAMPLES.  XXX. 

Find  the  H.  c.  f.  of 

1.  .T®  {x  - a)®  and  0^  {x  - a)®.  2.  and  (“  + ^)“- 

3.  3a6  (a + 6)®  and  2 (a -6)  (a + 5)®.  4.  (5  + c)®  and  5®c®  (5  + c)®. 

5,  a®6®  + a5®  and  a®  - a%*.  6.  a^h  + 36®  and  a®  - %a%*. 

7.  a®x®  + 2a®a;®  and  a^x*  - 4a%®. 

8.  o,®a;®  - 4a^o:^  and  a®£c®  - 16a®a;®.  9.  a;®  + Sx  + 2 and  .r®  + 6.r  + 8. 

10.  a;®  + 3x®?/  + 2a;y®  and  x*  4-  Sx^y  + 8.r®?/®. 

11.  3a;®  - 4a:  + 1 and  4*2 -5a; + 1. 

12.  3a®  - 4a6  + 6®  and  4a^  - 5a®6  + a®6®. 

112.  Although  we  cannot,  in  general,  find  tlie  factors 
of  a multinomial  expression  of  higher  degree  than  the 
second  we  can  always  find  the  highest  common  factor  of 
any  two  expressions  by  the  following  process,  which  will 
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be  seen  to  be  analogous  to  that  used  in  arithmetic  to  find 
the  greatest  common  measure  of  two  numbers. 

Rule.  Arrange  the  two  expressions  in  descending  powers 
of  some  common  letter^  and  divide  the  expression  which  is  of 
the  highest  degree  in  the  common  letter  hy  the  other:  if  both 
expressions  are  of  the  same  degree  it  is  immaterial  which  is 
%ised  as  the  divisor.  Take  the  remainder,  if  any,  after  the  first 
division  for  a new  divisor,  and  the  former  divisor  as  dividend; 
and  continue  the  process  until  there  is  no  remainder.  The 
last  divisor  will  he  the  h.  c.  f.  of  the  two  given  expressions. 

For  example,  to  find  the  h.c.f.  of  x^  + .x‘^-2  and  x^  + 2x'-^  -S, 
the  process  is  as  follows  : 
x'^  + x^-2)x^  + 2x^-3{l 
x?>+  x^-2 

x'^  -1)  + - 2 {x  + 1 

xA-x 

x^  + x-  2 
-1 

X-  - 1 ) a;-  - 1 ( SC  + 1 
x~  — X 
x-1 
x-1 

Thus  the  h.  c.  f.  is  a;  - 1. 

Note.  It  is  only  multinomial  factors  which  are  to  be 
found  by  the  above  rule ; the  h.  c.  f.  of  any  monomial 
factors  of  the  given  expressions  must  be  found  by  inspection. 

For  example,  to  find  the  h.  c.  f.  of 

aV  + a^x^  - 2a^a:  and  abx^  + 2ahx^  - Sabx^. 

Since  - 2a^x  = d^x  (a;^  + - 2 ), 

and  ab'jifi  + 2ab.x*  - 3dbx^  = abx^  + 2a;^  - 3), 

it  is  clear  that  the  h.c.  f.  of  the  monomial  factors  is  ax.  We 
have  already  found  that  the  h.  c.  f.  of  x^  + _ 2 and  + 2x^  - 3 

is  X-  1. 

Hence  the  whole  h.c.f.  is  ax  (x  - 1). 
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113.  The  rule  given  in  Art.  112  for  finding  the  h.c.  f. 
of  two  expressions  which  have  no  monomial  factors,  may  be 
proved  as  follows. 

Let  A and  B stand  for  the  two  expressions,  which  are 
supposed  to  be  arranged  according  to  descending  powers  of 
some  common  letter,  and  let  A be  of  not  higher  dimensions 
than  B in  the  common  letter. 

Let  B be  divided  by  A,  and  let  the  quotient  be  Q and 
B the  remainder,  so  that  the  first  stage  of  the  process  of 
finding  the  H.  c.  F.  of  A and  B is  as  under 


A)B(Q 

AQ 

B 

Then  we  have  B = AQ  + B (i), 

and  B = B-AQ  (ii). 


Now  an  expression  is  exactly  divisible  by  any  other  if  each 
of  its  terms  is  so  divisible;  hence,  from  (i),  B is  divisible  by 
any  common  factor  of  A and  B. 

Thus  any  common  factor  of  A and  B is  also  a common 
factor  of  A and  B. 

Again,  any  factor  of  both  B and  A will  be  a factor  of 
B — AQ-,  that  is,  from  (ii),  will  be  a factor  of  B. 

Thus  any  common  factor  of  A and  B is  also  a common 
factor  of  A and  B. 

It  follows  therefore  that  the  common  factors  of  A and  B 
are  exactly  the  same  as  the  common  factors  of  A and  B. 
Hence  the  h.  c.  f.  of  A and  A,  is  the  h.  c.  f.  of  A and  B. 

If  now  we  divide  A by  A,  and  the  remainder  is  S,  the 
H.c.F.  of  S and  B will  similarly  be  the  same  as  the  h.c.f. 
of  A and  B,  and  therefore  will  be  the  h.  c.  f.  required.  And 
so  on;  so  that  the  H.C.F.  of  any  divisor  and  the  corresponding 
dividend  is  the  h.  c.  f.  required. 
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But  if  at  any  stage  there  is  no  remainder,  the  divisor 
must  be  a factor  of  the  corresponding  dividend,  and  that 
divisor  is  clearly  the  h.  c.  f.  of  itself  and  the  corresponding 
dividend.  It  must  therefore  be  the  h.  c.  f.  required. 

It  should  be  remarked  that  by  the  nature  of  division 
the  remainders  are  successively  of  lower  and  loAver  dimen- 
sions ; and  hence,  unless  the  division  leaves  no  remainder 
at  some  stage,  we  must  at  last  come  to  a remainder  which 
does  not  contain  the  common  letter,  in  which  case  the  given 
expressions  have  no  h.  c.  f.  containing  that  letter. 

"We  have  already  remarked  that  the  process  we  are 
considering  is  only  to  be  used  to  find  the  H.  c.  F.  of  the 
multinomial  factors  of  the  given  expressions  ; and,  bearing 
this  in  mind,  it  is  clear  that  any  of  the  expressions  which 
occur  may  be  divided  or  multiplied  by  any  monomial  ex- 
pression without  destroying  the  validity  of  the  process ; for 
the  multinomial  factors  will  not  be  altered  by  such  division 
or  multiplication. 

Ex.  1.  Find  the  H.c.r.  of 

+ 4x^  - 8x  + 24  and  -f  8a;  - 8. 

Neither  expression  has  any  monomial  factors;  we  therefore 
proceed  as  in  Art.  112; 

x^  + 4x^  - 8.C -f  24 ) a;^  - x^+  8x  ~ 8 (x-  5 
x*  + 4x^~  8x^  + 24x 

- 5x^  + 8a;‘^  - 16a:  - 8 
-5a;3-20a;2  + 40a;-120 

28a;2-56a:-fll2 

The  remainder  28a;^- 56a:  + 112  = 28  - 2a:  + 4) ; and  since 

the  numerical  factor  28  is  clearly  not  a factor  of  the  given  ex- 
pressions, we  reject  it,  and  continue  the  process  with  a:^  - 2x  -i-  4 
as  the  new  divisor : 
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- 2*  + 4 ) a;®  + 4a;"  - 8a;+24(a;  + 6 
a;3-2a;2+  4a; 

6a-2  - 12a;  + 24 
6x^  - 12a;  + 24 

Thus  the  h.c.f.  is  a;‘-^-2a;  + 4. 

Ex.  2.  Find  the  h.c.f.  of 
and  + a^x^  + 25a'^. 

.T®  - 4a%  + 1 5a^ ) x‘^  + a^x"^  + 25a^  ( x 
3^  - 4a^a;2  + 15a% 


ba^x'^  - 15a%  + 25«'* 

Now  SaV"*  - 15(1%  + 25a^  = 5a^  (x^  - dax  + 5a^). 

We  reject  the  monomial  factor  5a^,  and  continue  the  process 
with  - Sax  + So?  as  the  new  divisor  : 

x^  - Sax  + ) x-^  - 4a%  + 15a^  (x  + Sa 

x^  - Sax“  + 5a^x 

Sax^-  9a%  + 15a3 
Sax-  - 9a%  + 15«-^ 

Hence  x-  - 3aa:  + 5a^  is  the  required  h.c.f. 

Ex.  3.  Find  the  h.c.f.  of  a;®  - i/®  and  x^  - if. 
a;®  - 7/® ) a;^  - ?/^  ( a;^ 
a:’’  - x^y^ 

x^y^  - y'^ 

Before  using  the  remainder  as  a divisor,  we  reject  the  monomial 
factor  7/® ; we  then  have  x^  - y^. 

a:^  - 7/2 ) a;®  - 7/®  ( af  + xy'^ 
a:®  - xhj^ 


xhf  - 7/® 
a;®7/2  - xy* 


We  reject  the  monomial  factor  of  the  remainder. 
a;-7/)a;2-7/2(a;  + 7/ 
a;2  — xy 


xy-  y^ 
xy  - 7/2 


Hence  x-y  in  the  required  h.c.f. 
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Ex.  4.  Find  the  h.c.p.  oi  2x^  - 5x  + 2 and 
x^  + 4lx‘^-Ax-  16, 

To  avoid  the  inconvenience  of  fractions,  we  multiply 
a?  + 4a:®  - 4as  - 16  by  2.  We  have  shewn  in  the  preceding  Article 
that  we  may  do  this,  as  no  additional  common  factors  can  be 
thereby  introduced.  It  will  be  seen  that  we  multiply  a second 
time  in  the  course  of  the  work,  which  is  generally  written  down 
in  the  following  form : 

2x^  - 5x  + 2)  x^  + 4a:®  - 4a;  - 16 

^ 

2a;®  + 8a;®  - 8a;  - 32  ( a; 

2a:®-  5a;®  + 2a; 

13a;2-10a:-32 
2 

26a:® -20a; -64  (13 
26a;® -65a; + 26 
45  |45a;  - 90 

X-  2)2a;2-5a:  + 2(2a:-l 
2a;®  - 4a; 

-a;  + 2 
-a:  + 2 

Thus  a;  - 2 is  the  h.  c.  f. 

114.  The  H.C.  F.  of  more  than  two  expressions  is  some- 
times required,  when  the  factors  cannot  be  determined  by 
inspection. 

Now  it  is  clear  that  any  factor  which  is  common  to 
each  of  three  or  more  expressions,  must  be  a factor  of  the 
H.  c.  F.  of  any  two  of  them.  Hence  we  first  find  the  H.  c.  F. 
of  two  of  the  given  expressions,  and  then  find  the  H.  c.  F, 
of  this  result  and  of  the  third  expression,  and  so  on. 

Ex.  Find  the  h.c.f.  of 

a;®  + a;®  - a;  - 1,  a;®  + 3a;®  - a:  - 3 and  a:®  + a;®-2. 

The  H.C.F.  of  the  first  two  expressions  is  a;®  - 1.  The  h.c.f.  of 
X-  - 1 and  the  third  of  the  given  expressions  is  a;  - 1.  Hence  a;  - 1 
is  the  H.C.F.  required. 


S.  ALG. 
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1 15.  If  the  numerical  coefficients  of  the  first  terms  of  the 
given  expressions  are  large  it  is  often  desirable  to  arrange 
the  terms  of  both  expressions  in  the  reverse  order  before 
applying  the  rule  for  finding  their  h.c.f. 

For  example,  in  order  to  find  the  h.c.f,  of 

7.'r^  + 2.r*-.r^  + 8fl5  + l and  + ‘6x“ 1 

it  is  best  to  arrange  the  expressions  in  the  form 

l + 8x-x^  + 2x^  + 7x‘^  and  1 + 6.r  + 3.r®  - 2,r®  + 9x‘*. 

116.  The  highest  common  factor  of  two  expressions  is 
sometimes,  but  very  inappropriately,  called  their  greatest 
common  measure  [g.  c.  m.]. 

The  inappropriateness  of  the  term  greatest  common 
measure  can  be  seen  by  an  example.  If  a®  is  a factor  of 
two  expressions,  so  also  is  a,  and  a^  is  of  higher  dimensions 
than  a ; but,  as  a may  represent  any  number  whatever,  a? 
is  not  necessarily  greater  than  a ; in  fact,  if  a is  positive 
and  less  than  unity,  a^  is  less  than  a. 

It  should  also  be  noticed  that  if  we  give  particular 
numerical  values  to  the  letters  involved  in  any  two  ex- 
pressions, and  in  their  h.c.f.,  the  numerical  value  of  the 
H.C.F.  is  by  no  means  necessarily  the  G.c. M.  of  the  values 
of  the  expressions.  This  is  not  the  case  even  when  the 
given  expressions  are  integral  for  the  particular  values 
chosen.  For  example,  the  h.c.f.  of  2.-r^ -t- 1 5.-r -t- 1 3 and 

+ \lx+\\  will  be  found  to  be  ic  + 1 ; but  if  we  suppose 
X to  be  J,  the  numerical  values  of  both  expressions,  and 
therefore  their  g.  c.  m.,  will  be  21,  whereas  the  numerical 
value  of  the  h.  c.  f.  will  be  |. 

EXAMPLES.  XXXI. 

Find  the  h.c.f.  of 

1.  x^-5x  + 4:  and  x^- 5x^  + 4:. 

2.  x^  - 5xy + 4y^  andi  aA- 5x^y + 4xy^. 
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3.  2x~-6x  + 2 and  + -x-^. 

4.  - hxy  + 2ij^  and  4a:^  + V2x‘^y  - x\f  - ^y'^. 

5.  x‘^  + 3x^~10  and  x'^- 3x^  + 2. 

6.  + 3xhj  - lOxhj^  and  x'^  - 3x^y  + 2%j^. 

7.  -5a + 2 and  2a^  - 3a®  - 8a  + 12. 

8.  26®-56  + 2 and  126®-862-3&  + 2. 

9.  a;® -3a; + 2 and  a;® -3a; + 2. 

10.  x‘^y^-3x^y^  + 2 and  x^y^  -3x^y^  + 2. 

11.  x®-3a®a;-2a®  and  a;®  - aa:®  - 4a®. 

12.  2a®  + 3a®&  - 6®  and  4a®  + ab^  - 6®. 

13.  a®  + fc®  and  a‘‘ + a®6®  + 6‘*.  14.  8a® + 1 and  16a^  + 4a®+l. 

15.  x^  + 2x^y  - xy^ -2y^  and  a;®  - 2a;®y  - a;j/®  + 2y®. 

16.  2a;®  + 5a;®  + * - 8 and  3x®-4a;®  + 9a;  - 8. 

17.  3:k?  + x^  + x-2  and  2x®-x®-x-3. 

18.  a;®-4x  + 15  and  a;-*  + x®  + 25. 

19.  3x®  - 38x  + 119  and  x®  - 19x®  + 119x  - 245. 

20.  3x®  - 3x®2/  + xj/®  - 2/®  and  4x®^  - 5x?/®  + ?/®. 

21.  12x®  - 15xy  + 3?/®  and  6x®  - 6x®y  + 2xy®  - 2y®. 

22.  2x®  - 14x  + 20  and  4x  (x®  + 5)  - 25  (x  + 1)  (x  - 1). 

23.  16x4  + 4x2  + 1 and  8x4- 16x®  + x- 2. 

24.  a®-4x®  + 12x-9  and  a®  + 2a- 4x®  + 8x- 3. 

25.  21  - 7x  + 3x®  - X®  and  35  + 19x®  + 2x4. 

26.  2x4  + 9x®  + 14x  + 3 and  2 + 9x+ 14a;®  + 3x4. 

27.  ^ + 3x®  - X - 3 and  x4  + 4.x®  - 12x  - 9. 

28.  3x4  + 5x®- 7x®  + 2x  + 2 and  2x4  + 3x®-2.a;®  + 12x  + 5. 

29.  ~ 2y®  + 3i/  - 6 and  y'^-y^~y^-2y. 

30.  - 3^2®  + 20^4  and  5y4  _ + 64z4. 

31.  2x®- llx®  + llx  + 4 and  2x4- 3x®  + 7x®- 12x-4. 

32.  2x4  ^ 4gj3  ^ 3a;2  _ 2x  - 2 and  3x4  0^3  ^ 73.2  ^2x  + 2. 

33.  x'^  - .X®  + 2x®  - X - 1 and  2,x4  - 2x®  + x - 1. 

34.  2.x4  - 6.x®  + 3x®  - 3x  + 1 and  x^  - 3x®  + x®  - 4x®  + 12x  - 4. 

35.  x®+ (m- 3)  x®-m  (2jw  + 3)  x + 6m® 
and  X®  + (5m  - 3)  x®  + 3m  (2m  - 5)  x - 18m®. 

36.  J'wi  (x®  + ?/®)  + xy  (7)1®  + 71®)  and  mn  (x®  + ?/®)  + xy  (m”y  + 7i®x). 
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LOWEST  COMMON  MULTIPLES, 

117.  A Common  Multiple  of  two  or  more  algebraical 
expressions  is  an  expression  which  is  exactly  divisible  by 
each  of  them. 

The  Lowest  Common  Multiple  of  two  or  more  algebrai- 
cal expressions  is  the  expression  of  lowest  dimensions  which 
is  exactly  divisible  by  each  of  them. 

Instead  of  lowest  common  multiple  it  is  usual  to  write 
L.C.M.  '' 

We  proceed  to^shew  how  to  find  the  l.c.m.  of  given 
expressions. 

118.  We  fi rst  consider  monomial  expressions,  the  factors 
of  which  can  be  seen  by  inspection. 

Take,  for  example,  a%'^c  and  a^b^c*.  The  highest  power  of  a 
which  occurs  in  either  expression  is  a®;  hence  any  common 
multiple  of  the  given  expressions  must  contain  a®  as  a factor. 
Any  common  multiple  must  also  contain  6®  as  a factor,  and  it 
must  also  contain  as  a factor.  Any  common  multiple  must 
therefore  contain  a^b^c^  as  a factor ; and  hence  the  common 
multiple  of  lowest  dimensions  must  be 

Again,  to  find  the  l.c.m.  of  a?bc*,  a^b^c^d  and  a'^bc^d^,  the 
highest  power  of  a in  the  given  expressions  is  a*;  hence  any 
common  multiple  of  them  must  contain  a*  as  a factor.  Any 
common  multiple  must  also  contain  6®,  c®  and  d^  as  factors. 
Any  common  multiple  must  therefore  contain  a*b^c^d^  as  a factor ; 
hence  the  l.c.m.  required  is  a%^c^d?. 
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From  the  above  examples  it  will  be  seen  that  the  L.  C.  M. 
o£  two  or  more  simple  expressions  is  obtained  by  taking 
every  letter  which  occicrs  in  the  different  expressions  to  the 
highest  power  which  it  has  in  any  one  of  them. 

If  the  expressions  have  numerical  coefficients,  the  L.c.  M. 
of  these  can  be  found  by  arithmetic,  and  prefixed  as  a 
coefficient  to  the  algeV^raical  L.  C.  M. 


EXAMPLES.  XXXII. 


Find  the  l.c.  m.  of 
1.  and  a^\P. 

3.  and 

5.  and  60a^6‘*a;'*. 

7.  and  ^xhf. 

9.  ^2axifz^  and  llVhf. 

11.  Sx^yz^,  15xyh‘^  and  lOxffz'^. 


2,  abc^  and  a^bc^. 

4.  4iX^y  and  lOxif. 

6.  and  3¥x. 

8.  |a®63c8  and  2bh^. 

10.  a6^,  a^bc  and  abc^. 

12.  ab'^c^x'^,  a^bc^x^  and  a^b^cx^. 


119.  When  the  factors  of  two  or  more  multinomial 
expressions  are  known,  their  L.  c.  M.  can  be  at  once  written 
down. 

The  L.  c.  M.  will  be  the  product  obtained  by  taking  every 
factor  which  occurs  in  the  different  expressions  to  the  highest 
power  which  it  has  in  any  one  of  them. 


Consider,  for  example,  the  expressions  {x  -a)  {x-  b)'^  (x  - c*)^ 
and  {x  - ay  (x  -b)  (x-  c). 

It  is  clear  that  any  common  multiple  must  contain  (x  - ay  as 
a factor;  it  must  also  contain  (a:  - by  and  (x  - cy  as  factors.  Any 
common  multiple  must  therefore  contain  {x  - ay  {x  - b)'^  {x  - cy 
as  a factor ; and  hence  the  common  multiple  of  lowest  dimensions 
must  be  {x  - ay  (x-by  (x  - cy. 


Ex.  1.  Find  the  l.c.m.  of  aM^-a%‘^  and  a^¥  + a^b‘*. 
Since  a*b^  - a%^  = {a-b)  {a  + b), 

and  a%^  + — aigi  h) ; 

we  see  that  the  l.c.  m.  is  a?bi^  {a  -b)  {a + b). 


118 


LOWEST  COMMON  MULTIPLES. 


Ex.  2.  Find  the  l.  c.  m.  of  + 3a^6  + 2ab^  and  a‘^  + 
a^  + 3a^b  + 2ab^  =a  (a  + b)  (a  + 2b), 
and  a'^  + 4:a%  + 3a%^=:a^  (a  + b){a  + Sb) ; 

hence  the  l.  c.  m.  is  {a  + &)  (a  + 2b)  (a  + 3b). 

We  leave  the  l.  c.  m.  in  the  above  form,  as  it  is  generally  most 
convenient  to  have  it  expressed  in  factors. 

Ex.  3.  Find  the  l.  c.  m.  of  + 2a:  + 1,  - 2a;  - 3 and  x'^  + 4a:  -f  3. 

a;2  + 2a;  + l = (a;  + l)2, 

a;2  - 2a:  — 3 = (a:  + 1)  (a;  - 3), 
and  a;2  + 4a:  + 3 = (a: + 1)  (a;  + 3) ; 

hence  the  n.  c.  m.  is  (a:  + 1)^  (a:  - 3)  (a; + 3). 

EXAMPLES.  XXXIII. 

Find  the  l.  c.m.  of 

1.  (a-x)(a-2x)  and  (a - 2a:)  (a- 3a;). 

2.  ax^  (a  - x)  (a  - 2x)  and  a^x  (a  - 2x)  (a  - 3x). 

3.  a^-b^  and  (a  + b)^.  4.  6ab(a  + b)^  and  Aa?  {a?  - b‘^). 

5,  a;2  + 3a;4-2  and  x^  + 5x  + 4.  6.  x^  + 3x^  + 2y‘-^  and  x^  + 5x^  + 4^^. 

7.  a;2  - 4a:  + 3 and  a:^  - 5a;  + 6. 

8.  3x“-4xy^  + y‘^  and  Qx^  - 5xy^  + y*. 

9.  (a  + 6)2,  («  - 5)2  and  - 5^.  10.  (x  + 2y)^,  {x-2y)^  and  x^  - 4y^. 

11.  x^  + 7x  + 12,  x^  + 6x  + 8 and  a;2  + 5a:  + 6. 

12.  - 7xy  + 12y2,  - 6xy  + 8y^  and  x^  - 5xy  + Gy^. 

120.  When  the  factors  of  the  expressions  whose  l.  c.  m. 
is  required  cannot  be  seen  by  inspection  we  must  use  the 
rule  for  finding  the  h.  c.  p.  given  in  the  preceding  chapter. 
Thus,  to  find  the  l.  c.  m.  of  a;^  + a;^  - 2 and  x'^  + 2a'2  - 3. 

The  H.c.F.  of  the  given  expressions  is  a:-l,  and  we  find  by 
division  that 

a;®  + a;2  - 2 = (x  - 1)  (x^  + 2x  + 2), 
and  a:®  + 2x2- 3 = (x - 1)  (x2  + 3a:  + 3). 

Then,  since  x2  + 2x  + 2 and  x2  + 3x  + 3 have  no  common  factors, 
the  L.  c.  M.  required  is 

(x  -1)  (x^  + 2x  + 2)  (x-  + 3x  + 3). 
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121.  Let  A and  £ stand  for  any  two  algebraical  ex- 
pressions, and  let  H stand  for  their  h.c.f.  and  L for  their 
L.  c.  M. 

Let  a and  b be  the  quotients  when  A and  respectively 
are  divided  by  H ; so  that 

A —H  X a, 

and  B-Hxb. 

Since  H is  the  highest  common  factor  of  A and  £,  a and  b 
can  have  no  common  factors.  Hence  the  l.  c.  m.  of  A and  B 
must  he  H X a xb.  Thus 

L = H.a.h  (i). 

It  follows  from  (i)  that 

L - Ha  X - A x-^  (ii), 

H JL 

and  also  that 

LxH=HaxHb^AxB  (hi). 

From  (ii)  we  see  that  the  l.  c.m.  q/"  any  two  algebraical  ex- 
pressions is  found  by  dividing  one  of  the  expressions  by  their 
H.  c.  F.,  and  multiplying  the  quotient  by  the  other  expression. 

From  (iii)  we  see  that  the  product  of  any  tivo  expressions 
is  equal  to  the  product  of  their  h.  C.  f.  and  L.  c.  M. 

122.  To  find  the  l.c.  m.  of  more  than  two  expressions, 
whose  factors  cannot  be  determined  by  inspection,  we  first 
find  the  L.  c.  m.  of  two  of  the  given  expressions,  and  find  the 
L.  c.  M.  of  this  result  and  of  the  third  expression,  and  so  on. 

EXAMPLES.  XXXIV. 

Find  the  l.  c.  m.  of 
1.  Me,  and  Qab'^c. 

3.  4a®,  6a®6  and  8ab-. 

5.  .K®  {x  - yY\  if  (a:  + y)-  and  xy  {x-  - y-) . 


2.  b^c  and  a®c®. 

4.  2(t®,  6a  6®  and  4a®i;®. 
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6,  a®  + a%,  a (a  - b)  and  a-  - b^.  7.  ~ U' 

8.  2axy  {x  - y),  Sax^  {x^  - y'-)  and  ^y^  (x  + y)\ 

9.  6 (x2  - 9),  9 (x  + 3),  15  {x  - 4)  and  10  {x^  -x-  12). 

10.  4a  + 46,  6a2  _ 246^  and  - Sab  + 2b^. 

11.  4a63  + m,  a2ft2  _ b'^cp  and  8a%d  - 8abd-. 

12.  _ io.r  + 24,  x2  - 8x  + 12  and  - 6x  + 8. 

13.  9.r  - 10,  x^  - 7x  - 30  and  x^  + 4x  + 3. 

14.  2x^  — 8,  3x^  - 9x  + 6 and  Gx^  + 18x  + 12. 

15.  x^-3x  + 2,  2x^-x-6  and  3x^-2x-l. 

16.  6x^  + x-2,  21x^  + 17x  + 2 and  14x^-5x-l. 

17.  Sx- -lOxy + Sy^,  Sx^-4xy+y^  and  x^-4.x^  + 3^“. 

18.  + 2x“  - 3x  and  2x®+  5x^  - 3x. 

19.  x"^y~  - 9?/2,  x-y  -yx-8y  and  x^  + x^-  6.r. 

20.  - o?i  and  + a^. 

21.  x^- 1,  X® + x^  + x+ 1 and  X® - x^  + x - 1. 

22.  9x®  - X - 2 and  3x®  - lOx^  - 7x  - 4. 

23.  x^  - ax^  - a^x  + a®  and  x®  + ax^  - a^x  - a-\ 

24.  .x^  + x2-4x-4  and  x®  + 6x2  + llx  + 6. 

25.  x'*-x®  + 8x-8  and  + 4x^  - 8x  + 24. 

26.  a®  + 6a^  + lla  + 6 and  a®  + 10a2  + 29a  + 20. 
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123.  To  obtain  the  arithmetical  fraction  we  must 
divide  the  unit  into  7 equal  parts  and  take  5 of  those 

parts.  So  also  to  obtain  the  fraction  ^ , where  a and  b are 

'positive  integers^  we  must  divide  the  unit  into  h equal  parts 
and  take  a of  those  parts. 


124.  The  numerator  and  the  denominator  of  a fraction, 
defined  as  in  Art.  123,  must  both  be  positive  integers : we 
cannot,  for  example,  with  that  definition,  have  such  a 

fraction  as  — ^ ; for  to  say  that  the  unit  is  to  be  divided 

into  — -f  equal  parts  and  that  f of  such  parts  are  to  be 
taken,  is  without  meaning. 


We  must  therefore  suppose  the  letters  in  ~ to  be  re- 

j stricted  to  positive  integral  values,  or  we  must  alter  the  defi- 
' a 

nition  of  y : and  as  we  cannot  restrict  the  values  of  the 
1 ^ 


letters,  we  must  entirely  dispense  with  the  fractional  form, 
or  make  some  modification  in  its  meaning. 
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Now,  with  the  definition  of  Art.  123,  to  multiply  the 

fraction  ^ by  b,  we  must  take  each  of  the  a parts  b times ; 

we  thus  get  ab  parts,  the  parts  being  such  that  each  b of 
them  make  up  a unit,  and  therefore  the  whole  ab  parts  will  , 
make  up  a units.  Thus 

(i). 

Dividing  each  side  by  6,  we  have 


Now  we  may  define  the  fraction  ^ as  that  quantity  which 

when  multiplied  by  b becomes  a;  for,  as  we  have  just  seen, 
this  new  definition  agrees  with  that  of  Art.  123  whenever 
the  definition  of  Art.  123  has  meaning;  and  by  taking  this 
new  definition  we  do  away  with  the  necessity  of  ascribing 
only  positive  integral  values  to  the  letters. 

We  may  similarly  define  the  fraction  ^ as  the  quotient 

obtained  by  dividing  a by  b. 

Hence,  instead  of  the  definition  of  Art.  119,  which  is 
inapplicable  to  an  algebraical  fraction,  we  have  either  of 
the  following  equivalent  definitions. 

Def.  I.  The  algebraical  fraction  where  a and  b a, re 

supposed  to  leave  any  values  whatever,  is  that  quantity  which, 
when  multiplied  by  b,  becomes  equal  to  a. 

Def.  II.  The  algebraical  fraction  ^ is  the  quotient  ob- 
tained by  dividing  a by  b. 

We  have  already  used  the  fractional  form  ^ with  the 
meaning  a-^b. 
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125.  We  now  proceed  to  consider  the  properties  of 
algebraical  fractions;  and  we  shall  find  that  algebraical 
fractions  are  added,  subtracted,  multiplied,  divided,  and 
simplified,  in  precisely  the  same  way  as  arithmetical 
fractions. 

126.  The  value  of  a fraction  is  not  altered  hy  multiplying 
its  numerator  and  denominator  hy  the  same  quantity. 

We  have  to  prove  that 

a _ am 

6 


for  all  values  of  a,  h,  and  m. 
a 


Let  X = 


h' 


Then  x x b = r 
b 


h. 


But 


~l^xb=  a,  by  definition ; 

.’.  xb  = a-,  and  therefore  xhm^am. 

Divide  by  b7n,  and  we  have  x = am  bm, 

,,  , . a am 

that  IS  -r  = - — . 

0 brn 

Thus  the  value  of  a fraction  is  not  alte^'ed  by  multiplying 
its  numerator  and  deno^ninator  by  the  same  quantity. 

127.  Since,  by  the  last  Article,  the  value  of  a fraction 
is  not  altered  by  multiplying  both  the  numerator  and  the 
denominator  by  the  same  quantity,  it  follows  conversely 
that  the  value  of  a fraction  is  not  altered  by  dividhig  both 
the  numerator  and  the  denominator  by  the  same  quantity. 

Hence  a fraction  may  be  simplified  by  the  rejection  of 
any  factor  which  is  common  to  its  numerator  and  denomi- 

nator.  For  example,  the  fraction  -f-  takes  the  simpler 

x-y 

form  -j , when  the  factor  y,  which  is  common  to  its  nu- 


merator and  denominator,  is  rejected. 
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When  the  numerator  and  denominator  of  a fraction 
have  no  common  factors,  the  fraction  is  said  to  be  in  its 

lowest  terms. 

128.  Reduction  of  fractions  to  their  lowest  terms. 

To  reduce  a fraction  to  its  lowest  terms,  we  must  divide 
its  numerator  and  denominator  by  their  h.c.f.  : for  we  thus 
obtain  an  equivalent  fraction  whose  numerator  and  deno- 
minator have  no  common  factors. 

Ex.  1.  Beduce  ^ to  its  lowest  terms. 
bcCxij 

The  H.C.F.  of  the  numerator  and  denominator  is  ^axij  ; and 
Sax^t/  _ 3ax‘^y-i-Saxi/  __  x 
ba?xij  ba?xy-^3axy  2a' 

Ex.  2.  Beduce  to  its  lowest  terms. 
aPb‘^ 

The  H.C.F.  of  the  numerator  and  denominator  is  and 

a^¥^d-b'^  a^b ' 

2d^b^xy* 

Ex.  3.  Beduce  „ to  its  lowest  terms. 

3a¥x^y^ 

The  H.C.F.  of  the  numerator  and  denominator  is  ub-xy‘^;  and 
2a%^xy^  _ 2a%-xy'^-i-ab^xy‘^ 

Sab^x^y^  dab^x^y'^^ab^xy'^ 

_ 2aY 

~ Sbx^  ' 

129.  Instead  of  reducing  a fraction  to  its  lowest  terms 
by  dividing  the  numerator  and  denominator  by  their  h.o.f., 
we  may  divide  by  an^  common  factor,  and  repeat  the  pro- 
cess until  the  fraction  is  reduced  to  its  lowest  terms. 

a*bh^  _ _ aP 

The  above  process  may  be  written  down  more  compactly  as 
follows ; a^ 

r*  a^ 
be' 
b c 
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EXAMPLES.  XXXV. 

Eeduee  the  following  fractions  to  their  simplest  forms : 


4. 

7. 

10. 


a% 
ab^  ’ 

x^y^ 

^2^3- 

3. 

2a%c^ 
ia^b'^c ' 

x^H^ 
x^y^z^  ■ 

6. 

12x'yH^‘^ 

IQx^y^z^  ' 

15aWx^ 

„ 125abVd‘^ 

9. 

3a^x^yz^ 

25a?b^c^x^  ■ 

150aWd' 

5ab\vy^z  ’ 

5a?h^c^xy^ 

lAabh^xyh^ 
21a%hx^yh ' 

12. 

3a?bc‘^x^y^z 
Ic^h^c'jAy‘^z^  ’ 

130.  When  the  numerator  and  denominator  of  a 

tion  are  multinomial  expressions  whose  factors  can  be  seen 
by  inspection,  write  the  numerator  and  denominator  as  the 
product  of  factors  of  the  lowest  possible  dimensions;  the 
factors  which  are  common  to  the  numerator  and  denomi- 
nator will  then  be  obvious,  and  can  be  removed. 


Ex.  1. 


...  a^-a.r 


- ax  a{a~x) 


(a  -x)  {a  + x) 
a 

a + x' 


Ex.  2,  Simplify 


.T^-  1 


x^  {x^-1) 


Ex.  3.  Simplify 


x‘^-1  - 1)  (a:2+ 1) 

a:" 

2-7a;  + 10 


- 5rc  -t-  6 


x‘^-lx  + 10  _{x-^)  {x- 2)  _x~5 
x^-5x  + 6 (x  ~ 3)  (x  - 2)  ~ X- 3’ 
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Ex.  4.  Simplify  . 

x^-ax  x{x-  a) 
a? -x^~  {a-  x)  (a-\-x)' 

Now  *- a=  - (a  - a;) ; hence  dividing  the  numerator  and 
denominator  by  a -a:,  we  have  the  equivalent  fraction 

- X 

a + x’ 

If  we  divide  the  numerator  and  denominator  by  a;  - a,  we  have 

X 

- (a  + .a;) ' 

By  the  Law  of  Signs  in  Division  — ^ and  — 7-^ — - are  both 

^ a + x -{a  + x) 

equal  to  — — ; and  this  latter  is  the  form  in  which  the  result 
a + a: 

is  usually  left. 

Note.  It  should  be  remarked  that  the  value  of  a 
fraction  is  not  altered  by  changing  the  signs  of  all  the 
terms  in  the  numerator  and  also  of  all  the  terms  in  the 
denominator;  for  this  is  equivalent  to  multiplying  both 
numerator  and  denominator  by  — 1 . 
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Simplify 

2ab 

2. 

3. 

«2  - ab 

a^  + ab‘ 

3.2  _ ^2j^2  • 

a^  + ab’ 

x^  + ax 

5. 

(a; -1)2 

6. 

a;2  - a;2?/2 

x^~a^ 

a;2  - 1 ‘ 

{x  + xyf 

x^  + 2x 

8. 

x*  + x^ 

9. 

4x  - 16 

' a;2-4  ■ 

x‘^-1  ‘ 

2a;®  - 4a;‘‘ 

11. 

X - 2 

12. 

a — S 

■ a;®  - 4x‘^ 

4 - a;2 ' 

9^2- 

a-x^  - a;^ 

14. 

X*  - g2 

15. 

a;®  - a^x^ 

■ x^-a^ 

g2  - aa;2  ’ 

x‘^-a* 
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16. 

a^x^y^  - xh/^ 

17. 

K>ax  — \5aP 

18. 

3a:2  _ i2aa; 

x^^  - 

x^-%aP  ' 

48a2  - 3a;2  ' 

19. 

aP'  - 2ax  + x^ 
aP  - x^ 

20. 

a‘^Pr‘iaPb‘^  + lA 
a'^  -b^ 

21. 

a;2-l 

.x^  - i " 

22. 

x*~  1 

23. 

x^-5x  + G 

24. 

1 - 5a  + 8aP 

x^-V 

.x^-7x  + 12' 

l-7a  + 12a2 

25. 

27. 

29. 

31. 


a;2-9.r  + 20 
x^  + 6x-55' 

- 8xy  + 

x^  - Sxy  - 28y^  ‘ 
(a^-ac®)  (a  + a;) 
(a*  + a;^)  (a  - ,x)  ‘ 
a^-  S'* 


26. 


28. 


30. 


32. 


1 - 9y‘^  + 20y^ 

1 + Qy^  ~ 55y‘^ ' 

l-8a^b^  + 7a*¥ 

1 - 8a^b‘^  - 28a*b^ ' 
(a^-b^)  {a^~ab  + b^) 
(a*  + b'^)  {a^  + ab  + b'^)  ‘ 
{a^  - &6)  (a  - b) 

(a3  - b'i)  - 54)  • 


(a^  - b'^}  (a  + b) 

131.  When  the  factors  of  the  numerator  and  denomi- 
nator of  a fraction  cannot  be  found  by  inspection,  their 
H.  C.  F.  can  be  found  by  the  rule  given  in  Chapter  xi. ; and 
the  fraction  will  be  reduced  to  its  simplest  form  by  dividing 
the  numerator  and  denominator  by  their  H.  c.  f. 

rru  4.  • X^-28x  + l0 

Thus  to  simplify 

The  H.c.F.  will  be  found  to  be  .r^-  5x  + 2,  and 
.x^  - 2S.X  + 10  = {x^  - 5x  + 2)  (x  + 5), 

5.t3  - 28x^  + I={x^-5x  + 2)  {5x -1-  2) . 

Hence  the  given  fraction  is  equal  to 
X + 5 
57^' 


EXAMPLES.  XXXVII. 


Simplify 

a^-3x  + 2 
2x^-3x^+l' 
.x^  -1-  3x^  - 20 


dx'^  — 8x  + 5 
x^  - 4:X^  -\-5x-2 
-1- 6a;2  + 11a:  + 6 
x^  -j-  6a;2  + 6a; 


3. 


a;4-a;2-12  ’ 


4. 
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2x^  + ax“  + 4a%  - 7<t^ 

■ - 7ax^  + 8a^x  - 2a^  ‘ 

x^  ~8x- 2 

”■  x*  + 2x^  + 2x'^  + 2x  + l' 
x*  + 2x3-3x^-7x-2 

■ 2.t“*  + a;^  - 6x^  - 5x  - 1 ‘ 


2x3 + 3x2 -{-4.^-3 
6x3  + x2-l  • 

X"*  - X*  - X + 1 
■ xA  - 2x3  - x2  - 2x  + 1 ‘ 
x^  - 20x2  - 15x  + 4 
x^  + 9x3  ^ i9a;2  _ 9^  _ 20  ’ 


132.  Reduction  of  fractions  to  a common  denominator. 

Since  the  value  of  a fraction  is  unaltered  by  multiplying  its 
numerator  and  denominator  by  the  same  quantity  [Art.  126], 
any  number  of  fractions  can  be  reduced  to  equivalent  frac- 
tions all  of  which  have  the  same  denominator. 

The  process  is  precisely  the  same  as  in  Arithmetic,  and 
is  as  follows. 

First,  find  the  l.  c.  m.  of  all  the  denominators ; then 
divide  the  l.  c.  m.  by  the  denominator  of  one  of  the  fractions, 
and  multiply  the  numerator  and  denominator  of  that  frac- 
tion by  the  quotient ; and  deal  in  a similar  manner  with 
all  the  other  fractions  : we  thus  obtain  fractions,  equal  to 
the  given  fractions,  and  all  of  which  have  the  L.  c.  M.  for 
denominator. 


For  example,  to  reduce 

X y z 

aAb  (x  + a)  ’ alA  (x  - a)  ab  (xA  -aA)^ 
to  a common  denominator. 

The  L.c.M.  of  the  denominators  is  oAb"^  {x’^  - a^) . Dividing 
the  L.C.M.  by  a%{x-\-a),  ab^{x-a)  and  ab{x^-aP‘),  we  have  the 
quotients  b(x- a),  a (x  + a)  and  ab  respectively.  Hence 
X _ x xb  {x~  a)  __  bx  {x- a) 
a^b{x  + a)  (x  + a)  xb  {x  - a)  a^b^(x^-a^)’ 
y y xa{x+ a)  ay  {x  + a) 

ab^{x-a  ) ab‘^  {x  - a)  X a{x  + a)  a%^{x^-aA)' 
z _ zxab  abz 

ab  (x2  - u2)  ab  {x^  - a^)  x ab  a%^  {x^  - a^)  ’ 


and 
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Note.  In  the  above  process  it  is  not  absolutely  necessary 
to  take  the  lowest  common  multiple  of  the  denominators; 
any  common  multiple  will  do  equally  well,  but- by  using  the 
L.C.M.  there  is  a saving  of  labour. 

133.  Addition  of  fractions.  The  sum  (or  difference)  of 
two  fractions  which  have  the  same  denominator  is  a fraction 
whose  numerator  is  the  sum  (or  difference)  of  their  numer- 
ators, and  which  has  the  common  denominator.  This 
follows  from  Art.  66. 

When  two  fractions  have  not  the  same  denominator, 
they  must  first  be  reduced,  by  the  method  explained  in  the 
last  Article,  to  equivalent  fractions  which  have  the  same 
denominator  : their  sum  or  difference  will  then  be  found  by 
taking  the  sum  or  difference  of  their  numerators,  retaining 
the  common  denominator. 


Thus 


and 


a b _a  + h 

XX  X ' 


a b a — b 

XX  X ‘ 


a b _axy  bxx  _ay  bx  ay  -\-bx 

X y xxy  y XX  xy  xy~  xy  ’ 


b 

a + - 

y 


ay  b _ ay  + b 

y y~  y 


When  more  than  two  fractions  are  to  be  added,  or  when 
there  are  several  fractions  some  of  which  are  to  be  added 
and  the  others  subtracted,  the  process  is  precisely  the  same. 
The  fractions  are  first  reduced  to  a common  denominator, 
and  then  the  numerators  of  the  reduced  fractions  are  added 
or  subtracted  as  may  be  required. 


Thus 


a b r a +b -c 
XXX  X 


S.  ALG. 
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^ a h c axyz  bxxz  cxxy 

and  - + = + 

X y z xxyz  yxxz  zxxy 

ayz  hxz  cxy  _ ayz  + hxz  - cxy 
xyz  xyz  xyz  xyz 


Note.  It  may  be  necessary  to  remind  the  student  that 
when  there  is  no  sign  between  a fraction  and  a letter  or 


number,  the  sign  of  multiplication  is  understood.  Thus,  2 

means  '2  xy  and  not  2 + ^ as  in  the  Arithmetical  form  2 ^ . 

b b 2 


Ex,  1.  Find  the  value  of  — ~ -| — ^ . 

X -a  x+ a 

The  L.c.M.  of  the  denominators  is  {x  - a)  [x  + a)-,  and 
1 1 x+a  x-a 

x-a^  x + a {x  - a)  {x  + a)  (a;  + a)  {x  - a) 

_x  + a + (x-a)_  2x 

x^  ~a^  x^-  a- ' 

Ex.  2.  Find  the  value  of  — |-  f „ . 

a- X x^~a^ 

Beginners  should  always  see  that  the  denominators  of  the 
fractions  which  are  to  be  added  are  all  arranged  according  to 
descending  powers,  or  all  according  to  ascending  powers,  of  some 
particular  letter.  This  is  not  the  case  in  the  present  example ; 
but 

ax  _ ax  _ - ax 
x^  -a‘^~  - (a^  - a;2)  a? -x-' 

We  then  have 

a -ax  _a{a  + x)  -ax 
a - x^  a!^  - x^  a^-x^  ^ - x’ 

_a{a  + x)  - ax 
a^-x^ 

a^-  x^' 

E..3.  Simplify  A; + 1-T5  + ITS + 
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and 


It  is  sometimes  best  not  to  add  all  the  fractions  at  once ; this 
is  particularly  the  case  when  the  denominators  are  not  all  of  the 
same  dimensions. 

1 1 _ (l+a:)  + (l-a;)  _ 2 

+ (l-a:)(l  + a;)  ~ 1 - x-  ’ 

.hen  , 2 2(l  + x^)  + 2(l-x^)_  4 , 

1-X2'^i  + X2  (1-X2)(1  + X2) 

and  finally 

4 4 _4(l  + x4)  + 4(l-.'c‘‘)_  8 

l-x“'^r+x4~  (l-x‘‘)(l  + x4) 

Ex.  4.  Find  the  value  of  ^ ^ . 

x-1  x + 1 x-2  x + 2 

Here  again  it  is  best  not  to  reduce  all  the  fractions  to  a 
common  denominator  at  once : the  work  is  simplified  by  pro. 
ceeding  as  under. 

1 1 _x  + l-(x-l)_  2 

X-1  X+1  (X  - 1)  (X+ 1)  ~ X“- 1 ’ 

1 1 _x  + 2-(x-2)_  4 

x“- 2 “ ~ (x-2)  (x  + 2)  “ x2 - 4 ’ 

2 4 _2(x"-4)+4(x^-l)  6x2-12 

X®  - 1 x^  - 4 (x®  - 1)  (x®  - 4)  ~ - 5x®  + 4 ' 

Ex.  5.  Find  the  value  of  ^ ^ ^ . 

x®-5x  + 6 x®-7x  + 12 

1 1 

x®-5x  + 6~  (x-2)  (x-3)’ 

.x®-7x  + 12  (x-3)(x-4)’ 

hence  the  l.  c.  m.  of  the  denominators  is  (x  - 2)  (x  - 3)  (x  - 4). 
Hence  we  have 

X - 4 x-2 

(X  - 2)  (x  - 3)  (X  - 4)  ~ (x-2)  (x-3)  (x-4) 

_ (x  - 4)  - (x  - 2)  _ - 2 

“ (x  - 2)  (x  - 3)  (x  - 4)  (x  - 2)  (x  - 3)  (x  - 4) 

2 

(x  - 2)  (x  - 3)  (x  - 4)  • 


9—2 
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Ex.  6.  Find  the  value  of 
1 1 


(a-h){a-c)  (b-a){b-c)  {c~  a)  {c-b)‘ 

In  examples  of  this  kind  it  is  best  for  beginners  to  arrange 
all  the  factors  in  the  denominators  of  the  fractions  so  that  a 
precedes  b or  c,  and  that  b precedes  c.  We  therefore  change 
h-a  into-(a-b),  c-a  into-(a-c),  and  c-b  into-(?>-c). 
Then 

1 1 -1 


and 


{b  -a){b-  c) 

1 


[a-b)  (b-  c)  (a  -b){b-c)' 

1 1 


(c-a)(c-b)~  { -(a-c)}  { -(6-c)}  ~ (a-c)  {b-c)' 
Hence  we  have  to  simplify 

1 -1  1 
(a  -b){a-c)^  {a-  b)  {b  - c)  (a  - c)  (i  - c)  ' 

The  L.  c,  M.  is  (a  -b){a-  c)  {b-c)-,  and 

1 _ b-c 

(a  -b)  {a-  c)  (a  -b)  {a-  c)  {b  - c)  ’ 

-1  -(a-c) 


and 


(a  -b)  {b-  c)  (a  - b)  {b  - c)  {a-c)’ 
1 a-b 


{a-c)  {b-c)  {a-b)  {a-c)  {b-c) 

Hence  we  have 

b-c-{a-c)  + a-b_  b-c-a  + c + a-b  _ 


(a  -b){a-  c)  {b  - c)  (a  - b)  (a  - c)  {b  - c)  (a  - b)  (a  - c)  b - c) 

EXAMPLES.  XXXVIII. 

Keduce  to  their  lowest  common  denominator. 

1. 

4. 

7. 

9. 


= 0. 


2 4 

7 

2. 

111 

. 3. 

a b 

c 

’ 5x  ’ 

30.-r’ 

2aa;  ’ Q>hx  ’ Sc.r 

be  ’ ca 

’ ab  ’ 

be  ca 

ab 

5. 

1 5 

6. 

3 

4 

a ’ b ’ 

c 

a;  + 1 ’ 2a;  + 2 ' 

2a;  - 2 ’ 

3a; -3 

5 

3 

8 JL 

3 

5 

6.r  + 12’ 

87+16 

a;  + l’ 

2a; + 2 ’ 

x^-1' 

6 

2 

4 

in  — 

X 

a2 

a;2 

5x-5’ 

3a;  + 3 ’ 

£C^  - 1 

■ x-a’ 

a-  x’ 

a;®  - a®  ’ 

a^-x^ 
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2a  h 3a^  5b^ 

W^'  4 (a2 - W)  ’ 6“(&2_a2)* 


12. 

1 2x  3a;2 

^+1’  (^Tip’  (^Ip' 

13. 

1 1 

1 

{x  -a){x-h)'  (b-  x)  [c-x)' 

’ {x 

-c){x-a)' 

14. 

1 1 

1 

(a  -h){a-c)'  {b-  c)  {b  - a)' 

{c- 

a)  {c-b)' 

Eeduce  to  one  term 

15. 

, 2 

16. 

r2 

a + x^ . 

a-  X 

17. 

4i/2 

18. 

a -b  a -b 
a%  ^ a&2 

19. 

a -5b  a -3b 

to 

p 

6a -56  4a -76 

5 3~  ■ 

3 2 

21. 

a -3b  3a -b 
' — +-^-' 

22. 

x-y  x+y 

23. 

,x-2y  y-2x 

• -4~* 

24. 

X X - 4 X - 5 

J-— g-+ 

25. 

2x-3y  x + 2y  3x-  2y 
3^4  6 ' 

26. 


28. 


30. 


32. 


34. 


36. 


Simplify 


a b 

a-b  b -a’ 

to 

X a 

X — a a — x' 

X a 

29. 

1 

2 

x'^  — a2  — a;2 ' 

1 -a; 

1 -a;2  ■ 

1 4 

31. 

1 

6 

2-x  4-x^' 

3 + x X-  - 9 ' 

1 1 

33. 

1 

1 

a;  - 3 x-2' 

x-4y 

x-5y 

1 1 

35. 

1 4-.-C 

1 - a; 

3x-2y  5x-2y" 

1 + a;  ■ 

a H-  26  a - 26 

37. 

1 

2 

a -2b  a + 26" 

x-2  (X-  2)2 

a ^ 2a6 

39. 

x+y  _ 

x-y  ^ 

a-26^(a-26)2‘ 

x-y 

x + y 

4^ 

2_^2* 


38. 
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40. 

42. 

44. 

46. 

47. 

48. 
50. 

52. 

53. 

54. 

55. 

56. 

57. 

58. 

59. 
61. 

63. 

64. 

65. 


2ci 

26 

a2  + 52 

41. 

a •)-  5 

a -b 

a2  - 52  ■ 

2 

1 

a;  + 6 

A 0 

a;  - 2 

a:  + 2 

a;2  + 4 ‘ 

4:0. 

3 -a; 

3 + a; 

1 - 16a; 

45. 

“ l + 3a; 

9a;2  - 1 • 

1- 

a - X 

a + a;  a2  + a;2  + a;^  ’ 

1 

1 1 1 

;c+l 

a;  + 2"^x  + 3 a;  + 4' 

1 

2 1 

49. 

1 

2 

.c^  ~ 

X a;  + 1 * 

a 

(X  4"  1 

1 

3 3 1 

51. 

1 

3 

.r  - ' 3 “ 

.c  - 1 a;  + 1 a;  + 3 ’ 

a 

tt  + 1 

1 

4 6 4 1 

a; -2 

a;-i  X 03+1  a; + 2' 

1 ^ a(a-i)' 

1 a:  + 3 

~i  ~ ¥(F+i)  ~ 27^+1) 

a 2a^ 

■ X a + x ' 


1 

+ 2 

^ 1^ 

Cl  + 2 Cl  + 3 


a 1 

1 


_6 4_ 

cl'  2 d 4"  3 

2 


1 

d + 4 


- 5a;  + 6 a;^  - 4a;  + 3 x^-3x  + 2' 


-7,  + -.,*“0^- 


x^  -f  5ax  + 6a‘^  a;^  + 4ax  + 3a^  x'^  + 3aa;  + 2d^ ' 

a;  - 1 2 {x  - 2)  a:  - 3 

(a;- 2)  (a; -3)  “ {x  - 3)  (a;  - 1)  (x  - 1)  (a;  - 2)  * 

1 2 1 
a;  (a;  - 1)  1 - a;^  a;  (a;  + 1)  ‘ 


2d  X - a 

2 

(x  - 2d)2  a;2  - Sax  + 6a2 

a:  - 3d  ’ 

3 + 2d  2 - 3d  16d  - d2 

60. 

X + ay 

2-d  2 + d'*'  d2-4 

x-ay 

a;2  - 2a;  a;  + 3 4a; 

62. 

1 

a;2-l  a;  + l l-a;‘ 

1 - a;  , 

1 6y  1 

a;  + 3?/  a;2 - 2y^  3y  -x‘ 

x^-{y-zf  , y^-{z-xY  , 

2;2-(a; 

-y? 

x-ay  2 a;-’ +0-^1/^ 
x-ray 

1 l + 2a;-a;2 
a;  -J- 1 ^ 1-x^ 


{x-\-y)^-z^  {y-hz)^  — x^  (z-\-x)^-y~' 

a^-(5  + c)2  b^-(c-ha)^  c“-{a-b)^ 

(a  + 6)2-c2  (5^)2"_  a2  {^■^2352  • 
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134,  Multiplication  of  Fractions.  We  have  now  to 
shew  how  to  multiply  any  two  algebraical  fractions. 

Let  the  fractions  be  y and  . 

0 a 


Let 

Multiply  by  6 X ; then 


a c 


But 


A J ^ 7 

x’xox(i  = -x  - xo 
0 d 


= x 6 X — X f/, 

0 d 

% y.b  = a.  and  4 x = c ; 
6 d 


. xhd  = ac. 


by  Art.  39. 


Divide  by  bd  ; then 


ac 
bd ' 


That  is 


a c ac 
b""  d^Vd' 


Thus  the  product  of  any  tioo  algebraical  fractions  is 
another  fraction  whose  numerator  is  the  product  of  their 
numerators.,  and  whose  denominator  is  the  product  of  their 
denominators. 

The  product  of  any  number  of  fractions  is  found  by  the 
same  rule. 


For  example: 


a c e ac  e ace 


Again 


d acd 


And 


a;  + 1 X + 2 a;  + 3 _ (a:  + 1)  (a:  + 2)  + 3)  _ . 

a;  + 2 ^ a;  + 3 ^ a;  + 1 ~ (a;  + 2)  (a;  + 3)  (a;  + i)  ~ 


Def.  Two  fractions  which  are  such  that  the  numerator 
of  each  is  the  denominator  of  the  other  are  called  reciprocal 
fractions. 
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Thus  ~ is  the  reciprocal  of  ~ , and  ~ is  the  reciprocal  of  ~ 


135.  Division  of  Fractions,  l^et  ^ and  ^ be  any  two 


fractions,  and  let  x = 


d ' d' 


Then 


c a c c a 


c d a d 

. X X ~ X ~ — Y y. 

d c 0 c 


But  XX  - X ~ — x ] 

d G 

a d 

B x^  r X - . 
b c 

Thus  to  divide  by  any  fraction  is  the  same  as  to  maltiply 
by  its  reciprocal. 

Ex.  1.  Divide  by  - . 

a 

_ X x’^  a _x 
' a (F  X a' 

Ex.  2.  Divide  ^ by  ab. 

a ^ a 1 1 

X p- 

Ex.  3. 

x^  + a^  x + a 

X- a _ x^  -o?  X- a x + a 
x^  + a^  ' x + a x'^  + a^  x'^  - a^ 

1 . 

(x^  -ax  + a^)  [x^  + ax  + a^) 


1 

(o;^  + a‘^x^  + a"*)  ’ 


FRACTIONS. 


137 


EXAMPLES.  XXXIX. 

Eeduce  the  following  fractions  to  their  simplest  forms : 

Q 

c ' d‘ 


4. 

7. 

9. 

11. 

13. 


CO 

2. 

5a® 

35® 

3c  4a  ■ 

65c 

lOca  ” 

2a^  iab 

5. 

a 

c 

bd 

be  ‘ c^  ' 

5^ 

d 

ac 

b b c 

- X - . 

a c a 

8. 

2a  2h  2c 

10. 

be  ca  ab ' 

3axy^  _ 6a//® 

12. 

6.  X — -7- 

be  ca  ab 


b^ 


2x'^  diF  5z^ 
‘6t/z  5zx  2x1/  * 
5a^bc  _ 5a^bc^ 
Sb'^c^a  " dab'^c'^ ' 


3a% 


2a , 


By  what  must  be  multiplied,  that  the  product  may  be  ^ ; 


Xtf 

14.  By  what  must  be  divided,  that  the  quotient  may  be  ^ 
Express  in  their  simplest  forms: 

15. 

17. 

19. 

21. 

23. 

25. 

27. 


^-y  ^ ^ ^+y  _ 

16. 

a + 5 

a5  - 5® 

a;®  + xy  xy  - ?/®  ’ 

a®  - a®5 

^ a5  + a®  * 

x®  + 2x  a;®  - 3a; 

18. 

X®  - //® 

a;®  - y " a;®  - 4 ’ 

X®  - 4y® 

x + y ■ 

a;®  + 3a;®  a;  + 3 

20. 

a + 45 

a5  + 45® 

a;  + 4 ‘ a;®  + 4a;  ' 

a®  + 5a5 

a®  + 5a®5  ‘ 

a;-l  a;-2  a;-3 

x-2^  x-3^  x-i’ 

22. 

x + 1 
(x  + 2)® 

x+2  x+3 

^ (x  + 3)®''  (x  + 1)®' 

a;®  - 3a;  + 2 a;®  - 7a;  + 12 

24. 

x®-l  x®-25 

a;®  - 5a;  + 6 ^ as®  - 5x  + 4 

X®  + 3x  - 

- 10  ' X®  - 3x  - 4 ■ 

X®  - a®  x + 2a 

26. 

a®-x® 

(a-x)® 

X®  - 4a®  X - a * 

a®  + x® 

a®  - X®  " 

a + X a^~  a;®  ^ a‘*  - x‘* 

28. 

(a + 5)® 

(a®-5®)2  . (a + 5)® 

(a  - x)®  ^ a®  + X®  ^ (a  + x)®  " 

(a  — 5j® 

^ • a® + 5® 

(a  - 5)®  - c®  ^ 5®  - (c  - a)® 

30. 

x®-(i/  + z)®  _ y®-(x  + 2)® 

(a  - c)®  - 5®  ^ c®  - (a  - 5)®  ‘ 

X®  - (//  - 

-2;)®  ■ y®-  {x-z)~  ’ 

31. 


x^  + y^  x-y  x^-x^y^  + y^ 
x'^-y^  x + y ■ x"^ -\- xhf^ -V ' 
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136.  We  will  now  give  some  examples  of  more  complex 
fractional  expressions. 

a 

Ex.  1.  Simplify  « . 

d 


a 

1)  (I  c it  d Qjd 

c b ' d b c be' 

d 


Ex.  2. 


Simplify 


a+x  a- X 
a — X a + x 
(l-\-  X ^Ct  — X 

a — X a-\-  X 


a + x a-x  _{a+x)  {a  + x)-{a- x)[a- x)  ^ 4tax 
a-x  a + x (a-x){a  + x)  a^  - x^ 


and 


Cl  X 

a-x 


a-x  _ (a  + x)  (a  + x)  -1-  (a-x)  (a-  x)  ^ 2a^  + 2x'^ 
a + x (a-x)  (a  + x)  a^  -x^  ' 


Hence  the  given  fraction  is  equal  to 

4ct.r  2a^  + 2x^  4ax  a?  - x'^  2ax 

a^-x^  ' - x^  a?  - x‘^  ^ 2a^  + 2x'^  d^  + x‘^‘ 


Ex.  3.  Simplify 


x + 2 


x + 2- 


X + i 


x 


x + 2 


X + 2- 

X 


x 

"^^x^2)  X 

(*  + 2)  a;  - (a;  + 1) 


X a;(a:2  + a:-l) 

a;2  + 2a;  a:  (aj^  + a;  - 1)  - (a;2  + 2a:) 
^ a:^  + £c  - 1 
a;  (a:^  + a-  - 1)  _ a-2  + a;  - 1 
a^-  3a 


x^-3 
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Ex.  4. 


Simplify 


a-b  b -c 
1 + afc  i + 
(a-&)(b-c)  ■ 
(l  + ab)(l  + bc) 


a-b  ^ _ {a-b)(l  + bc)  + {b-c)  (l  + ab) 

1 + ab^  l + bc^~  (l  + aft)(l  + 6c) 


a-b  + abc  -b“c  + b-c  + ab"  - abc 

\r+^bj(l  + be)  ^ 

a-c  + ab^-cb^ 

(l  + ab)(l  + bc)' 


{a-b){b-c)  _{l  + ab)  {1  + bc)  - {a-b)  (b  - c) 
~ (l+ab)  {1  + bc)  ~ (l  + a6)(l  + &c)  ~ 


l + ab  + bc  + ab^c  - ab  + b^  + ac-bc 
(l  + d6)  (1  + &C-) 


l + ac  + b'^  + ab^c 
(1  + afe)  (1  + bc)  ‘ 


Hence  the  given  fraction  is  equal  to 

a-c  + ab^-cb^  l + ac  + b‘^  + ab\ 

(l  + a6)(l  + 6c)  ^ (l  + ab){l  + bcj 

_ a-c  + alP  - cb^  _ (a  - c)  (1  + b'^)  _ a-c 
1 + ac  + fe‘-^  + ac&-  (l  + ac)(l  + 6^)  l + ac‘ 


EXAMPLES.  XL. 


Simplify 


{X'\-^d  Ct  “h  j 

\ X 1 

\a-2x  x-2a' 

i ^ 1 



\2a-x  a-x) 

X y X y 
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1 + - 1 + ^ 

y 


2 

1 1 ' 

— I 

X y 


6.  l 


+y+2  ^~+y~2 

X y X 
x+y  x-y 


a -\-'b 


x^-x  + 


x + 1 


11.  -- 


a + b 

b ■ 

1 

a:  H , 

a:  + l 

a 

a+  2b 

x + 2 

4a:  + 5 

1 + a:  1 + a:2 

2x  + 3 

“5^6 

10. 

1 +1:2  - 

2a:  + 3 

3a:  + 4 ’ 

1 + a:2  1 + a:2 

3a: + 4 

4a: + 5 

1 + a:^  1 + a:^ 

1 

1 

12. 

1 + 


3a:-- 


13. 


14. 


1 + 


d + 1 
3 - a 


xi^+1 


a:  - 1 


137.  The  following  theorems  are  of  importance. 

Theorem  I.  If  the  fractions  ^ ^ 

to  one  another,  then  will  each  he  equal  to  the  fraction 
pa  + qc  + re  + ... 
ph  + qd  rf+ ..." 

Let  each  of  the  equal  fractions  be  equal  to  x. 

X,  &c.  ; 


. ace 

1 hen,  since  t = 7j~^^  7 

b d j 


a = hx,  c — dx,  e=fx,  &c.; 
pa=phx,  qc  — qdx,  re  = rfx,  &c. 

Hence,  by  addition, 

2M  + qc  + re+  ...  =phx  + qdx  + rfx  + . . . = {jph  + qd  + rf+  ...)x; 
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As  a particular  case,  each  of  the  equal  fractions  - , ^ 


is  equal  to 


b + d +f  + . 


Theorem  II.  If  the  denominators  of  the  fractions 


c&c.  be  all  positive,  then  will  the  fraction  

f ^ ' ''  h + d+f+  ... 

be  greater  than  the  least,  and  less  than  the  greatest,  of  the 
fractions 

Let  ^ be  the  greatest  of  the  fractions,  and  let  ^ = ^- 

Then  —^<x,  -1<  x,  <fec. 
d f 

Hence,  as  b,  d,f...  are  all  positive,  we  have 
a = bx,  c < dx,  e < fx,  &c. 

Hence,  by  addition, 

a + c + e + ...  <bx  F dx  F fx  A ...  <.  (f  A d A f A ...)*; 
aACACA  ... 
bAdAfA..."^^' 

Hence  ^f^^f  ig  jggg  than  the  greatest  of  the 


bAdAfA  ... 

fractions ; and  it  can  be  siniilaidy  proved  to  be  greater  than 
the  least  of  the  fractions. 

Ex.  1.  Shew  that,  if  ^ ~ , then  will  ^ . 

b d a - b c - d 

Let  r=-r  ; then  -,  — x.  Hence  a~bx,  and  c = dx. 
b d 


Hence 

Also 


aAb  _bxAb  _xa1 
a — b bx—b  x — 1 
cAd  _dxAd  _xA1 
c - d dx  ~ d x-1' 


And,  since  and  are  both  equal  to  LLl  they  must 
a-b  c-d 
be  equal  to  one  another. 
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Ex.  2.  Shew,  that  if  ^ ^ then  will  ^ . 

h d c^  + - d^ 

Let  ~ = x;  then  ^ = a;.  Hence  a = ftrc,  and  c = <ia:. 
b d 

a^+b^  _b'^x^  + b^  _h^{x^  + l)  b^ 
c^  + d,^~  d^x^  + d^~  d^x^  + l)~  d‘^' 
a^-b^  b^x^-b-^  _b^(x^-l)  b^ 

C‘^  _ rf-2  - ^2*2  - d2  - d2  (a;2  _ 1 ) - -^  • 

^ a^  + b^  a^-b'^ 

Ex.  3.  Shew  that,  if  , 

I m n 


then  will 


bcx 


cay 


abz 


al  + bm  + cn  al—  bm  + cn  al  + bm  - cn  * 

By  Theorem  I,  each  of  the  given  equal  fractions  is  equal  to 
- a{cy + bz)  + b {az  + cx)  + c {bx  + ay)  2bcx 

-al  + bm-Icn  -al  + bm  + cn'" 

And  similarly  each  of  the  fractions  can  be  proved  to  be  equal 


, 2cay 

to  -- — ^ or  to 

al  - bm  + cn 


2abz 

al  + bm~  cn  ’ 


EXAMPLES.  XLI. 


10. 


Simplify 

' 9x^y^z^ ' 

- ^xy  + 5y2 
x^  - 5x^y  + Axy^  ' 

{a^-b^)  (a3-&3) 

■ (a-6)  (a“-&4)  • 

■T®  + 3a;2  - X - 3 
‘ x4  4-  4x^  - 12x  - 9 ' 
2x4  + 9x^y  + 14xj/3  - 
3x4  i4a;3y  + 9xy‘^  ■ 

9 -^+?/  _ 3 ^-y 
3 5 


ISa^Vx 


3. 


c^-x^y^z"^ 


•3i/4 

- V 


5. 


24afc6c8x2  • cL^^Nx^y’^z'^’ 

x^  - lOx^y  - llxy^ 
x^y  - 8xy^  - 9y^ 

(a^-b^)  (a6-h«) 

(a + 6)2  (a -6)2  ‘ 

3x4  ^ 5a;2  - 7x2  + 2x  + 2 
2x4  + 3x2-2x2  + 12aT+5' 

2x®  - 11x2^  + 11x^2  ^ 4^3 

2x4—  ^ 7a;2^2  _ i2xy^  - 4y4  ' 


11. 


13.  5 


x-2y  y-  2x 


12, 
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14. 

16. 

18. 

20. 

22. 

23. 

24. 
26. 

28. 

30. 

31. 

33. 

34. 

36. 

37. 


1 

4 

15. 

1 

4 - X ' 

x2-16' 

3-x  ^ 

X 

X2 

17. 

a 

x-2y' 

“(22/-x)2- 

a-46 

1 

1 1 

1 

19.  l~ 

a + 4 

a+5  a+6 

a + 7 

^ ^ ^ 

a a + 3 a + 6 a+  9 " 


- 9?/“  x-y  ' 

'1  IV  1 4 


21. 


X2  _ y2 


y-x 


x'^ - 4^^  ' 2y  -x' 

a ' bj  ah  \a-  h)'^\  ' (\a  a&| 


X 5 \ / x-S  2\ 

^8  ) ^ V3a;-8  “ x + 2 ) ' 


{x  - yY  -xy{x-  yf  - 2a;y 
{x  - y)  (x^  - y^)  + 2x‘^y'^ 

113 


25. 


6a-2fe  %a  + 2b  6a + 26' 

a6  + 66  a-6  _ a^-a%‘^  + ¥ 

ae-i6  ^ • a'^  + a^b^  + b'^' 


27. 


1 2.r  + l 

a;  - 1 x^  + x-\-i 

1 1 


29. 


8a + 26  26 -8a  16a^-62 

rrfi  + 

0 9 

jfjS  ^ ,,j3  • 


11 
n m 


{^■^a  + 6‘*'  (a  + 6)2| 

ii 

] 

In  1 

i (a  + 6)3j 

3^- 


x + y x-y  42/2 

x-y  x + y .T-  - ^2  • 

_ y ^ ^ 

xy  {y^  - x^)  V + xy  xy-y-' 

a + 6 (F~b‘^  b- a a-b  a + b b--a^ 

a + 56  ^ 2562 -a2  “ — 5^,  • 35.  • 

1 a;-5  1 rc-6 


2(a;-l)  a;2-7a;  + 10  2a;2-9x  + 18‘ 

3 2 x-6 


X - 3 X - 4 (x  - 2)  (x  - 5) ' 
3 2 X - 7 

X - 4 X - 5 ~ (x  - 6)  (x  - 3)  ■ 


38. 


U4 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 


FRACTIONS. 

3 


1 ) „ 

x-y) 

{1  ^ -y^ 

x + y) 

j 1-  X 1 + 2x^)  X + 1 

( 1 + .-c  ^ 1-  x^\  ^ 2x  + l' 


x-2- 


X - 2 


X - 1 - 


x-4 


x-2- 

6 


x-I  - 


x^  + 2x-8  x^  + x-12  X--5X  + 6' 


\x^  + y^  x^  - 1 

jx  + y 

X - ?y] 

\x^  _ 2/2  x^  + y^f  x^  - xy  + y'^ 

\x-y 

x + y\ 

I'a'^  + b-  _ \ ab^ 

\ 2ab  ) a^  + h'^ 


4a?>  (a  + h) 

- ah  + h'^  ' 


b aj  \c  bj  \a  cj  \b  a J \c  b J \a  cj 

I 2 ] jx  + y _ xj^y  ] 

Sx^  - 14xy  + 157j^  Sx^-2xy  — 5y“\  ' \x-'6y  x + 8y]  ' 
b-c  c - a a-b  {b  - c)  [c  - a)  {a -b) 

a + x b + x c + x (a  + x)  (b  + x)  (c  + x)' 


{( 


^y_2  "lj+1 

a + bj  a + b 


■i±^y+3i±^+i 

a-  b J a-b 


16 

21 

16 

21 

^17  ' 

X - 9 

X + 4: 

a;  + 7 

11 

7 

11 

7 

X - 5 

x-1 

a;  + 2 

a;  + 4 ■ 

x + 7 

a;  + 8 

a;+  9 

a;  + 10 

a:  + l 

a:  + 2 

X d 

a;  + 4 ' 
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54. 


{a  + b - c)^  - {b  + G - a)“  - dr  (c  + a - b^  - A- 

{a  + by^  - (c  + df  \b  + cf  - (a  + d^  (c  + a)^  - {i<  + dY ' 

55.  Simplify  ^ ^ ^ 


56.  Simplify 


axy  a{x-a)(y-a)  y{x-a){y-a)' 

+x  d+y  «- 


x{x-y){x-z)  y(y-  z)  {y~x)  z (z  ~ x)  {z 


57.  Find  the  value  of  % — ^ when  a;  = ~^  , 
h~2x  a + b 


58.  Find  the  value  of 

(X  h 2c  (t  h 2rf 
a + 6 - 2c  a + & - 2d  ’ 

led 


when 


a + b = 


c + d' 
a-b  c-d 


59.  If  y = , prove  (i) 

b d a -2b  G- 'Id 


(ii) 


a‘^-b'^  _e^-d" 
a2  + 62“c2  + d^‘ 


(iv) 


(a  + bf  (e  + d)'^’ 

pa^  + qab  + 7'b'^  _ pe^  + qed  + rd^ 
la^  + 7uab  + ~ iQi  _j.  ^ • 


60.  If  ^—r  = ~ ; then  will  a;  + y + ^ = 0. 

a-b  b-e  e-a  ^ 


61.  If 


y + z z + x x + y u ^ x-  2 

7-  = — c~ ; fnen  will  each  fraction  = 

ay  -\-bz  az  + bx  ax -\-by  a + b 

Prove  that,  if  a,  b,  e be  unequal,  and  ^ ^ ^ ^ , then 

;c  y z ' 

wiU  03  + y + 2 = 0 and  ax -\-by  + cz  — Q. 

a + b b-\-G  e + a 


63.  Prove  that,  if 
then 


a-b  2 (b-e)  8 (e  - a) 

8a  + 9b  + 5e  = 0. 


64.  Prove  that,  if  ^ = — — — , then  each  is  equal  to  ^ ^ . 

b-e  e-a  a-b 

65.  Prove  that,  if 

a b G 


then 


f + 2z-3x  2z  + 2x-8y  2x  + 2y-8z’ 
X y _ z 


a + 26  + 2c  6 + 2c  + 2a  c + 2a  + 26  ' 


S.  ALG. 
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CHAPTER  XIII, 


EQUATIONS  WITH  FRACTIONS. 


138.  In  the  present  chapter  we  shall  give  examples  of 
equations  which  contain  fractional  expressions. 


"We  may  multiply  both  sides  of  the  equation  by  120,  the  l.c.m. 
of  the  denominators  of  the  fractions,  without  destroying  the 
equality  : we  thus  get  rid  of  fractions,  and  have 
24  (a;  - 1)  - 15  (Sx  - 1)  = 20  (43  - 5x) ; 

24a;  - 24  - 45a;  + 15  = 860  - lOOx. 

Transposing,  we  have 


The  L.C.M.  of  the  denominators  is  (a; -3)  (a; + 3)  (a; + 5).  Mul- 
tiplying both  sides  of  the  equation  by  the  l.c.m.^,  we  get  rid  of 
fractions,  and  have 

(a; + 3)  (a;  + 5)-f2(a;-3)(a;  + 5)  = 3(.T-3)  (a; + 3); 

+ 8.r  + 15 -F  2.a;2 -t- 4a;  - 30  = 3a;2  - 27. 


Ex.  1.  Solve 


1 _ 3^1  _ 43  - 5. 
5“  " 8 ■ ~ 


24a;  - 45a;  + 100a;  = 860  + 24  - 15  ; 
79a;  = 869. 


Hence 


Ex.  2.  Solve 

x-3  x+3 


3 

a;  + 5 ' 


See  Art.  148. 
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By  transposition,  we  have 

x^  + 2x^-3x^  + 8x  + 4x=  -27-15  + 30: 

12.r^-12, 

X—  - 1. 


Ex.  3.  Solve 


1 1 
a:  + 3 x + 5 ' 


1 

a:+  1 aj  + 7 

In  this  case  it  is  best  not  to  multiply  at  once  by  the  l.c.m.  of 
the  demominators : the  work  is  simplified  by  proceeding  as 
under. 

1111 


We  have 


aj  + 1 x + 3 x + 7 x + 5 


= 0 


that  is 


.c  + 3 - (a;  + 1)  a:  + 5 - (a;  + 7) 

(a;  + 1)  (a;  + 3)  (a:  + 5)  (x  + 7) 

2 _ J 

(x  + 1)  {x  +3)  {x  + 5)  (a;  + 7) 

(a;  + 1)  (*  + 3)  = (a;  + 5)  (a;  + 7), 
that  is  a;2  + 4a;  + 3 = «2-f- 12a;  + 35  ; 

4a:  - 12x=35  - 3 ; 

-8a: =32, 

a:  = 32--(-8)  = 
Ex.  4.  Solve  the  equation 

a:-l  a:  + 5_a:  + l a:  + 3 
a;  + l"*'a:  + 7~a:  + 3'^a:  + 5' 

a:  - 1_  2 a:+  5 

a:  + l~  £c  + l’  a:  + 7 


= 0, 


= 0; 


Since 

and 

we  have 


: = 1 


2 

a:  + 7’ 


a;  + l 
a:  + 3 


a:  + 3 


a; + 3 
a:  + 5 


:1- 


£C  + 5 ’ 


^ 2 I 

x + l"^  a:  + 7~  a;  + 3'*' 


2 

a:  + 5 ' 


a;  + 1 a:  + 7 


which  is  the  same  equation  as  that  in  Ex.  3. 


10—2 


Oil  ^ 
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Ex.  5.  Solve  the  equation 

4x  + 5 x + 5 _2x  + 5 
a;  + i a:  + 4 ~ x + 2 
By  division  we  have 

x + 5 


a;  + 3 


Hence 


that  is 


that  is 


4a;  + 5 , 1 , 

— , , 7 = 1 4 — . , 

a:  + l a;+l  x + 4 a;  + 4 

2a;  + 5 1 ^ a;^  - 10  „ 1 

— = 2 + and .7-=  x-d , 

X 2 X ~{~  2 a7"|"3  x~}“3 


< 1 , 1 
' + x + l + ' + «4’ 


a:  + 3 


+ x 


L ^ _L  1 

t .c  + i X 4 a;  + 2 a;  + 3 

1 ^ _ 1 1_ 

a:+l  X 4- 2 x + 3 x + 4’’ 

(;c  + 2)  - (a:  + 1)  _ (a;  + 4)  - (a;  + 3) 
(a;  + l)(a;  + 2)  “ (a;  + 4)(a;  + 3)  ' 
1 1 


(x  + 1)  (x  + 2)  {x  4)  (a;  + 3)  ’ 

{x  + 1)  (a;  + 2)  = (x  + 4)  (a;  + 3) ; 
x^  + Sx  + 2 = X"  + lx  + 12  ; 
X-  + 3a;  - a;2  - 7a:  = 12  - 2 ; 

^4*=  10; 

10  5 

^=-T==-2- 


EXAMPLES.  XLII. 


a:-2  a;-3_a;-7 

~5  4“  “ T(T 


3a; -1  jc-l_2-a; 

“IT  ”^~T“-To  - 


X -2  _x  ,.x-S 
~^~5~  ~4~' 


x-2  „a;-l  x-‘ 

4.  — -3^  = .-6^ 


1 - 3a;  3a;  + 1 


3a; -1  o^  + l_o  3-6.1; 
~~4  ^'3“ 


3 - 4a;  5-8a;_l-a; 

~6  1^  ^1  + x' 

2x  o^-l_q  l-4a; 

~5  ~ x~+l~"^i0~  ' 


7. 


8. 
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31. 

33. 

35. 

37. 

38. 


8a; 

1 1 

a;=*  - 1 ~ 

.T  - 4 a;  + 4 ' 

4 

11 

a;  + 1 ~ 1 - a:  ’ 

2a;  + l 

8 2a;  - 1 

2a; -1 

4.a;2-l~l  + 2a;' 

1 

3 5 

9. 

1 1 2 

10. 

1 2 _ 2 

4a;  + 6 ' 6a;  + 4 2a;  + 3 ' 

3a;  + 9~^5a;4-i  a;  + 3 

11. 

13  4 

12. 

3 5 _ 7 

4a;  + 12  4a;  + 1 2a;  + 6 ' 

2x+  3 4a;  + 6 ~ 6a:  + 8 ' 

13. 

4a;  _ X _ ^ 
a;  + 1 a;  - 2 

14. 

3a;  ^2 

a;  + 6 a;  + 5 

15. 

6a;  X 

16. 

+2  = 0. 

a;  + 3 a; + 7 

17. 

12  3 

18. 

3 2 1 

a;  + 4 a;  + 6~a;  + .5‘ 

a;  + l a;  + 2~a;  + 3’ 

19. 

5 1 3 1 _ 1 

20. 

3 1 5 1 1 

2a;  + 4 2a;  + 2~a;  + 6' 

2a;  + 2 4a;  + 3 4,a; 

21. 

2a;  - 5 2a;  - 7 

22. 

6a;  - 2 3a;  + 7 

8a;  - 5 4a;  + 8 ' 

23. 

a;  - 9 2a;  - 5 

.Sa;  - 7 6a;  - 4 * 

24. 

%-2x  _2x-l 
a;  - 5 4 - a;  ’ 

25. 

x+1  x-3_8 

a;  - 1 a;  + 3 x' 

26. 

a;  + 2 .a;  - 2 _ 8 

a;  - 2 ,'i;  + 2~a;  + l' 

27. 

a;  - 1 a;  + 2 10  ^ 

a;  + 3 a;  - 4 x ~ ' 

28. 

3a;  3 ^ ^ 

.T  + 2 ' a;  - 2 a;  + 1 ~ 

29. 

3f^+2iti  = 5. 

a;  + 1 a;  - 1 

30. 

5-1-2  2^1  = 3, 

a:  + 2 a-  + 3 

32. 

34. 

36. 


12.7; 

2 

2 

- 9 .a  + 3 

~ a - 3 ■ 

3 

1 

1 

2 

.t;2  - 9 

X + S 

3 - .a  ■ 

3a  + 5 

5 

j. 

8 + 3.a 

3.r  - 1 1 - 1 + 3.t  ‘ 


a;  - 5 2.T  - 6 {x-  3)  {x-  5)' 

1 3 _ 7x  + l 

2x  ~ X - 5 ~ {x  - 2)  (x  - 5) 
_6  ^ 4 

2 - 3a;  ^ 6 - 5;j;  ^ 10  + a;~ 


39. 
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40. 

41. 

42. 

43. 

44. 

45. 

46. 


3a:  - 1 ^ 3 - 7.^;  5 + a: 


1 1 

1 

1 

x+0  x+Q 

X + 6 

a;  + 8 ' 

1 1 

1 

1 

a:  + 7 a;  + l~ 

a;  + 1 

a;  + 3 ’ 

1 1 

1 

1 

£c  + 2 x + lO 

a;  + 4 

^ a;  + 8 

1 1 _ 

1 

1 

a;  - 2 a;  — 6 

a:-4  “ 

x-8' 

1 1 

1 

1 

a;  - 5 a;  + 2 

'1 

+ 

a:+l‘ 

X x-9 

a;  + 1 

a:  - 8 

a;  - 1 

a;-  6 ‘ 

47. 


2x  + l 
a;  + 1 


2.a;  + 9 _ 2x  + 3 2a; + 7 

x + 5 a;  + 2'*'a:  + 4" 


2a;  - 3 2a;  - 4 _ 2.a;  - 7 2a;  - 8 

2^A  ~ 2i^  ~ 2a; -8  “ 2x  - 9 ’ 

a;  + 7 a;  + 9 _ a;  + 6 .r  + 10 
^+5  ^ x + 7 ~ x + l ' 

16a; -13  40a;  - 43  _ 32a;  - 30  20a; -24 

4a;-3  8.a;  - 9 ~ 4.T  - 5 ‘ 


51. 

x-7 

.a: -8 

2x-l 

2a; -11 

X — 5 

a;  - 6 

~ 2x  - 5 

2a; -9 

52. 

7 

11 

7 

11 

a;  - 9 

a:-  4 

~ a:  + 2 

a;  + 3 " 

16  21  _ 16  21  x + a x+b 

x-Yl  a;-9  a:  + 4 a:  + 7’  ' x-b^  x-a 


55. 


x + a 
X — a 


X - h _2  [a + h) 
x + b X 


56. 


ax 
a + x 


bx 
b + x 


a + c h + c _a  + h + 2c 
■ a;  + 2?;  x + 2a  a;  + a + 6' 


58. 


x-b 
qc- a 


x-a 

x-b 


= 2. 

a + b, 

2 (a-b) 
x-a-b' 
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MISCELLANEOUS  EXAMPLES.  III. 

A.  1.  What  must  be  added  to  x*  - + Zxrf  that  the  sum  may  be 

3x2y-3.T(/2  + y3? 

2.  Shew  that 

x{y  + zf-  + y {z  + xf  + z [x  + yf  - Axyz  = {ij  + z)  {z  + x)  (x  + 7j). 

3.  Find  the  factors  of  (i)  (ii)  a^-b^  + 2a-  2b,  and 

(hi)  x^-3x-  28. 

4.  Find  the  h.c.f.  of  x‘^  + dx-  20  and  + 9ar"  - 64. 

x*  + 9x-20 


Simplify 
5.  Solve 


5x®  + 9x^  - 64x  ’ 


x-1  2x-7  „ 

(!)  -2-+~3-=*-2. 

(ii)  3x- 4^ + 2 = 5x- 6y  - 2 = 7x  + 2y + 4. 
a + b 

X 


a b 

(ill)  + : 

x + b x + a 


6.  If  A were  to  give  10  shillings  to  B,  he  would  then  have  three 
times  as  much  as  B ; but  if  B were  to  give  5 shillings  to  A,  A would 
have  four  times  as  much  as  B.  How  much  has  each  ? 


B.  1.  Find  the  value  of  a (a  + b)  {a  + b + c)  - a (a  - b)  (a  - b - c),  when 
a = 5,  b = 3 and  c=  - 6 ; also  when  a=  — 3,  6=  - 2,  and  c = 4. 

2.  Shew  that  a'^H-  3 (a  - 26)2  = 3 (a  - b)^  + (a  - 36)2,  ^nd  that 

3.  Find  the  factors  of  (i)  x^  - 4x~  + 4x,  (ii)  2x2  _ ^ 2,  and 

(hi)  x^-x^  + x-  1. 

Simplify  - -1 , and  shew  that 

X - 3 X + 3 x2  - 9 

\ y~^  J \ y-x  J \y-x  J 


4. 
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5. 


Solve 

(i) 


2 

£C-  i ^ a;  - 2 


3 

jc  - 3 ’ 


(ii) 


a: 

a 

X 

h 


6.  Find  the  fraction  which  becomes  ^ when  2 is  added  to  its 
numerator,  and  ^ when  2 is  taken  from  its  denominator. 


C.  1.  Prove  that 

{x  - 1)2  (?/2  + 1)  _ (aj2  + 1)  _ 1)2 _ 2 (as  - y)  {xy  - 1), 

and  that 

{x  + y)  (x  + z)  -x^=(y  + z)  {y  + x)  - y^-{z + x)  {z  + y)-z-. 


2.  Prove  that  the  product  of  any  two  numbers  is  equal  to  a 
quarter  of  the  difference  of  the  square  of  their  sum  and  the  square 
of  their  difference. 


3.  Find  the  factors  of  (i)  1 + 18a;  - QS.v^,  (ii)  3x^y  - 24=y‘^,  and 
(iii)  (.r3  + 3a;)2-(3a:2  + l)2. 

.^2  - 10a;  + 21 


4.  Simplify 


and 


x'^  - 46a:  - 21 
.r  - 4 


(.r  - 3)  (.r  - 2)  (a;  - 1)  (.r  - 3)  (.r  - 1)  (a;  - 2)  ‘ 

5.  Solve 

.a;-3  a:-l  a:+l  x-d  ^ 

« ^ r + T §-="• 

(ii)  ax  + hy  — c,  a\x  + b^y  = c^. 


6.  A and  B have  £100  between  them;  but  if  A were  to  lose  one- 
half  of  his  money,  and  B were  to  lose  one-third  of  his,  they  would 
then  have  only  £55  between  them.  How  much  has  each  ? 


D.  1.  Find  the  value  of  c®  - (a  - 5 - c)2,  when  a = 3,  5=  - 3 

and  c = 4. 

2.  Shew  that 

(a;  - 5)  (a;  - 4)  - 3 {x  - 2)  (a;  - 1)  + 3 (.-c  + 1 ) (a:  -H  2)  - (a;  + 4)  (a;  -f  5)  = 0 , 
and  that 

1 -f  n -1  \n  (ii+l)  -{-\n  {n  + 1)  {n  + 2)  = ^ {n  + 1)  {n  -f  2)  (?« -f  3) . 
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3.  Find  the  factors  of  (i)  cc^  + x'^y  - 6xy-,  (ii)  + ax^  ~ a^.v  - 
and  (iii)  - x-  -y^  + 1. 

4.  Simplify 

a-x  4aa;  a + x 

(l)  ; — 2 2 ■ 

a + x -x^  a-x 


(ii) 


1 

.•r  - 4 


2 

X - 5 


1 

.T  - 6 ’ 


5.  Solve 


3.X  + 1 5.'C-4 

(i)  2(6-x)=-~ 


(ii)  3?/H f-6  = 0,  ?/+-  = 8. 


x-2 
"3  ■ 


6.  A hare  is  pursued  by  a greyhound,  and  is  60  of  her  own  leaps 
before  him.  The  hare  takes  3 leaps  in  the  time  that  the  greyhound 
takes  2 ; but  the  greyhound  goes  as  far  in  3 leaps  as  the  hare  does  in  7. 
In  how  many  leaps  will  the  greyhound  catch  the  hare  ? 


E.  1.  Shew  that 

(m  + n)  (to  + n -l)  — m {m  - 1)  + 2mn  + n (n  - 1), 

and  that 

{m  + n)  (m  + n - 1)  {m  + n-  2)  = m (m  - 1)  (m  - 2) 

+ 3to  (vi  - 1)  n + Smn  {n  - 1)  + n {n  - 1)  {n  - 2). 

2.  Divide  x*-y^  by  x-y,  and  from  the  result  ivrite  down  the 
quotient  when  {x  + yY  - 162^  is  divided  hy  x + y - 2z. 

3.  Find  the  factors  of 

5.^2  + 24a-  - 5,  and  of  a"^  - 2abc  - ah-  - ac-. 

4.  Find  the  l.c.m.  of  8a^  - 18ai^  8a-^  + 8a%  - 6ab^  and 

4a2  - 8ab  + Sh^. 

5.  Shew  that 

a - a ^ (a  -a){$-b)~  [x  -a)(x-  b)  ’ 

^ a bx  cx^ 

^ a - a ^ (a  - a)  (a  -b)^  (a  - a)  (a  - b)  (a  - c) 

X'" 

~{x-a){x-b)  (a-c)  ’ 
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6.  A debtor  is  just  able  to  pay  his  creditors  five  shillings  in  the 
pound;  but  if  his  assets  had  been  five  times  as  great,  and  his  debtSx 
two-thirds  of  what  they  really  were,  he  would  have  had  a balance  in 
his  favour  of  £140.  How  much  did  he  owe? 

F.  1.  Find  the  value  of  [a-{h  - c)\^  + [h  - {c  - a))'^  + {c  - {a -h)Y 
when  a=-l,6=-3  and  c = - 5. 

2.  Divide  -f  by  ^ ^ ^ 

3.  Find  the  L.c.M.  ofa'^-l,  (a; -1)2,  (a;-f  1)®,  1 and  a;^-t-l. 

4.  Add  together  — and  : and  shew  that 

2x  + y 2x-ij  a/2  - Ax^ 

{x  a)  (x  - b)  {y  - h)  {x  - c)  (y  - c)  ^ 

[a-h){a-c)  {b-c)(b-a)  {c-a)(c-b) 

5.  Solve 

,.,11  2 

(x) 1 — 

x + a x+  b x + a+b 
(ii)  5a; -f2a/-f  32  = 13  ) 

3x  + 7y~  2 = 2 > . 

X -2y  + 2 = 5 ) 

6.  When  the  arable  land  of  a farm  was  let  at  30  shillings,  and 
the  pasture  at  40  shillings  an  acre,  the  total  rent  of  a farm  was  £550. 
When  the  rent  of  the  pasture  was  reduced  by  5 shillings  an  acre,  and 
that  of  the  arable  land  by  10  shillings  an  acre,  the  whole  rent  was 
£387.  10s.  What  was  the  total  acreage  of  the  farm  ? 


CHAPTER  XIV. 


QUADRATIC  EQUATIONS. 

139.  It  is  clear  that  a product  is  zero  when  any  one 
of  its  factors  is  zero ; and  it  is  also  clear  that  a product  can 
never  be  zero  unless  one  of  its  factors  is  zero.  Thus  ah  is 
zero  if  a is  zero,  or  if  h is  zero ; and,  if  we  know  that 
ah  is  zero,  we  conclude  that  either  a or  h must  be  zero. 

So  also  ahc  is  zero  if  a,  or  h,  or  c is  zero ; and,  if  we 
know  that  ahc  is  zero,  we  conclude  that  either  a,  or  h,  or  c 
must  be  zero ; and  so  on,  however  many  factors  there 
may  be. 

Similarly  the  product  (ic— 2)(aj  — 4)  is  zero,  if  a?— 2 is 
zero,  or  if  a?  — 4 is  zero  ; and,  in  order  that  the  product  may 
be  zero,  one  of  these  factors  must  be  zero. 

Thus  the  equation 

(a^-2)  (x-4)  = 0 

is  satisfied  if  a;  — 2 = 0,  or  if  a;  — 4 = 0,  that  is,  if  a?  = 2,  or  if 
a:  = 4,  and  in  no  other  case.  The  roots  of  the  equation  are 
therefore  2 and  4. 

Again,  the  equation 

(a:- 3)  (aJ-4)  (a;-5)  = 0 

is  satisfied  if  a;  — 3 = 0,  or  if  a;  — 4 = 0,  or  if  a;  — 5 = 0,  and  in 
no  other  case ; so  that  in  order  that  the  equation  may  be 
true  X must  be  either  3,  4 or  5 ; thus  3,  4 and  5 are  the 
roots  of  the  equation 

{x  — 3)  {x  - 4)  ix  — 5)  = 0. 
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Thus  tlie  equation 

{x  — a)(x  — b)(x  — c) =0 

is  equivalent  to  the  system  of  alternative  equations 
x — a — 0,  or  x — b = 0,  or  cc  — c = 0,  &c. 

140.  From  the  examples  considered  in  the  last  article 
it  will  be  apparent  that  tlie  solution  of  an  equation  of  any 
degree  can  be  written  down  at  once  provided  the  equation  is 
given  in  the  form  of  a product  of  factors  of  the  first  degree 
equated  to  zero. 

The  following  are  examples  of  such  equations : 

Ex.  1.  Solve  (a;~  1)  (a;  + l)  = 0. 

The  equation  is  satisfied  if  .r  - 1 ==  0,  or  if  a;  + 1 = 0,  and  in  no 
other  case. 

Hence  we  must  have 

.r  - 1 = 0,  or  a-  + 1 = 0, 
that  is  or  - 1. 

Thus  the  roots  of  the  equation  are  1 and  - 1. 

Ex.  2.  Solve  a;  (a;  + l)  (.r  + 2)  = 0. 

The  equation  is  satisfied  if  ar  = 0,  or  if  .r  + l = 0,  or  if  ar  + 2 = 0, 
and  in  no  other  case. 

Hence  we  must  have 

a:  = 0,  or  .r  + l = 0,  or  a; + 2 = 0, 
that  is  a:  = 0,  or  a;=-l,  or  x— -2. 

Thus  the  roots  of  the  equation  are  0,-1  and  - 2. 

Ex.  3.  Solve  x{2x-l){2x  + ‘S)  = Q. 

The  equation  is  satisfied  if  a;  = 0,  or  if  2a;  - 1 = 0,  or  if 
2x  + 3 = 0,  and  in  no  other  case. 

Hence  we  must  have 

a;  = 0,  or  2.r-l  = 0,  or  2a; + 3 = 0, 
that  is  .^  = 0,  or  a;  = J,  or  a;=  - |. 

Thus  the  roots  of  the  equation  are  0,  |,  - 
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141.  Since  all  the  terms  of  any  equation  can  be  trans- 
posed to  one  side,  an  equation  can  always  be  written  with 
all  its  terms  on  one  side  of  the  sign  of  equality,  and  zero 
on  the  other  side. 

It  therefore  follows  from  the  last  article  that  the  problem 
of  solving  an  equation  of  any  degree  is  the  same  as  the 
problem  of  finding  the  factors  of  an  expression  of  the  same 
degree. 

Hence  the  process  of  solving  atit/  equation  which  in- 
volves only  one  unknown  quantity  is  as  follows  ; — 

First  write  the  equation  ivith  all  its  terms  on  one  side  of 
the  sign  of  equality,  and  zero  on  the  other  side  ; then  resolve 
the  whole  expression  into  factors,  and  the  values  obtained  by 
equating  each  of  these  factors  separately  to  zero  will  be  the 
required  roots. 

In  the  following  examples  the  resolution  into  factors 
can  be  performed  by  inspection. 


Ex.  1. 

Solve  the  equation  .r"  -3x  — 0. 

Since 

x^-3x  = x {x-  3), 

we  have 

X (x  - 3)  = 0. 

Whence 

hi 

II 

p 

c 

1 

OJ 

II 

o 

the  roots  required  are  therefore  0 and  3. 

Ex.  2. 

Solve  the  equation  - 9 = 0. 

Since 

a:'"  - 9=:  (a:  - 3)  (a:-t-3), 

we  have 

{x-3){x  + 3)^0. 

Whence 

a;-3  = 0,  or  x + 3=^0  ; 

the  roots  required  are  therefore  3 and  - 3. 

Ex.  3. 

Solve  the  equation  x‘^-2  — 0. 

Since 

x^-2  = {x-,J2)  [X  + J2), 

we  have 

(a;-^2)(a:  + V2)  = 0. 

Hence  a;-^y2  = 0,  or  a: + ,^2  = 0. 

Thus  y,y2  and  - v/2  are  the  required  roots  of  the  equation. 
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1. 

3. 

5. 

7. 

9. 

11. 

13. 

14. 

15. 

16. 
17. 
20. 
23. 


Ex.  4.  Solve  the  equation  - 4a:  = 0. 


Since 

a:'^  - 4a: 

— x(x^-A)  — x (x-2)  (a: + 2), 

■we  have 

a:  (a:  - 2)  (a:  + 2)  = 0. 

Hence 

a:  — 0, 

or  a: -2  = 0,  or  a:  + 2 = 0. 

Thus  0,  2 1 

and  - 2 are  the  roots  of  the  equation. 

Ex.  5. 

Solve 

9a:^=4a:. 

Transposing,  we 

have 

- 4a:  = 0, 

that  is 

X (9a;"-  4)  = 0, 

or 

X (3a: 

-2)  (3a:  + 2)  = 0. 

Hence 

a;  = 0,  1 

or  3a: -2  = 0,  or  3a; + 2 = 0, 

that  is 

x = 

0,  or  a;  = |,  or  a:=  -f. 

Ex.  6. 

Solve 

a;'-^  + 6 = 5x. 

Transposing,  we 

have 

a:^-  5a:  + 6 = 0, 

that  is 

(a: -2)  (a:-3)  = 0. 

Hence 

a:-2 

= 0,  or  a; -3  = 0. 

Thus  2 and  3 are  the  required  roots. 


EXAMPLES.  XLIII. 


Solve  the  equations : 
(a;-l)(a;  + 2)  = 0. 

(ic  + l)  (a:  + 2)  = 0, 
(3a:-l)(3a;  + l)  = 0. 

£C  (a:  - 2)  (a;  + 3)  = 0. 
x{x-3)  (a;  + 4)  = 0. 
a;  (5a: -2)  (6a:- 7)  = 0. 


2.  (a:-3)  (a:-4)  = 0. 

4.  (2a:  + l)(2a:-l)  = 0. 

6.  (2a:-6)(a:-4)  = 0. 

8.  a:  (a: + 2)  (a:- 4)  = 0. 

10.  a:(2a:-l)(3a:  + 4)  = 0. 
12.  x{x-3){Sx  + 7)^0. 


(x-l){x-2)  (x-3)  {x-5)  = 0. 
(x-2)  {x-1)  (a:  + l)  (a:  + 2)=^0. 

(3a:  - 1)  (4a:  + 1)  (5a:  - 2)  (2a:  + 7)  = 0. 
(2a:  - 3)  (3a:  - 4)  (4a:  - 5)  (5a:  + 6)  = 0. 


x^~x  — 0.  18.  x‘^-2x  = 0. 


2a;2-3x=0.  21.  2a:^-5x=:0. 

x^  = 5x.  24.  2x^  = x. 


19.  aj‘-^  + 3a:.=0. 
22.  3a:2  + a:  = 0. 

25.  3x^  — bx. 
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26.  5x^=-6x.  27.  x^  = bx.  28.  ax^^bx. 


29.  6x^^x^4-5. 

31.  5(a;2  + 4)  = 4(a:2  + 9). 

33.  5 {x^  + 3)  - (x  - 5)  {x  + 5)  — 7G. 

34.  7 (x^-l)-{x  + S){x-3)  = 5Q. 

35.  3x2+ (5a; + 2)2  = 20* + 32. 

37.  a;2  - 5*  + 6 = 0. 

39.  *2  _ 12* + 20  = 0. 

41.  *2  _ 11^  + 28  = 0. 

43.  *2_5x-84  = 0. 

45.  a;2  + 5j;_i50:=0.  46. 

48.  a;2-3*  = 10. 

50.  a:^ -*2  — 132*. 


30.  5 (*2  + 5)  = 3 (.*2  + 25). 
32.  2(*2  + 7)  = 7(*-2  + 2). 


36.  17 + 3*  = 4 (*  + 3)2 -28. 

38.  *2  _ 7^ + 12  = 0. 

40.  a;2-9*  + 20  = 0. 

42.  *2 -25* + 150  = 0. 

44.  *2-*- 156  = 0. 

.*2 + 2*  = 3.  47.  *2 + 4*  = 45. 

49.  .*2  + 11*2- 180*  = 0. 


142.  A quadratic  equation  is  an  equation  which  con- 
tains the  unknown  quantity  to  the  second,  but  to  no  higher 
power.  Thus  — 4,  3x^  + 4a?  = 7,  and  ax^  + bx  + c — 0 are 
quadratic  equations. 

When  all  the  terms  are  transposed  to  one  side,  a 
quadratic  equation  must  be  of  the  form 
ax^  + bx  + c = 0, 

where  a,  b,  c are  supposed  to  represent  known  quantities. 

W e proceed  to  shew  how  to  solve  any  quadratic  equation. 

As  we  have  already  remarked,  the  whole  difficulty  con- 
sists in  finding  the  factors  of  the  expression  on  the  left 
side  of  the  equation;  and  we  have  shewn  in  Art.  104  how 
this  can  be  done  by  changing  the  expression  into  an  equi- 
valent one  which  is  the  difference  of  two  squares. 


We  first  apply  the  method  to  some  examples ; and  it  would  be 
well  to  read  Art.  104  again  before  considering  these  examples. 

Ex.  1.  Solve  .*2 + 12* + 35  = 0. 

Since  *2  + 12*  is  made  a perfect  square  by  the  addition  of  the 
square  of  half  the  coefficient  of  x,  that  is  the  square  of  6 ; we  add 
and  subtract  62.  The  equation  then  becomes 
*2  + 12*  + 62-62  + 35  = 0, 
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that  is 

(j;  + 6)2-l  = 0. 

.-.  {(a;  + 6)  + l}{(a;  + 6)-l}=0. 

that  is 

(a; + 7)  (a;  + 5)  = 0. 

Hence 

.c  + 7 — 0,  or  x + 5 — 0. 

Thus 

x=  - 7,  or  x=  - 5. 

Ex.  2.  Solve  10a;  - 3. 

By  transposition  we  have 

3a;2-10a;  + 3 = 0. 

We  must  first  divide  by  3 so  as  to  make  the  coefficient  of  x- 
unity  ; the  equation  then  becomes 

- ^^-x  + 1 — 0, 

Half  the  coefficient  of  a;  is  -f,  and  therefore  x'^-^-^x  will  be 
made  a perfect  square  by  the  addition  of  ( - |)^ ; and  adding  and 
subtracting  ( - that  is  the  equation  becomes 
- J/  a;  + -V-  - ¥ + 1 = 0; 

...  (^_6)2_1^^0, 

that  is 

...  (a;-^)(^-3)=:0. 

Hence  x-^=^0,  or  a: -3=^0. 

Thus  ^ = or  x — 3. 

Note.  In  most  cases  the  factors  can  be  written  down  at  once, 
as  in  Arts.  99  and  100,  without  completing  the  square.  The 
student  should  always  see  if  this  can  be  done  : he  will  thus  save 
himself  a great  deal  of  unnecessary  work. 


Ex.  3.  Solve  2a;^  - 8a;  + 5:=;0. 

Divide  by  2 so  as  to  make  the  coefficient  of  x'^  unity;  then  we 
have 

a-^-4.T  + f = 0. 

Add  and  subtract  4,  the  square  of  half  the  coefficient  of  x. 
Then  - 4a;  + 4 - 4+ | = 0, 

(a; -2)2 -1-5  = 0, 

that  is  (a;-2  + ,yl•5)(a:-2-;^yl•5)  = 0. 

Hence  a;-2  + Ayi‘5  = 0 or  a;-2-„yi‘5  = 0. 

Thus  :r  = 2-Vl-5  = 2- 1-2247...  = -775..., 

a;  = 2 + ;^l -5  = 2 + 1-2247... -3-2247.... 


or 


Hence 

Thus 
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EXAMPLES. 

Solve  the  following  equations  : — 

XLIV. 

1. 

2. 

a:-  - 6x  = 91. 

3. 

(x-sf^x+d. 

4. 

(x  - 4)3=:X  - 2. 

5. 

(x-1)  (a; -2)  = 20. 

6. 

(x  + 1)  (x  + 3)  = 2(x  + 3)- 

7. 

4ic  + 3 = x(a;  + 2). 

8. 

4x  - 3 = x (2  -x). 

9. 

(x  + 1)3  = (a; -1)3 + 20. 

10. 

(x  - 1)3  = (x  + 1)3  - 56. 

11. 

9x3  + 6x+  1 = 0. 

12. 

9ar  + 16  = 24x. 

13. 

x3+  150  = 53x. 

14. 

x3  = 2x  + 99. 

15. 

3x3  + 3 = lOx. 

16. 

3x3  + llx=20. 

17. 

4x3  + 21x  = 18. 

18. 

6x3  + 55x  = 50. 

19. 

24x3  = 30x  + 75. 

20. 

.x3-200  = 35x. 

21. 

19x2 -39x  + 2 = 0. 

22. 

17x3+  8 = 70x. 

23. 

51x3  + 19x  = 10. 

24. 

110x3 -21x  + 1 = 0. 

25. 

21x2-13x  = 20. 

26. 

21x2  + 23x  = 20. 

27. 

6x3  + 6 = 13x. 

28. 

6.c3  = 5x  + l. 

29. 

9x3 -63x  + 68  = 0. 

30. 

16x2  + 3 = 16x. 

31. 

29x3 -41x- 138  = 0. 

32. 

29.x3+11x  = 138. 

33. 

x2-10  = 215-10x. 

34. 

(x  + 2)2  = 4(x-l)3. 

35. 

(x  + 6)3=  16  (x  - 6)3. 

36. 

(x  + 8)2  = 9x3. 

37. 

(x- 7)3  = 49  (x  + 2)3. 

38. 

x3-3ax  + 2a3=0. 

39. 

x3  + 3«3  = 4ax. 

40. 

x3  + 2a6  = 53  -1-  2ax. 

41. 

4x3  ^ oA, 

42. 

x’2  + 2ax  = 53  ‘lab. 

143.  To  solve  the  equation 

ax"  + bx  + c = 0. 

Divide  by  a,  the  coefficient  of  x“^;  the  equation  then 
becomes 

o & c ^ 
a a 

Now  add  and  subtract  the  square  of  half  the  coefficient  of 

X,  that  is  the  square  of  ^ . Then  we  have 

Ji  cc 


S.  ALG. 
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The  first  three  terms  are  now  a perfect  square,  namely 
/ ¥ c' 


Hence  we  have 


= 0, 


thatk 

Hence  [Art.  97] 

We  therefore  have  .«  + 7^  — /fv  o — 

2a  V \4«^  a/ 


or  else 
That  is 


b !( c\ 

2a \/ \W  J ■ 

It  follows  from  the  above  that  a quadratic  equation  has 
two  and  only  two  roots. 

144.  Instead  of  working  out  every  example  from  the 
beginning,  we  may  use  the  general  formula  found  in  Art. 
143,  and  substitute  for  a,  b and  c their  values  in  the  parti- 
cular equation  we  are  considering. 


Thus,  the  roots  of  the  equation  ax^  + hx  + c = 0 being 
2a  ^ \/  a)  ’ 

we  find  the  roots  of  - 10.r-f-3  = 0 by  putting  3 for  a,  - 10  for 

b and  3 for  c in  the  above  formula. 

Hence  the  roots  of  3a;2_  10a:  + 3 = 0 are 
_^10  /flOO  S\ 

6 V\36  37’ 

that  is  -7;-  ± 7T ; and  hence  the  roots  are  3 and  - . 

DO  3 
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145.  In  Art.  143  we  found  that  the  quadratic  equation 
ax‘^  + 6a;  + c = 0 had  two  roots,  namely, 

2a  V \4a^  a)  2a  V \4a“  aj 

If  — = 0,  both  the  roots  reduce  to  — thus 

4a^  a 2a 

equal  to  one  another.  In  this  case  we  do  not  say  that  the 
equation  has  only  one  root,  but  that  it  has  tivo  equal  roots. 

6-  c . 

It  is  clear  that  the  roots  are  unequal  unless  7-  „ is 

^ 4 a"  a 

zero. 

Hence  in  order  that  the  roots  of  ax?  + 6a;  + c = 0 may 
he  equal  to  one  another,  it  is  necessary  and  saficient  that 

=0,  that  is,  that  6"  — 4ac  = 0. 

4a“  a 

When  6^  — 4ac  = 0,  the  expression  ax"  + bx  + c is  a 
perfect  square  so  far  as  x is  concerned ; for  ax^  + hx  + c, 

that  is,  a (^a;“  + - a;  + will  then  be  a(x-\-  v-V,  since 
\ a aJ  \ 2a) 

_^_c 
4a^  a ' 

146.  From  the  formula  of  Art.  143  it  is  clear  that 
the  roots  of  the  equation  ax"  + 6a:  + c = 0 are  irrational 

unless  — — is  a perfect  square. 

It  is  also  clear  that  if  either  of  the  roots  of  a 
quadratic  equation  is  irrational  they  are  both  irrational. 

147.  If  ^2  ~ ^ negative,  ~ imaginary 

[Art.  106]. 

Hence  the  roots  of  ai?  + 6a:  + c = 0 are  imaginary  if 
b‘^  c . 

2 — is  negative,  or  if  6^  — 4ac  is  negative. 


11—2 
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It  should  be  noticed  that  if  either  of  the  roots  of  a 
quadratic  equation  is  imaginary,  they  are  both  imaginary. 

148.  By  multiplying  both  sides  of  an  equation  by  the 
same  quantity,  we  do  not  destroy  the  equality,  and  therefore 
the  new  equation  is  satisfied  by  all  the  values  which  satisfy 
the  original  equation ; if,  however,  we  multiply  by  any 
integral  expression  which  contains  the  unknown  quantity,  the 
new  equation  will  be  satisfied  not  only  by  the  values  which 
satisfy  the  original  equation,  but  also  by  any  value  which 
makes  the  expression  by  which  we  multiply  vanish. 

For  example,  the  equation  as- = 9 i§  satisfied  by  the  values 
as  = 3,  or  £c=  - 3.  If  we  multiply  both  sides  of  the  equation 
by  a;  - 2,  we  have  the  new  equation 

£c2(^_2)  = 9(a:-2); 

and  this  new  equation  is  satisfied  not  only  by  x — 3,  and  by 
X—  -i,  but  also  by  * = 2. 

Thus  additional  roots  are  introduced  whenever  both 
sides  of  an  integral  equation  are  multiplied  by  any  integral 
expression  which  contains  the  unknown  quantity. 

When  an  equation  contains  fractions  in  whose  de- 
nominators the  unknown  quantity  occurs,  the  equation 
may,  however,  be  multiplied  by  the  L.  c.  M.  of  the  denomina- 
tors without  introducing  any  additional  roots ; for  we  can- 
not divide  both  sides  of  the  resulting  equation  by  any  one  of 
the  factors  of  the  L.  c.  M.  without  re-introducing  fractions. 

The  student  must,  however,  be  careful  to  multiply  by 
the  lowest  common  multiple  of  the  denominators,  for  other- 
wise the  resulting  equations  will  have  roots  which  are  not 
roots  of  the  original  equation. 

We  may,  for  example,  multiply  both  sides  of  the  equation 
2x  10  _ J 
x-1  x-\-l 
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by  - 1,  the  l.c.m.  of  the  denominators  of  the  fractions : we 
thus  obtain 


and  this  new  equation  is  not  satisfied  by  either  of  the  values 
obtained  by  equating  to  zero  the  factor  by  which  we  have  multi- 
plied, and  hence  no  additional  roots  have  been  introduced  by  the 
multiplication. 

If,  however,  we  multiply  the  original  equation  by  (sc  - 1)  (x^-l), 
we  shall  have 

2x  (sc  + 1)  (sc  - 1)  - 10  (sc  - 1)  = 7 (x  - 1)2, 
and  one  of  the  roots  of  this  equation,  namely  x — 1,  is  not  a root 
of  the  original  equation. 

Note.  The  student  should  always  remember  that  when 
both  sides  of  an  equation  are  divided  by  any  factor  which 
contains  the  unknown  quantity.,  the  resulting  equation  will 
not  give  all  the  roots  of  the  original  equation  j to  find  the 
remaining  roots  we  must  equate  to  zero  the  factor  by  which 
we  have  divided. 

yor  example,  if  we  divide  both  sides  of  the  equation 


from  which  we  obtain  x=S.  But  x=3  is  not  the  only  solution 
of  the  original  equation ; to  obtain  the  other  solutions  we  must 
equate  - 4 to  zero. 


2x(x-l-l)-10  = 7(x-l), 


(x2  - 4)  (.X  -f  2)  = (x2  - 4)  (2x  -f  1) 
by  x2  - 4,  we  obtain  the  equation 

x-f2  = 2x-l. 


EXAMPLES.  XLV. 

Solve  the  following  equations : 


3. 


X 2 10 


X -f  5 4 3 

~T  ~ x^^2‘ 

X 4- 1 X 4-2  20 


2 X 3 ■ 


X X - 1 _ 13 

X - 1 ^ X 6 


5. 
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7. 

9. 

11. 

13. 

15. 

17. 

19. 

21. 

23. 

25. 

27. 

29. 

30. 

31. 

32. 
34. 
36. 

38. 

39. 
41. 
43. 


1 

2 3 

8. 

7 1 _5 

x-2 

a;  + 2 5 ' 

a;  + 4^4-a:~3' 

X 

4 _3 

10. 

5 10  _ 2 

x-2^ 

x + 1 ■ 

a:  + l a;  + 10~3a:-3' 

1 1 

. 1 n 

12. 

11  1 ^ 

2 3 + * 2 + 3a:  ’ 

3^.'c  + 3^a;+ll“ 

3^- 

a;  + 1 

-2-?±^  = ,5. 

.T  - 1 

14. 

3 , 4 _ 15 

.a;  - 1 ^ £c  - 3 a;  + 3 ' 

4.^  + 3 

6.T  - 13  7x  - 40 

16. 

2x-3  x-5  5x  - 16 

~ 18  5.r  + 3 • 

4 12  ,a;-l  ' 

2.r-l 

13  3a: + 5 

18. 

2a;  - 2 3 - 3a;  _ 5 

2x+l  ' 

2,a;  - 3 3^-2  “ 8a;  - 12  ' 

3a^ 

^4-^-0 

20. 

5x  6 , 19  _ 

ar  + 3 2-.a;  ‘ 

a;-3  .a;  + 2 3-.a;~ 

ar-1 
x + l~^ 

a;  + 1 S.a; 

22. 

^ 1 1 ^ 9 . 

.r  - 1 ~ .T  -^  - 1 ‘ 

x^-3x  x^+4x  2x^ 

1 

1 13 

24. 

_J_+  _A.  ^ _ 

x^  - Sx 

9 - x^  lO.a;  * 

3a;-6  4-a:"  72  (.a;  + 2) 

1 

- _L^  - - J_ 

26. 

3-1,1. 

a:^  - 1 ■ 

1 - .a:  8 .a:  + 1 ’ 

a;-  - 4 2 - a;  3.a;  + 6 

XX  X X 

X x + 4.  a;  + l .a; + 2" 

^ X - X 

a’  + l a;  + 2 a;  - 1 x 

X x-3  X X +3 

2 

X - 3 X a:  + 3 X 

~3' 

X + 3 X - 3 X + 4 x-5 

a;  + i a;-4  .a; + 2 x-3' 

x-3  x-4  .a; - 6 x -7 

x-4  x-5  X -7  X -S' 

X‘  + 2a^  = 3ax. 

33. 

9x^~  6ax  = a^-  h-. 

a (a:^  - 1)  + .a;  (a-  - 1)  = 0. 

35. 

a [x^  + l)  — x (<j2  + 1). 

a:-  -2{a-h)x  + h‘^=2ah. 

37. 

.r-  + 2 (5  - c)  x + c‘^  = 2hc. 

(h  -c)  x^  + {c  - a)x+  {a  -h)  = 

0. 

{a  + b)  X-  + CX- a - h-c  = 0. 

40. 

abx^  - (a-  + a-  + ab  = 0. 

hex-  + {b^4-  c^)  x + hc  — 0. 

42. 

(a^  - b^)  (x‘^  - 1)  = 4abx. 

(fc2_fl2)  (x^  + l)=.2(a^  + h^)x. 
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44.  «:  + - = « + -. 

a X 

45. 

.o  1 111 

46.  — 1 5 — 1 T • 

x-a  x-b  a b 

47. 

.n  a?  b^ 

48.  T + - =a  + b. 

x-b  x-a 

49. 

rr.  1 111 

50.  i — 1 — t T • 

x+a+b  X a b 

51, 

KO “ _j 

■ x + a x + b c + a c + b' 

X X __  c c 

■ x + a x + b~  c + a c + b' 
x + a x + b _x - a x-b 

■ X -a  x-b  x + a x + b' 

a b _ a-c  b + c 

■ x + a^  x + b x + a- c x + b + c ' 


a+x  a-x 

a b __a  b 
X - a^  X - b b a' 
x a b a 

a X a b 

1 _ 1_  1 

X — a — b X a b' 


149.  Irrational  Equations.  An  irrational  equation  is 
one  in  which  square  or  other  roots  of  expressions  containing 
the  unknown  quantity  occur. 

In  order  to  rationalize  an  equation  it  is  first  written 
with  one  of  the  irrational  terms  standing  by  itself  on  one 
side  of  the  sign  of  equality  ; both  sides  are  then  raised  to 
the  lowest  power  necessary  to  rationalize  the  isolated  term ; 
and  the  process  is  repeated  as  often  as  may  be  necessary. 

Ex.  1.  Solve  the  equation  sj(x^  - 9)  + .r  = 9. 

By  transposition  we  have 

_ 9)  = 9 _ .T. 

Square  both  sides ; then 

_ 9 = (9  _ xf  ■ 

18a;  = 90;  x—5. 


Ex.  2.  Solve  the  equation 

V(2a:  + 8)-2^(.r  + 5)  = 2, 
Squaring  both  sides,  we  have 

2a:  + 8 + 4(x  + 5)-4^(2a;  + 8)^(x  + 5)=4, 
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that  is  6a:  + 24-4  ^^(2.1:  + 8)  ^(.r  + 5)  =0  ; 

3.T  + 12  = 2^(2a:  + 8)  V(^  + 5). 

Sqiiare  both  sides  of  the  last  equation,  and  we  have 
9a;2  + 72x  + 144  = 4 (2.t  + 8)  (x  + 5) ; 

.1:2-16  = 0. 

Hence  a:  = 4 or  a:=  -4. 

Note.  If  we  put  4 for  x in  the  original  equation,  we  should 
have 

;^16-2.^9  = 2,  that  is  4-6  = 2, 
which  is  not  true. 

Again,  if  we  put  - 4 for  x,  we  should  have 

VO -2  VI  = 2, 

which  is  not  true. 

Thus  neither  of  the  values  we  found  for  x appears  to  satisfy 
the  equation. 

The  failure  is  however  only  apparent;  and  is  due  to  our 
having  supposed  that  V(2^  + 8)  and  V(^  + 5)  were  necessarily 
positive,  whereas  every  algebraical  quantity  has  two  square  roots, 
one  positive  and  the  other  negative,  and  there  is  no  symbol  which 
represents  one  only  to  the  exclusion  of  the  other. 

Bearing  this  in  mind  we  shall  find  that  .r  = 4 does  satisfy  the 
equation,  for  the  condition  is 

±V16-2(±V9)  = 2,  that  is  ±4-(±6)  = 2, 
which  is  true  when  the  lower  signs  are  taken. 

If  an  irrational  equation  is  to  he  solved  on  the  supposition  that 
the  radicals  it  contains  are  to  he  necessarily  positive  (or  neces- 
sarily negative)  the  equation  must  he  accompanied  hy  a definite 
statement  to  that  effect. 

Ex.  3.  Solve  the  equation 

V(2a;  + 7)  + V(3;r  - 18)  + V(7.t  + 1)  = 0 . 

By  transposition,  we  have 

V(2.t  + 7)+V(3.t-18)=  -V(7.t  + 1). 

Square  both  members  ; then 

2.r  + 7 + 2 V(2.t  + 7)  V(3-^  - 18)  + 3.r  - 18  = 7.r  + 1. 
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By  transposition  and  division  by  2,  we  have 
^(2x  + 7)V(3^-18)  = a:  + 6. 
Square  both  members  ; then 

(2a; + 7)  (3.t  - 18)  - (a;  + 6)- ; 
5a;2-27.^;- 162  = 0. 

Hence  ;r  = 9 or  x—  -W. 


23.  V(2^  + 9)-V(^+4)  = l.  24.  v/(7a;  + l)-V(3a;  + 10)  = l. 

25.  ^{2x  + ll)~^(2x-5)  = 2.  26.  V(4.'r  + l)-^(.T  + 3)  = 2. 

27.  ^{8x  + 5)-2^(2x  + l}  = l. 

28.  V(^  + 4)  + N/(^  + 20)-2^(a;  + ll)  = 0. 

29.  V(4-^  + l)-V('^  + 3)  = J(a;-2). 

30.  V(2.T  + 4)  + V(3a;  + 7)=V(12a;  + 9). 

31.  V(6o;  + 1)  + V2  (1  - ■'c)  =^/(7a;  + 6). 

32.  2V(2a:  + 3)-^(5x+l)  = V2l^)- 

33.  V(^-l)  (a;  - 2)  + - 3)  (a;-4)  = V2- 
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1.  V(a;-3)  = 3. 

3.  ^(3a;'+l)  = 4. 

5.  3V(^  + 3)  = 2^(3a:  + 6). 
7.  3V(^  + 7)  = 5V(3a;-2). 

9.  ^ {x  + 20)  = x. 

11.  x-^{x  + 2)  = 4.. 

13.  x-5  + 2^{x-5)  = 0. 
15.  3a;  = 5+^(30a;-71). 

17.  a;  + 3 + ^{a;  + 3)  = 6. 

19.  7a:  = V(3a:-ll)  + 33. 

21.  V(5®  + 1)  = 5. 


2.  V(^-7)  = 4. 

4.  5^{a;+7)  = 4V(3a;-2). 
6.  ^/(*  + 5)  = 2^(3a;4-4). 

8.  ^{x  + 2)  = x. 

10.  a;  + ;^y(a;  + l)  = 5. 

12.  x-2  + Sj{x-2)^0. 

14.  ^/(9  + 4a:)  = 2a:-3. 

16.  2x  ~ o iQx  = S. 

18.  2a;  + l = ^(6a;  + 3). 

20.  V(.T  + 10)  + ^(x  + l)  = l. 
22.  ^:r  + V(3-^  + l)  = 2. 


35. 

36.  \;(3+a;}+^d.-  = ^. 
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37. 


38.  J{a  - x)  + J{b  - x)  = ,J{a  + b-2x). 

39.  ij{ax  + b^)+s/{bx  + a^)  = a-b. 

40.  Ay(«  + £c)  + V(^  + ^)=\/(«  + & + 2.r). 

41.  J{a-x)+J{b-x)-^(2a  + 2b). 

1.50.  Relations  between  the  roots  and  the  coefficients 
of  a quadratic  equation. 

We  have  seen  [Art.  104]  that  a;®  +2?x+  q can  always  be 
expressed  in  the  form  (x  — a)  {x  — (B). 

We  have  also  seen  [Art.  139]  that  if 


the  sum  of  the  roots  is  — p and  the  product  of  the  roots  is  q. 
The  equation  aoi?  + 6a;  + c = 0 becomes,  on  dividing  by  «, 


The  above  relations  between  the  roots  of  a quadratic 
equation  and  the  coefficients  of  the  different  powers  of  the 
unknown  quantity  are  of  great  importance. 


Hence,  from  the  above,  if  a and  y8  be  the  roots  of 
aar  + 6a;  + c = 0, 


we  have 


a + B = — and  aB—~. 

a,  a 
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Analogous  relations  hold  good  for  equations  of  the 
third  and  of  higher  degrees.  [See  Treatise  on  Algebra,  Art. 
129.] 

Or  thus. 

We  have  found  in  Art.  143  that  the  roots  of 


ax^  + bx  + c = 0 


Call  these  roots  a and  (3  respectively ; 

2a  V 1 4a^  a I ’ 
' 2a  V Ua»  a I 


then 


By  addition,  we  have 


a + /?  = 


By  multiplication,  we  have 


161.  Although  we  cannot  in  all  cases  find  the  roots  of 
a given  equation,  it  is  very  easy  to  solve  the  converse 
problem,  namely,  the  problem  of  finding  an  equation  which 
has  given  roots. 

For  example,  to  find  the  equation  whose  roots  are  4 and  5. 

We  want  to  find  an  equation  which  is  satisfied  when  a- = 4,  or 
when  x = 5;  that  is  when  a;  - 4 = 0,  or  when  .r  - 5 = 0 ; and  in  no 
other  case.  The  equation  required  must  he 
(a; -4)  (.-c-5)=0  ; 

for  this  is  an  equation  which  is  a true  statement  when  a;  - 4 = 0, 
or  when  a:  - 5 = 0,  and  in  no  other  case. 
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If  we  get  rid  of  the  brackets  by  multiplying  out,  the  equation 
becomes 

- 9a:  + 20  = 0*. 

Again,  to  find  the  equation  whose  roots  are  2,  3 and  - 4. 

We  have  to  find  an  equation  which  is  satisfied  when  a:  - 2 = 0, 
or  when  a;  - 3 = 0,  or  when  a; + 4 = 0,  and  in  no  other  case.  The 
equation  must  therefore  be 

{x  -2){x-  3)  (a;  + 4)  = 0, 
that  is  .r*  - a;2  - 14a:  + 24  = 0. 

Similarly,  the  equation  whose  roots  are  0,  - 1,  and  - J is 
a;(a:  + l)  (a:  + i)  = 0, 
that  is  + f a:^  + = 0. 

Ex.  1.  Find  the  equation  whose  roots  are  the  squares  of  the 
roots  of  the  equation  a:’^  + 5a:  — 7 = 0. 

Let  a,  /3  be  the  roots  of  the  given  equation ; then  a^,  will 
be  the  roots  of  the  required  equation.  Hence  the  required  equa- 
tion is 

(x-a^)  (.'c-/32)  = 0, 

that  is  a:2  _ (a2  + ^2)  a:  + a2^2  ^ 0 (i). 

We  have  therefore  to  find  + and  Now,  by  Art.  150, 

we  have 

a+j3=  -5, 

and  ajS=  - 7. 

Hence  a'  + )3-  = (a  + /3)2  - 2a/3  = ( - 5)2  - 2 ( - 7) 

= 25  + 14  = 39; 
also  a2^2^49_ 

Substituting  in  (i),  we  have  the  required  equation,  namely 
a:2-  39a: + 49  = 0. 

* The  equation  a;2  - 9a:  + 20  = 0 is  certainly  an  equation  with  the 
proposed  roots ; but  to  prove  that  it  is  the  only  equation  with  the 
proposed  and  with  no  other  roots  we  must  assume  that  every  equation 
has  a root. 

If  the  equation  a:®  + 7a:2- 2 = 0,  for  example,  had  no  roots,  then 
{x  - 4)  (a:  - 5)  {x^  + 7x^  - 2)  = 0 would  be  an  equation  with  the  proposed 
roots  and  with  no  others. 

The  proof  of  the  proposition  that  every  equation  has  a root  is 
too  difficult  for  an  elementary  book. 
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Note.  We  might  have  obtained  the  required  equation  by 
%nding  the  roots  of  the  given  equation,  and  squaring  those  roots; 
but  it  is  best  to  use  the  relations  found  in  Art.  150. 

Ex.  2.  If  a,  /3  are  the  roots  of  the  equation 
ax“  + bx  + c = 0, 

find  the  equation  whose  roots  are  ^ and  - . 

a 

The  required  equation  is 


that  is 
Now 

and,  by  Art.  150,  we  have 

tt  + /3=  — and  a(3  = ~ . 


V ?)\ 

a) 

\as+l  = 0. 

a. 

/ 

a'  + p'' 

/3  + a 

Hence  a-  + /3“  — (a  + ^)-- 2a/ij; 


^ 

a _ 

aj3  c ac  ' 


Hence  the  required  equation  is 

or,  multiplying  by  ac, 

acx^  - {h^  - 2uc)  as  + ac  = 0. 

Ex.  3.  Shew  that  no  numerical  value  of  x will  make 
x'^-Ix  + B zero  ; and  find  its  least  value. 

Since  x^  - Ix  + 5 = {x -2)^  + 1, 

and  {x  - 2)2  is  always  positive,  1 + (a;  - 2)2  is  always  greater  than 
1,  except  when  as  - 2 = 0,  and  then  it  is  equal  to  1. 

Thus  a;2  - 4as  + 5 can  never  be  zero,  and  its  least  value  is  1. 
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EXAMPLES.  XLVII.  ® 

Write  down  the  equations  whose  roots  are 
1.  2 and  -2.  2.  3 and  -4.  3.-3  and  -2. 

4.  4 and  -4.  5.  4 and  6.-7  and  -4. 

7.  0 and  3.  8.  0 and  -4.  9.  3,  -3  and  0. 

10.  V2and-^2.  H.  ^5  and  -^5.  12.  0,  ^3and-j3. 

13.  2-^3  and  2 + ^/3.  14.  5 - J7  and  5 + Jl. 

15.  and  a + sjb. 

16.  Write  down  the  product  of  the  roots  of  each  of  the  following 
equations  ; 

(i)  a;2  + 4j:  + l = 0,  (ii)  .c' + 7a:  - 2 = 0,  (hi)  3a:- + 5*  - 7 = 0, 

(iv)  5x--a:-l  = 0,  (v)  9oa;2  + 3&a:  + 4c  = 0. 


17.  Write  down  the  sum  of  the  roots  of  each  of  the  following 
equations  : 

(i)  — (ii)  x^  + Sx-5  — 0,  (hi)  x^  - 5x  + S = 0, 

(iv)  2x‘^-x-7  = 0,  (v)  6aa:®  + 76a:  + 8 = 0. 

18.  Shew  that,  if  a,  § be  the  roots  of  ax^+hx  + c = (),  then 

1 1 & 

1"  o + 

a ^ c 

19.  Shew  that,  if  a,  /3  be  the  roots  of  the  equation  ax^  + &a:  + c — 0, 
then 


(i)  + 


„ 6-  - 2ac 


a B b^-2ac 


, .....  I 1 P-2«c 

and  (m)  . 

20.  Find  the  sum  of  the  squares  of  the  roots  of  the  equation 
a:2  + 4a:  + 2 = 0. 


21.  Find  the  sum  of  the  squares  of  the  roots  of  the  equation 

x‘^  + 4^x+p^  = 0. 

22.  Shew  that  the  sum  of  the  squares  of  the  roots  of  the  equation 

a:^  + aa;  + 6 0 is  the  same  as  the  sum  of  the  squares  of  the  roots  of 

the  equation  x^  + 3aa:  + & + 4a^  = 0. 
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23.  ^'or  what  value  of  a are  the  roots  of  the  equation 

Sx‘^  + Ax  + a — 0 

equal  to  one  another  ? 

24.  For  what  values  of  a are  the  roots  of  the  equation 

4x‘^  + (!  + «)  a;  + l = 0 ^ 

equal  to  one  another  ? 

25.  Find  the  value  of  a in  order  that  one  of  the  roots  of 
100a;2  + 60a;  + a = 0 may  be  double  the  other. 

26.  Shew  that  one  of  the  roots  of  x^  -rpx  + q — 0 is  double  the 
other,  if  9q  = 2p^. 

27.  Shew  that,  if  a,  fi  are  the  roots  of  2x^  ~5x  + ‘6  = 0,  the  equation 

whose  roots  are  ^ and  - is  6x^  - ISx  + 6 = 0. 

^ a 

28.  Shew  that,  if  a,  ^ be  the  roots  of  2x'^  -15x+  the 

equation  whose  roots  are  ^ and  - is  - 209a;  + 8 = 0. 

P “ 

29.  Form  the  equation  whose  roots  are  a + S and  - + ^,  where 

a /3 

a,  |8  are  the  roots  of  a;^-  11a; + 22  = 0. 


30.  If  ft)  j8  are  the  roots  of  a;^  + 7a;  + 9 = 0,  find  the  equation  whose 

a + B j a + B 
roots  are  — - and  — ^ . 

a ^ 


31.  Shew  that  the  roots  of  x^  - {qP  - 2q)  a;  + g"  = 0 are  the  squares 
of  the  roots  of  x^  +px  + q = 0. 


32.  Find  the  condition  that  the  roots  of  a^a;^  + b’^a;  + c"  = 0 may  be 
the  squares  of  the  roots  of  cta;2  + 6a;  + c = 0. 


33.  Shew  that,  if  a,  (3  are  the  roots  of  px"^  + qa;  + ?•  = 0,  the  equation 

whose  roots  are  a + j8  and  is  pqx^  + {pr  + q^)  x + qr  — 0. 

a + p 


34.  Shew  that,  if  a,  /3  are  the  roots  of  ax^  + hx  + c = 0,  the  equation 

whose  roots  are  aB  and  ^ is  acx^  - (u^  + c^)  a;  + ac  = 0 ; shew  also  that 
a|8  ' ' 

the  equation  whose  roots  are  a + /3  and  is 

a + p 

abx^  + {a^  + b^)  x + ab  = 0. 
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35.  Shew  that,  if  the  difference  between  the  roots  of  x'-^  + ax  + i — 0 
is  equal  to  the  difference  between  the  roots  of  x^+px  + q — 0,  then 
- 4& 


36.  Shew  that,  if  a,  (i  are  the  roots  of  x“  +px  + q~0,  the  equation 
whose  roots  are  (a  + /3)^  and  (a  - /S)^  is 

x^  ~2  2q)  x + p^  [p^  - 4q)  = 0. 

37.  If  a>  fi  are  the  roots  of  x^+px  + q — 0,  shew  that  the  equation 

whose  roots  are  a + ^ and  /3  + i is  qx^  +p  (1  + q)  a;  + (1  + q)‘^  — 0. 

P a 

38.  Shew  that,  if  a,  ^ are  the  roots  of  ax^  + hx  + c=:0,  the  roots 

of  the  equation  {2b‘^  + ac)  x^  + 3abx  + a^  — 0 are  — and  ^ . 

a + 2/3  /3  + 2a 


CHAPTER  XV. 


EQUATIONS  OF  HIGHER  DEGREE  THAN  THE  SECOND. 

153.  It  is  beyond  the  range  of  this  book  to  shew  how 
to  solve  equations  of  higher  degree  than  the  second,  when 
the  equations  are  in  their  most  general  forms ; we  give 
however  some  easy  examples  of  such  equations. 

Ex.  1.  Solve  a:^-6a;2  + 8 = 0. 

Here  the  equation  contains  only  two  powers  of  the  unknown 
quantity  one  of  which  is  the  square  of  the  other ; we  therefore 
proceed  as  in  Art.  142. 

We  have  a;'*  - 6a;2  + 9 - 9 + 8=0, 

that  is  - 3)2  - 1 = 0. 

Hence  {(a;^  - 3)  - 1}  {(a;^  - 3)  + 1}  = 0 ; 

aj2-4  = 0,  giving  a;=±2, 
or  a;2-2  = 0,  giving  a;  = ± ^2. 

Thus  there  are  four  roots, 

±2, 

Ex.  2.  Solve  + + 4 (a;2  + a;)  - 12  = 0. 

In  this,  as  in  the  former  example,  the  unknown  quantity 
occurs  in  two  terms,  one  of  which  is  the  square  of  the  other.  In 
all  such  cases  we  can  bring  all  the  terms  over  to  the  left  side  of 
the  sign  of  equality,  and  then  resolve  the  expression  on  the  left 
into  two  factors  as  in  the  preceding  chapter. 

In  the  present  instance  the  factors  can  be  seen  by  inspection. 

For  A2  + 4A-12  = (^  + 6)  (A-2); 

therefore  the  equation  may  be  written 

{(a:2  + a;)  + 6}  {(a:® + x)  - 2}  = 0. 


S.  ALG. 
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Hence  .i;“  + a:  + 6 = 0,  or  a;- + a; -2  = 0. 
The  roots  of 

+ a:  + 6 = 0 are  - ^ ^ — . 

The  roots  of 

o:‘-*  + a:-2  = 0 are  i and  -2. 
Hence  the  given  equation  has  the  four  roots 
1,  -2, 


Ex.  3.  Solve 


X 

x + 2 


2 x + 2 
a;2 


Here  one  of  the  terms  in  which  x occurs  is  the  reciprocal  of 
the  other.  If  we  put  V from  the  quadratic 

equation 

1 37 

or,  multiplying  by  6?/, 

6i/-37?y  + 6 = 0, 

(6y-l)  (y-6)  = 0. 


that  is 
Hence 


y = or  y = &. 


Thus 


1 

6’ 


r=6. 


x^ 

a: + 2 6’  .r  + 2 

In  the  first  case,  we  have  6a;2  -*  — 2 = 0,  the  roots  of  which  are 
I and  - 1. 

In  the  second  case,  we  have 

*2-6*- 12  = 0, 

the  roots  of  which  are  3 ±^21. 

Hence  the  given  equation  has  the  four  roots, 

I,  -1  3±^21. 


Ex,  4.  Solve  4.i::2  - 6*  + 3 ^(2*2  _ 3a;  + 7)  = 30. 

Equations  of  this  form,  in  which  the  ratio  of  the  coefficients 
of  *2  and  * in  the  terms  under  the  radical  is  equal  to  the  ratio  of 
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tlie  coefficients  of  x'^  and  x in  the  terms  outside  the  radical,  are 
not  uncommon. 

To  solve  the  equation,  put 


.J{2x^-Sx  + 7)-y, 


then 

2x^  -3x  + 7 -y-, 

to 

r 

CO 

II 

and 

4a;2-6a:  =2y2_14. 

Hence,  from  the  given  equation,  we  have 
2?/2-14  + 32/  = 30; 


that  is 

2?/  + 3y-44  = 0, 

that  is 

iy-4)  (2y  + ll)  = 0; 

hence 

y = 4,  or  y=--y-; 
y2  = 16,  or  ?/^=A|^ 

Since  = 2.r^ 

- 3a:  + 7,  we  have 

I. 

2.t2  - 3a;  + 7 = 16, 

that  is 

2.x^  - 3a;  - 9 = 0, 

that  is 

{2.T-1-3)  (.t:-3)  = 0; 
a;  = 3,  or  a;=-|. 

II. 

2a;2-3a;  + 7 = H^, 

that  is 

2a;2-3a;--V-  = 0, 

the  roots  of  which  are  ~ ± . 

4 4 


154,  We  shall  prove  in  a subsequent  chapter  that  if  a 
rational  and  integral  expression  containing  x vanishes  when 
any  particular  value  a is  given  to  x,  then  a?  - a is  a factor  of 
that  expression.  [See  Art.  267.] 

For  example,  x^  -7x  + 6 vanishes  when  2 is  put  for  x ; there- 
fore, by  the  above  theorem,  a;  - 2 is  a factor,  and  by  division  we 
find  that 

x^  - Ix  + & = {x  - 2)  {x^  + 2x  - S). 

Again,  x^  - Ax"^  + 2x  + l vanishes  when  a;  = 1 ; therefore  a;  - 1 is 
a factor,  and  by  division  we  find  that 

x^  - 4a;“  -H  2x  -f  1 = (a;  - 1)  {x^  - 3a:  - 1). 
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155.  It  follows  from  the  theorem  enunciated  in  the 
last  Article  that  when  one  root  of  an  equation  is  known, 
the  degree  of  the  equation  can  be  lowered. 


Ex.  1.  One  root  of  the  equation  a;®-7a;  + 6 = 0 is  2 ; find  the 
other  roots. 

Since  x^-lx  + & vanishes  when  .r  = 2,  .r-2  must  be  a factor, 
and  by  division  we  find  that 

xA-7x  + Q = {x-  2)  [x^  + 2x  - 3) . 

Hence  {x -2)  [x^  + 2x-S)  = 0. 

Hence  the  other  roots  of  the  equation  are  those  given  by 
x^  + 2x-S=:0, 

that  is  (.t  + 3)  (a;- 1)  = 0. 

Thus  the  cubic  equation  x'^-  7.r  + 6 = 0 has  the  three  roots  1, 
2,  and  - 3. 

Ex.  2.  Solve  the  equation  - 1 = 0. 

Since  x?  -l  = (x-l){x^  + x-\-l), 

we  have  (.r- 1)  (a;2  + x + l)  = 0. 

Hence  a:  = l ; 

or  else  + a:  + 1 = 0, 

the  roots  of  which  are 

-i±N/(-|). 

Hence  there  are  three  roots  of  the  equation  x^  — 1,  one  being 
real  and  the  other  two  imaginary.  Thus  there  are  thi’ee  quantities 
whose  cubes  are  equal  to  1 ; that  is,  there  are  three  cube  roots  of 
1,  which  are 

1.  -Kv/(-|)  and 

Ex.  3.  For  what  values  of  x will 

a:'*  - 25*2+ 30a:  - 9, 

and  - 8x^  + 19x'^  - 14a;  + 3 

both  vanish  ? 

If  both  expressions  vanish  for  the  same  value  of  x,  say  x = a, 
they  will  both  have  x- a as  a factor.  Now  we  can  find  the 
common  factor  of  any  two  expressions  by  the  ordinary  process  of 
finding  their  h.c.f. 
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111  the  present  case  the  h.c.f.  will  be  found  to  be 
- 5a;  + 3 ; 

and  since  x^-5x  + 3 is  a factor  of  both  expressions,  and  is  their 
highest  common  factor,  both  expressions  will  vanish  for  the 
values  of  x given  by 

x-^  - 5x  + S = 0, 

and  for  no  other  values.  Thus  the  values  required  are  the  roots 
of  x"-5x  + S==0, 

and  these  roots  are 

5±^3 

2 ‘ 

EXAMPLES.  XLVIII. 

Find  the  roots  of  the  following  equations  : 


1. 

x‘^  ~ 5x^  + 4:  = 0.  2. 

x-4_2.c2-8  = 0. 

3. 

X*  - lOx'^  + 9 = 0.  4. 

a;^-7.i;2-18  = 0. 

5. 

+ ®- 

a:- 

7. 

+ + 8- 

, 1 o 1 

a;“ Ty—a-  — r,  • 

X" 

9. 

lo- 

(a;2  - a;)“  - 8 [x‘^  - a;)  + 12  = 0. 

11. 

(a;2  + xf  - 22  {x^  + a;)  + 40  = 0. 

12. 

{x^  + x)  [x^  + x + l)  = i2.  13. 

I ^ + 1_ 

a;  + 1 ^ x^ 

14. 

X a;2  + 1 5 

x"^  X -1  17 

a;  - 1 ^ X“  ~ 4 ■ 

16. 

(a;2  + a;  + l)  ^a;2  + a:-|^  + 1 = 0. 

17. 

(a;2  + a;  + l)  (a;2  + a;  + 2)  = 12.  18. 

(*  + i)  +4(^*  + l)  = 12. 

19. 

a;2  + 2 a;2  + 4a;  + 1 5 

a;2  + 4a;  + 1 ' 03^+2  ~ 2' 

o 42 

20. 

+ 21. 

2x^-Ax-  ^/a;“-2a;-3  = 9. 

182  EQUATIONS  OF  HIGHER  DEGREE  THAN  SECOND. 


22.  x^+  Jx-  + -dx  + 7 = 23-‘6x.  23.  2a;2  + 6y;  = l-V(^“  + ^a:  + l). 

24.  + J{4:X^  + 24a:)  24  - 6a:. 

25.  2 (2a:  - 3)  (a:  - 4)  - ^{2x^  - 11a:  + 15)  60. 

26.  a:’-*  + (a:  - 2)  {x  - 3)  + J2x'^  - 5a:  + 6 = 6. 

27.  (a:  + 5)  {x  - 2)  - 36  = J{x  + 4)  (a:  - 1). 

Solve  the  following  cubic  equations  having  given  one  of  the  roots 
of  each. 

28.  x'-5-2a:  + l = 0,  [a;  = l].  29.  a:^  - 5a:  + 4 = 0,  [a;  = 1]. 

30.  49a: + 120  = 0,  [a;  = 3].  31.  a;3  - 3a:2  - 7a;  + 21  = 0,  [*  = 3]. 

32.  a:®- 2a:“- 7a:- 4 = 0,  [«=  - 1], 

33.  5x3-15a:2  + 3a;  + 14  = 0,  [a:  = 2]. 

34.  For  what  values  of  x will  a:®  + 2a:®  + 9 and  a:®  - 4a:  + 15  both  vanish? 

35.  The  equations 

2a:®  + 21a:2  + 34a:-105  = 0, 

2a:®-  a:® -76a: -105  = 0 

have  one  root  in  common ; find  it. 

36.  Solve  the  following  equations  ; 

(i)  a:® -21a: + 20  = 0, 

(ii)  a:®  + 2a:®- 9a:  - 18  = 0, 

(hi)  £c®- a:® -22a; + 40  = 0, 

(iv)  a;®  - 3a;®  - 60a;  -100  = 0, 

(v)  a;®- 19a;  + 30  = 0, 

(vi)  2a;®  + 7a:® -5a: -4  = 0, 

(vii)  4a:®  + 4a;®  - 9a;  - 9 = 0. 


CHAPTER  XVI. 
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156.  We  now  proceed  to  consider  simultaneous  equa- 
tions one  at  least  of  which  is  of  the  second  degree. 

We  first  take  the  case  of  two  equations  which  contain 
two  unknown  quantities,  one  equation  being  of  the  first 
degree  and  the  other  of  the  second  degree. 


Example.  Solve  the  equations 

x + 2y  — 5,  x^  + 2y-  — 9. 

From  the  first  equation  we  have 
x = 5-2y. 

Substituting  this  value  of  x in  the  second  equation,  we  have 
(5-2?/)2  + 2^2^9; 

6?/2-20y  4-16  = 0;  • 

.-.  3?/ -10?/ + 8 = 0; 

that  is  (Sy  - 4)  (?/  - 2)  = 0. 

4 

Hence  ?/  = - or  ?/  = 2. 

If  2/  = |,  r.-5-2y  = 5-f  = J; 

and  if  2/  = ^,  33=5-22/ = 5-4=1. 

Thus  we  have 

^=h  = or  ^=1?  y = 

[The  result  should  not  be  written  in  the  ambiguous 
form  33  = 1 or  1,  ^ = I or  2.] 

From  the  above  example  it  will  be  seen  that  two 
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equations,  one  of  which  is  of  the  first  degree  and  the 
other  of  the  second  degree,  can  be  solved  in  the  following 
manner  : — 

From  the  equation  of  the  first  degree  find  the  value  of 
one  of  the  unknoum  quantities  in  terms  of  the  other  unknown 
quantity  and  the  known  quantities^  and  substitute  this  value 
in  the  equation  of  the  second  degree : one  of  the  \inknown 
quantities  is  thus  eliminated,  and  a quadratic  equation  is 
obtained  the  roots  of  which  are  the  values  of  the  unknown 
quantity  which  is  retained. 


Ex,  1.  Solve  the  equations 

3x-  + 4i/  = 5,  - xy + iF  = 22. 


From  the  first  equation,  — . Hence,  substituting  in 

o 

the  second,  we  have 
which  reduces  to 

532/2 -9,5?/ -148  = 0, 

that  is  (2/  + 1)(532/-148)  = 0. 

TT  1 148 

Hence  y=-\,oxy  = — . 


If 


2/=  -1, 


x = 


5-4//_ 


And,  if 


V 


148  _5-4y_  109 

53  ’ 3 “ 53  ‘ 


Ex.  2.  Solve  xy  + x — 25,  2xy-Sy  = 28. 

Multiply  the  first  equation  by  2,  and  subtract  the  second  ; then 
2.r  + 3y  = 50 -28  = 22. 

22  - 2a: 


Hence 
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and  substituting  in  the  first  equation,  we  have 
/22~2x\ 

x[--^yx=w-, 

2a;2- 25a: + 75  = 0, 

whence  we  have  a;  = 5 or  x — ^-,  the  corresponding  values  of  y 
being  4 and  | respectively. 

Ex.  3.  Solve 

2a;2-3a;-4(/  = 47, 

3a;2  + 4a;  + 2t/  = 89. 

Multiply  the  second  equation  by  2 ; then 
6a;^  + 8a:  + 4y  = 178. 

Adding  the  last  equation  to  the  first,  we  have 
8a:2  + 5x  = 225, 

whence  a:  = 5 or  a;  = - -Y-.  The  values  of  y are  then  found  by 
substituting  in  either  of  the  given  equations. 

EXAMPLES.  XLIX. 


Solve  the  following  equations  : 


1. 

X +1/  =6, 

2.  a:  =10,  3.  3:r  + 3y  = 10, 

a:2  _ ^2  _ 24, 

a;2  + 7/2-58.  xy  — 1. 

4. 

2x  + ^y  = 0, 

5.  2a:-5(/  = 0,  6.  x+  y = 15, 

4a;2  + 9a:j/  + 9?/^  = 72. 

x^-Sy^  = lS.  Ax-4:y  = xy. 

7. 

2x-y  — 5, 

II 

fO 

00 

x + Sy  = 2xy. 

x‘-^  + 5xy  + 25  = y^. 

9. 

3*  + 2j/  = 5, 

10.  ■ 2x-ly  = 25, 

x^-  ^xy  + 5y^  — 2. 

5x‘^  + lxy + 8y"^  = 25. 

11. 

x + y = 2,  12. 

x + 2y  = l,  13.  x + y = 5. 

? + ?=6. 
X y 

3 6^  115 

h-  = 5.  1 = 71. 

X y X y & 

14. 

x-y  = l,  15. 

2x-y=A,  16.  7x-Sy  + 7 = 0, 

^ ^ 
y X 6' 

5 +t=i.  5-^=6. 

X y X y 

17. 

xy  + x = 15,  18. 

xy  + 2a;  = 5, 

xy  - x — 8. 

2xy-y  = S. 

19. 

a;2-y  = 29,  20. 

x^  + 3x-2y  = 4, 

a:2  + a:  + '^  = 49.  2a:‘“- 5a;  + 3y  + 2 = 0. 
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157.  It  should  be  remarked  that  we  cannot  solve  any 
two  equations  which  are  both  of  the  second  degree ; for 
the  elimination  of  one  of  the  unknown  quantities  will 
frequently  lead  to  an  equation  of  higher  degree  than  the 
second,  from  which  the  remaining  unknown  quantity  would 
have  to  be  found ; and  we  cannot  solve  an  equation  of 
higher  degree  than  the  second,  except  in  very  special  cases. 

For  example,  if  we  have  the  equations  X'^  + x+ij  = '6  and 
x^  + y^  = 5.  We  have  from  the  first  equation  7/ = 3 - .r  - a:- ; and, 
by  substituting  this  value  of  y in  the  second  equation,  we  get 
x^  + {S-x-xY^5, 
that  is  x'^  + ‘Ix^  - Ax‘^  - 6a;  + 4 = 0 ; 

and  this  equation  of  the  fourth  degree  cannot  be  solved  by  any 
methods  which  are  within  the  range  of  this  book. 

158.  We  can  always  solve  two  equations  of  the  second 
degree  when  all  the  terms  which  contain  the  unknown 
quantities  are  of  the  second  degree.  The  method  will  be 
seen  from  the  following  example. 

Ex.  1.  Solve  the  equations 

+ 3a;?/  = 28, 
a;?/ + 47/2  = 8. 

Divide  the  members  of  the  first  equation  by  the  corresponding 
members  of  the  second  equation ; we  then  have 
a;2  + Zxy  _ 28  _ 7 
xy  + 4t/2  8 2 ‘ 

Hence  2 (a;^  + ^xy)  — 7 (xy  + 4y2) ; 

.-.  2a;2-a;y- 287/2  = 0, 

that  is,  (2a;  + ly)  (x  - iy)  — 0. 

Hence  x — ^y,  or  a;=  -|-7/. 

I.  If  x = Iy,  we  have  from  the  second  equation, 

47/2  + 4y2_8.  7/=±l. 

x = 4y—  ±4. 


And  therefore 
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II.  If  X—  - ly,  we  have  from  the  second  equation, 

+ 2/=±4. 

And  therefore  x=  -\y—  =i=ld. 

Thus  there  are  four  sets  of  values,  namely  x — = l x=  --i, 

y~~l\  a;  = 14,  y = - 4 ; and  x=  — 14,  ?/  = 4. 

We  have  in  the  above  written  down  the  factors  of 
2x”-xy-2Sy^ 

by  inspection : when  this  cannot  be  done,  the  factors  can  be 
found  by  the  method  of  Art.  104. 

Ex.  2.  Solve  - Sxy  — 0,  5x^  + 3y'^  = 48. 

The  first  equation  is  a;  (a;  - 3y ) = 0. 

Hence  x = 0,  or  x = 3y. 

If  a;  = 0,  the  second  equation  gives  3y^  — ‘^8  ; .-.7/=  ±4. 

If  a;  = 3y , the  second  equation  gives  45y^  + 3?/  ^ = 48 ; .•.?/=:  ± 1 , 
and  then  a;  = ±3. 

159.  Any  pair  of  equations  which  are  hoynogeneous,  so 
far  as  the  terms  which  contain  the  unknown  quantities  are 
concerned,  can  be  solved  by  the  method  adopted  in  the  last 
Article.  Sometimes  however  the  equations  can  be  solved 
by  special  methods. 

For  example,  to  solve 

a;2  + T/2-74, 

2a:?y  = 70. 

By  addition,  we  have 

x2  + 2xy  + 7/2^144, 

that  is  {x  + yY~  12’2  = 0 ; 

.-.  (.c  + y-12)  (x  + 7/  + 12)=^0. 


Hence  x + y — Vl  (i). 

or  5C  + ?/=-12 (ii). 


Again,  from  the  given  equations,  we  have  by  subtraction, 
X- - 2xy y‘^  — A, 
that  is  (ic- y)2  - 22  = 0 ; 

•••  {x-y -2){x-y  + 2)  = Q. 
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Hence  x-y  — 2 (iii), 

or  x~y=-2 (iv). 

From  (i)  and  (iii),  we  have  x = 7,  y = 5. 

From  (i)  and  (iv),  we  have  x = 5,  y — 7. 

From  (ii)  and  (iii),  we  have  x=  - 5,  ?/=  - 7. 

And,  from  (ii)  and  (iv),  we  have  x=  -7,  y—  - 5. 


Thus  there  are  four  pairs  of  values,  two  of  which  are  given  by 

±7,  y—^b,  and  the  other  two  by  x=  ±5,  ±7,  it  being 

understood  that  in  both  cases  the  upper  signs  are  to  be  taken 
together,  and  the  lower  signs  are  to  be  taken  together. 

Again,  taking  the  equations  considered  in  Art.  158,  namely 
x^  + Sxy  = 28, 
xy  + iy^  = 8. 

We  have  by  addition  a;2  + 4a;y + 4y2  = 36, 
that  is  (a;  + 2?/)2-62=.0; 


•.  x + 2y  = 8 (i), 

or  x + 2y=-(i  (ii). 


We  can  now  complete  the  solution  as  in  Art.  156,  by  taking 
(i)  and  (ii)  with  either  of  the  given  equations. 


1. 

4. 

7. 

10. 

13. 

15. 


x^  - 2xy  = 0, 
4a;2  + 92/2:=225. 

x^  - xy  = 63, 
y'^  + xy  — 22. 
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2.  2x“  -8xy  = 0, 

y'^  + bxy  — b^L. 

5.  x^  + xy  = 2I, 
2y^  + Sxy  = 82. 


x‘^  + xy-2y^=  -44, 
xy  + 3y^  = 80. 

3xy  + x^=10, 

5xy  - 2a;2  = 2. 

x^  - 3xy  + 2y‘^  = 3, 

2x^  + y'^  = 6. 
a;2  + 5y2  = 84, 

3x^  + 17  xy  -y^=  - 84. 


8.  x^  + 3xy  = 7, 
y^  + xy  = 6. 

11.  :c2  + 3a:y  = 54, 
xy  + 4:y^  = 115. 

14.  x^-2xy  + 5=^0, 

{x  - y)2  - 4 = 0. 

16.  - 7x7/  - 9y2=;  9, 

x^  + 5xy  lly"^  — 5. 


x^  + 3xy  = 45, 
y^-xy  = 4:. 
x^  — 3xy  = 10, 
ly^  - xy=  - 1, 
x^-3y‘^=13, 
3x^-y^::^71. 


12.  x(x  + y)  = A0, 

l/(*-l/)  = 6. 
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4x-  - 3xy  = 10, 

18. 

x^  + 3a:y  = 40, 

y^-xy  = 6. 

4y^  + xy  = 9. 

19. 

o;2  + a:y + i/2  = 7j 

20. 

2x^-2xy  + 3y^^l8, 

Qx^  — 2xy  + y‘^  = 3. 

3x2-2i/  = 19. 

21. 

.-c  + y + 1 = 0, 
1 1 _ 1 

22. 

x + y + 3 — 0, 

111^ 

— h ^ = 0. 

X y u 

x^  y 12  * 

23. 

x y 5 
3 2 3’ 

24. 

X y 

2 5 5 

X y b 

25. 

(ar  + l)(y  + l)  = 10, 

26. 

{x  + 3)  (?/  + !)  = 4, 

eo 

II 

Si 

xy  + 1 — 0. 
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160.  The  following  examples  will  shew  how  to  deal 
with  some  other  cases  of  simultaneous  equations. 


Ex,  1.  Solve  x-y  = 2 (i), 

x^-y^  = S8G (ii). 

From  (i)  we  have  x = y + 2. 


Substitute  this  value  in  (ii),  and  we  have 


(2/ + 2)3-?/ = 386, 

that  is 

6/  + 12?/  + 8-386  = 0; 

.•.  / + 2?/-63  = 0. 

Hence 

y = 7,  or  y—  -9. 

II 

Si 

x — y + 2 — 9. 

lfy=  - 

9,  x = y + 2=  - 7. 

Thus 

,'c  = 9,  ?/  = 7,  or  X—-7,  y = 

Ex.  2. 

Solve  x-3y  = 2, 

9i/^  = 8. 

Divide  the  members  of  the  second  equation  by  the  corre- 
sponding members  of  the  first ; then 
x + 3y  = 4: ; 

x + 3y  = 4:  and  x-3y  = 2, 
x^3,  y = l. 


and  from 
we  have 
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Ex.  3.  Solve 

1 1 „ 

— 1 — — 7 

X y 

(0, 

1 1 

~9  H — — 25  

X~  1/2 

(ii). 

We  may  consider  - and  - as  the  unknown  quantities,  as  in 
Art.  89,  Ex.  3. 

Square  both  members  of  (i) ; then 


xy  'lU 


.(iii). 


Prom  (ii)  and  (iii),  we  have 
2 


xy 


= 49-25  = 24 (iv). 


From  (ii)  and  (iv),  we  have 


4-  — + -1  = 25-24  = 1, 


xy  y^ 


that  is 


1\2 


= 1; 


---=±1. 
X y 


.(V). 


The  values  of  - and  - are  at  once  found  from  (i)  and  (v). 
X y 


Ex.  4.  Solve  x^  - xy  = (i), 

x^  + xh/  + i/  = 12S\  (ii). 

Divide  the  members  of  (ii)  by  the  corresponding  members  of 
(i) ; we  then  have 

x^  + xy  = 21 (iii) . 

From  (i)  and  (iii)  we  have,  by  subtraction, 

2xy  = - 40, 

or  xy= -2d  (iv). 

From  (i)  and  (iv),  we  have 

x‘^  - 2xy  ->ry‘^  = Sl ; 

x-y=+d (v), 

or  x-y=-d  (vi). 
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From  (i)  and  (iv),  we  have  also 

+ 2xy  + y^  = l\ 

x + y = l (vii), 

or  x + y—-l  (viii). 


Then  combining  either  of  the  equations  (v)  and  (vi)  with 
either  of  the  equations  (vii)  and  (viii)  we  get  the  four  pairs  of 
values  .r  = ± 5,  ?/r=T=4;  05=:  ±4,  y=^5. 


Ex.  5.  Solve  x‘^-2xy  = Sy  

2x‘^-9y^=9y  

Multiply  both  sides  of  (i)  by  3 ; then 

dx^  - 6xy  = 9y 

Hence  2.x^  - 9y^  = 9x^  - 6xy  ; 

x^-6xy  + 9y^  = 0, 
that  is  {x-%yY  = 0; 

x = ^y. 

Substitute  in  (ii) ; then 

2{SyY-9y^  = 9y, 
or  9y^  -9y=0-, 

■■■  2/(?/-l)  = 0. 

Hence  y = 0,  or  y = l. 

lty  = 0,  x = 3y  = 0. 

lfy  = l,  x^Sy  = 3. 

Thus  ^ = 0,  2/=0; 

or  else  x = 3,y  — l. 

Ex.  6.  Solve  x-y  = 2,  a;®-^®  = 242. 
Put  x = z + l,  then  y = z-l. 

Hence 

x^-y^=(z  + lY  ~{z  - 1)® 


.(ii). 

(hi). 


= + 5^4  + 10^3  + 10^2  + 5z  + l-{^-5z^+  lOz^- 10^2  + 5^-1) 
= 10«^  + 20^2  + 2. 
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Hence  + 202^  + 2 = 242  ; 


^4  + 222=24; 

(«2-4)  (22  + 6)  = 0. 

Hence  2=±2  or  2=±^-6. 

If  ±2,  a-  = 3 or  - 1,  and  y = l or  -3. 

If  ^=±^-6,  a;  = l±>/-6,  and  - 1 ^ 

Ex.  7.  Solve  xy  + xz  = 27 (i), 

yz  + yx=^S2  (ii), 

zx  + zy  = 35  (iii). 

From  (i)  and  (ii),  we  have  by  addition 

2xy  + xz+yz  = 5d  (iv). 

From  (iv)  and  (iii),  we  have  by  subtraction 
2.ri/  = 24; 

xy  = 12  (v). 

Hence,  from  (i),  a;^  = 15 (vi). 

And,  from  (ii),  yz  — 20  (vii). 

From  (v)  and  (vi),  we  have  by  multiplication 

x^yz  = 180 (viii). 


From  (vii)  and  (viii)  we  have  by  division 
^2  = 180^20  = 9; 
a:=±3. 

Hence,  from  (v),  y = 12-f-(±3)=  ±4. 

And,  from  (vi),  ^ = 15-f-(±3)=  ±5. 

Thus  ±3,  y=  ±4,  2=  ±5. 

All  the  upper  signs  being  taken  together,  and  all  the  lower 
signs  being  taken  together. 


EXAMPLES.  LI. 


1.  x-y  = 8, 

^3  _ ^3 — 279. 

3.  x + y = l, 
x^  + y^  = 01, 

5.  x^  + xy  +y‘^  = 13, 

X*  + a;2y  2 ^y4  — gi 


2.  x-y  = 2, 

xS  _ ^3_9g_ 

4.  x + y = l, 

X"  + y'^  = 61. 

6.  x^  -xy  + y^=0, 

X*  + x^y^  + y*  = 243. 
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7.  X2/ (x  + 2/)  = 240, 

8. 

^y{x-y)  = 'i-% 

x3  + 2/3=280. 

x3-2/3  = 63. 

9.  i-i=2. 

X y 

10. 

X y 

x2"^ 

2 3 1 _ 

8 1 S = '’>• 

.X''  xy  y^ 

11.  = 

x2  2/- 

12. 

->-A=3. 

X‘^  42/2 

5 1 2 „ 

—5 1 — 9 

^ X2/  2/^ 

1 _ 1 ^ 1 _9 

a-'2  xy  42/2  ~ 

13.  a;  + 2/  = l, 

14. 

x + 2/  = 5, 

x22/2  + 13x2/ + 12  = 0. 

4x2/  = 12  - x22/2. 

15.  X2/  + 2/=-6, 

16. 

x2  + x2/  -2/ = 9, 

2/3  - X2/ - X = 12. 

2/3  + x2/-x=  -3. 

17.  x + - = 3, 

18. 

. 1 18 
.X  + - = — , 

y 

2/  7 ’ 

, 1 4 

^■^x  = 3- 

1 7 

2/  + - = 7 . 

X 4 

19.  2x2-x2/  + 2/3  = 22/, 

20. 

x3  + 1 = 92/, 

2x2  + 4x2/ = 52/. 

x^  + x = &y. 

21.  2x3  + 52/3  = 115, 

3x3  + 72/3  = 186. 

23.  x*  + x^y^  + r/=^l, 

(.X2-X2/  + 2/3)  (x-2/)3  = 28. 

25. 


X 5 


22.  .t32/  + x2/3  = 180, 

x32/2  = 400. 

24.  a;2  + 3x2/  + 2/3  + 4(x  + 2/)  = 13, 

3x2  -xxj  + ^if  + 2 (x  + 2/)  = 9. 

26. 


2/  1 20 

X X2/  3 

o.  K 

X2/  + : 


27. 


29. 

30. 

31. 

32. 

33. 

34. 


y '3‘ 

«28.  a {x-a)=b  {y -b), 
xy  = ax  + by. 


ax  = by, 

(x-a)  {y-b)  = ab. 

52  aS 

X = y = CL~  b. 

y X ^ 

yz=^4:,  zx  = ^,  x2/  = 16. 

x‘^yz  = Q,  yHx  = 12,  z^^xy^lQ. 

x(x  + 2/  + 2)  = 8,  y {x  + y-\-z)  = 12,  z{x  + y + z)  = 5. 

x{y  + z)  = Q,  y{z  + x)  = 12,  z(x  + y)  = lQ. 

{x  + y)  {x  + z)  = 2,  (2/  + 2)  (2/  + x)  = 3,  [z  + x)  {z  + y)=zQ>. 
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CHAPTER  XVII. 


PROBLEMS. 

161.  We  now  give  examples  of  problems  in  which  the 
relations  between  the  known  and  unknown  quantities  are 
expressed  algebraically  by  means  of  quadratic  equations. 

In  the  solution  of  problems  it  often  happens  that  by 
solving  the  equations  which  are  the  algebraical  statements 
of  the  relations  between  the  magnitudes  of  the  known  and 
unknown  quantities,  we  obtain  results  which  do  not  all 
satisfy  the  conditions  of  the  problem. 

The  reason  of  this  is  that  the  roots  of  the  equation  are 
the  numbers,  whether  positive  or  negative,  integral  or  frac- 
tional, which  satisfy  it ; but  in  the  problem  itself  there  may 
be  restrictions,  expressed  or  implied,  on  the  numbers,  and 
these  restrictions  cannot  be  retained  in  the  equation.  For 
example,  in  a problem  which  refers  to  a number  of  men,  it 
is  clear  that  this  number  must  be  integral,  but  this 
condition  cannot  be  expressed  in  the  equations. 

Thus  there  are  three  steps  in  the  solution  of  a problem. 
We  first  find  the  equations  which  are  the  algebraical  ex- 
pressions of  the  relations  between  the  magnitudes  of  the 
known  and  unknown  quantities;  we  then  find  the  values  of 
the  unknown  quantities  which  satisfy  these  equations ; and 
finally  we  examine  whether  any  or  all  of  the  values  we  have 
found  violate  any  conditions  which  are  expressed  or  implied 


PROBLEMS. 


195 


in  the  problem,  but  which  are  not  contained  in  the  equa- 
tions. 

The  following  are  examples  of  problems  which  lead  to 
quadratic  equations. 

Ex.  1.  How  many  children  are  there  in  a family,  when  eleven 
times  the  number  is  greater  by  five  than  twice  the  square  of  the 
number  ? 

Let  X be  the  number  of  children  ; then  we  have 
llx  = 2x-  + 5 ; 

2®2-lla;  + 5 = 0, 

that  is  (2rc- 1)  (a;- 5)  = 0. 

Hence  x = 5,  or  x — ^. 

Thus  there  are  5 children,  the  value  J being  inadmissible. 

Ex.  2.  Eleven  times  the  number  of  yards  in  the  length  of  a 
rod  is  greater  by  five  than  twice  the  square  of  the  number  of  yards. 
How  long  is  the  rod  ? 

This  leads  to  the  same  equation  as  before,  only  in  this  case  we 
cannot  reject  the  fractional  result.  Thus  the  rod  may  be  five 
yards  long,  or  it  may  be  half  a yard  long. 

Ex.  3.  A number  of  two  digits  is  equal  to  twice  the  product 
of  the  digits,  and  the  digit  in  the  ten’s  place  is  less  by  3 than  the 
digit  in  the  unit’s  place.  What  is  the  number  ? 

Let  X be  the  digit  in  the  ten’s  place  ; then  a;  4- 3 will  be  the 
digit  in  the  unit’s  place.  The  number  is  therefore  equal  to 
10.r  + (.r  + 3). 

Hence,  by  the  question, 

lO.r  +{x  + 5)  = 2x  (x  + 3)  ; 

2x-  - 5x  - 3 = 0, 

that  is  (.r  - 3)  (2*4- 1)  = 0. 

Hence  x = S,  or  *=-|. 

Now  the  digits  of  a number  must  be  positive  integers;  hence  the 
second  value  is  inadmissible. 

Therefore  the  digits  are  3 and  6,  and  the  required  number 
is  36. 
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Ex.  4.  The  square  of  the  number  of  pounds  a man  possesses 
is  greater  by  1000  than  thirty  times  the  number.  How  much  is 
the  man  worth  ? 

Let  X be  the  number  of  pounds  the  man  is  worth ; then,  by 
the  question,  = 30*  + 1000  ; 

*2  _ 30a; -1000  = 0, 

this  is  [x  - 50)  {*  + 20)  = 0. 

Hence  * = 50,  or  x=  -20. 

Both  these  values  are  admissible,  provided  a debt  is  considered 
as  a negative  possession. 

Hence  the  man  may  have  £50,  or  he  may  owe  £20. 

Ex.  5.  The  sum  of  a certain  number  and  its  square  root  is 
42:  what  is  the  number  ? 

Let  X be  the  number ; then 

a:+>y*  = 42, 

that  is  ;y^*=42-*. 

Square  both  sides ; then,  after  transposition,  we  have 
*2 -85* + 1764  = 0, 
the  roots  of  which  are  36  and  49. 

The  value  49  will  not  however  satisfy  the  condition  of  the 
question,  if  by  a square  root  of  a number  is  meant  only  the 
arithmetical  square  root. 

Ex.  6.  The  sum  of  the  ages  of  a father  and  his  son  is  100  years ; 
also  one-tenth  of  the  product  of  their  ages,  in  years,  exceeds  the 
father’s  age  by  180.  How  old  are  they? 

Let  the  father  be  * years  old ; then  the  son  will  be  100  - x years 
old.  Hence  by  the  question, 

j\f*  (100  -*)=.*  + 180 ; 

*2  _ 90a; + 1800  = 0, 

that  is  (*-60)  (*-30)  = 0. 

Hence  * = 60,  or  * = 30. 

The  second  value  is  inadmissible,  although  it  is  a positive 
integer,  for  it  would  make  the  son  older  than  his  father. 

Hence  the  father  must  be  60,  and  the  son  40  years  old. 
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EXAMPLES.  LII. 

1.  Find  two  numbers  one  of  which  is  three  times  the  other  and 
whose  product  is  243, 

2.  Find  two  numbers  whose  sum  is  18  and  whose  product  is  77. 

3.  Find  two  numbers  whose  difference  is  20,  and  the  sum  of 
whose  squares  is  650. 

4.  Divide  25  into  two  parts  whose  product  is  156. 

• 5.  Divide  80  into  two  parts  the  sum  of  the  squares  of  which  is 
3208. 

6.  A certain  number  is  subtracted  from  36,  and  the  same  number 
is  also  subtracted  from  30;  and  the  product  of  the  remainders  is  891. 
What  is  the  number  ? 

7.  A rectangular  court  is  ten  yards  longer  than  it  is  broad ; its 
area  is  1131  square  j'ards.  What  is  its  length  and  breadth  ? 

8.  The  product  of  the  sum  and  difference  of  a number  and  its 
reciprocal  is  3| : find  the  number. 

9.  The  number  of  fives  balls  which  can  be  bought  for  a pound 
is  equal  to  the  number  of  shillings  in  the  cost  of  125  of  them.  How 
many  can  be  bought  for  a pound  ? 

10.  The  number  of  eggs  which  can  be  bought  for  one  shilling  is 
equal  to  the  number  of  pence  which  27  eggs  cost.  How  many  eggs 
can  be  bought  for  one  shilling  ? 

11.  A cask  contains  a certain  number  of  gallons  of  water,  and 
another  cask  contains  half  as  many  gallons  of  wine ; six  gallons  are 
drawn  from  each,  and  what  is  drawn  from  the  one  cask  is  put  into 
the  other.  If  the  mixture  in  each  cask  be  now  of  the  same  strength, 
find  the  amount  of  water  and  wine. 

12.  The  cost  of  an  entertainment  was  £4,  which  was  to  have 
been  divided  equally  among  the  party,  but  four  of  them  leave  without 
paying,  and  the  rest  have  each  to  pay  one  shilling  extra  in  conse- 
quence. Of  how  many  persons  did  the  party  consist  ? 

13.  A man  buys  a certain  number  of  articles  for  £1,  and  makes 
£1.  Is.  Od.  by  selling  all  but  two  at  2d.  each  more  than  they  cost. 
How  many  did  he  buy  ? 
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14.  A man  bought  a certain  number  of  railway-shares  for  £1875 ; 
he  sold  all  but  15  of  them  for  £1740,  gaining  £4  per  share  on  their 
cost  price ; how  many  shares  did  he  buy  ? 

15.  A crew  can  row  a certain  course  up  stream  in  8f  minutes, 
and  if  there  were  no  stream  they  could  row  it  in  7 minutes  less  than 
it  takes  them  to  drift  down  the  stream ; how  long  would  they  take 
to  row  down  with  the  stream? 

16.  A boat’s  crew  can  row  8 miles  an  hour  in  still  water.  What 

is  the  speed  of  a river’s  current  if  it  take  them  2 hours  and  40  minutes 
to  row  8 miles  up  and  8 miles  down?  , 

17.  Two  trains  run  without  stopping  over  the  same  36  miles  of 
rail.  One  of  them  travels  15  miles  an  hour  faster  than  the  other, 
and  accomplishes  the  distance  in  12  minutes  less.  Find  the  speed  of 
the  two  trains. 

18.  A person  having  7 miles  to  walk  increases  his  speed  one  mile 
an  hour  after  the  first  mile,  and  is  half  an  hour  less  on  the  road 
than  he  would  have  been  had  he  not  altered  his  rate.  How  long  did 
he  take? 

19.  A and  B together  can  do  a piece  of  work  in  a certain  time. 
If  they  each  did  one-half  of  the  work  separately,  A would  have  to 
work  one  day  less,  and  B two  days  more  than  before.  Find  the  time 
in  which  A and  B together  do  the  work. 

20.  The  price  of  photographs  is  raised  3s.  per  dozen ; and,  in 
consequence,  seven  less  than  before  are  sold  for  a guinea.  What  was 
the  original  price  ? 

21.  What  are  eggs  a dozen  when  two  more  for  a shilling  would 
lower  the  price  a penny  a dozen  ? 

22.  A woman  spends  three  shillings  in  eggs ; if  she  had  bought 
a dozen  less  for  the  same  money,  they  would  have  cost  her  three- 
pence a dozen  more.  How  many  did  she  buy  ? 

23.  The  price  of  one  kind  of  sugar  per  stone  is  Is.  9d.  more  than 
that  of  another  kind,  and  8 lbs.  less  of  the  first  kind  can  be  got  for 
£1  than  of  the  second.  Find  the  price  of  each  per  stone. 

24.  The  number  of  pence  which  a dozen  apples  cost  is  greater 
by  2 than  twice  the  number  of  apples  which  can  be  bought  for  Is. 
How  many  can  be  bought  for  9s.  ? 
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25.  Divide  £1015  among  A,  B and  G so  that  B shall  receive  £5 
less  than  A,  and  C as  many  times  jB’s  share  as  there  are  shillings  in 
^’s  share. 

26.  Dind  two  fractions  whose  sum  is  f , and  whose  difference  is 
equal  to  their  product. 

27.  Two  men  start  at  the  same  time  to  meet  each  other  from 
towns  which  are  25  miles  apart.  One  takes  18  minutes  longer  than 
the  other  to  walk  a mile,  and  they  meet  in  5 hours.  How  fast  does 
each  walk? 

28.  The  men  in  a regiment  can  be  arranged  in  a column  twice 
as  deep  as  it  is  broad.  If  the  number  be  diminished  by  206,  the 
men  can  be  arranged  in  a hollow  square  three  deep,  having  the 
same  number  of  men  in  each  outer  side  of  the  square  as  there  were 
in  the  depth  of  the  column.  How  many  men  were  there  at  first  in 
the  regiment? 

29.  The  area  of  a certain  rectangle  is  equal  to  the  area  of  a 
square  whose  side  is  six  inches  shorter  than  one  of  the  sides  of  the 
rectangle.  If  the  breadth  of  the  rectangle  be  increased  by  one  inch 
and  its  length  diminished  by  two  inches,  its  area  would  be  unaltered. 
Find  the  lengths  of  its  sides. 

30.  The  diagonal  and  the  longer  side  of  a rectangle  are  together 
five  times  the  shorter  side,  and  the  longer  side  exceeds  the  shorter 
by  35  yards.  What  is  the  area  of  the  rectangle? 

31.  If  the  greatest  side  of  a rectangle  be  diminished  by  3 yards 
and  the  less  by  1 yard  its  area  would  be  halved ; and  if  the  greater  be 
increased  by  9 yards  and  the  less  diminished  by  2 yards  its  area 
would  be  unaltered.  Find  the  sides. 

32.  Two  trains  A and  B leave  P for  Q at  the  same  time  as  two 
trains  C and  D leave  Q for  P.  A passes  C 120  miles  from  P,  and  D 
140  miles  from  P.  B passes  G 126  miles  from  Q,  and  D half  way 
between  P and  Q : find  the  distance  fromP  to  Q. 

MISCELLANEOUS  EXAMPLES:  IV. 

A.  1.  Simplify  2a;-[3a;-9?y-{2a;-3y-(a;  + 5?/)}]. 

2.  Multiply  + 256^  + 4c^  + 5ab  - 2ac  + 106c  by  a - 56  + 2c. 

3.  Divide  x®  + (4u6  -b^)  x- (a  - 26)  {a^  + 36®)  by  x - a + 26. 
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4.  Find  the  factors  of  (i)  (2x  + ?/  - z)^  - (as  + 2?/  + 4:z)^, 

(ii)  x^ij--x^-  y^  + l,  and  (hi)  xhj‘^z‘^  - x^z-y^z+1. 


5. 


Simplify  (i) 


x"'  + 4a;2  - 8,t  + 24 
8 - 8a;  + - x'* 


x-1  ^ x-2  x-3 

(x-2)  (x-3)“"  (x-3)(x-l)  (x-1)  (x-2)* 


6.  Solve  the  equations  : 

1 2 3 

(i)  + ^ — . 

X-  a x-o  x-c 

(ii)  4x-  - 25x  - 21  = 0. 

115 

(m)  x + !,  = - + - = 2. 

7.  Shew  that  x^  - 5x  + 7 can  never  be  less  than  f . 

8.  The  difference  of  the  cubes  of  two  consecutive  numbers  is 
919 : find  the  numbers. 


B.  1.  Simplify  (x  + 3)^  - 3 (x  + 2)^  + 3 (x  + 1)®  - x\ 

2.  Shew  that 

(x  - a)^+  {y  - b)‘^  + {a^  + b^-  1)  {x^  + y^  - 1)  = (xa  + 5y-  Vf  + {bx  - ay)"^. 

3.  Divide  x®  - 2a®x^  + a®  by  x'^  - 2ax  + a~. 

4.  Find  the  l.c.m.  of  8x®  + 27,  16x^  + 36x2  ^ g 0^2  _ 5^  _ 0_ 

5.  Simplify 

2 1 x + 3 

x-1  X + 1 x2  + 1 ‘ 

{(a  + b)  (a  + b + c)  + c^}{{a  + bf-c-} 

|(tt  + 5)2  - c®}  (cH- 6 + c) 

6.  Solve  the  equations : 

(i)  (6  - x)  (1  + 2x)  + 3x  (x  + 5)  = (x  + 1)2  -X. 

(ii)  5x2+7x  = 160. 

(hi)  x2  + xy  = 10,  2/2-xy  = 3. 

7.  Shew  that  the  sum  of  the  squares  of  the  roots  of  the  equation 
x2-5x  + 2 = 0 is  21. 
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8.  At  a concert  £60  was  received  for  reserved  seats,  and  the  same 
sum  for  unreserved  seats.  A reserved  seat  cost  3 shillings  more  than 
an  unreserved  seat,  but  360  more  tickets  for  unreserved  than  for 
reserved  seats  were  sold.  How  many  tickets  were  sold  altogether? 


C.  1.  Simplify  12a- 3 2 (a -36) -2a}. 

2.  Multiply  a^  -F  2a^6  - ab^  + 2b^  by  a®  - 2a^b  - a6-  - 26’h 

3.  Divide  24a;^  - lOx^y  - + lOxij^  - Ay^  by  2y^  - xy  - ix^. 

4.  Find  the  factors  of  2x^  + 2x  + 2, 

and  of  4 {ab  - cd)^  - {(P  + 6-  - 


* + 


5.  Simplify 


1 + xy 


and  shew  that 


6-( 


1 _ ’ 

1 + xy 

c-a  a-b  {b-c)(c~a)(a-b) 
b ^ c ^ abc 


6.  Solve  the  equations : 

x~l  x-S  x+2 

w ^ 

(ii)  x + y = 2a,  x^  + y^  = 2a?. 

7.  Find  the  least  value  of  x^  + 6x  + 12,  and  the  greatest  value  of 
6a:-a;2-4. 

8.  A and  B have  eighteen  coins  between  them,  which  are  all 
shillings  or  pennies.  A has  three  times  as  many  shillings  as  pennies, 
and  B has  just  as  many  shillings  as  pennies ; also  A has  9d.  more 
than  B.  How  much  has  each  ? 


D.  1.  Shewthat  (6  + c)2-a2+(c  + a)2-62+(a  + 6)2-c2  = (a  + 6 + c)2. 

2.  Arrange  {1  + xY  + 2 [1-  x + x'^)  according  to  ascending  powers 
of  X. 

3.  Shew  that  the  difference  between  the  squares  of  any  two  con- 
secutive numbers  is  one  more  than  double  the  smaller  number. 

4.  Shew  that  if  - -I- - = 0,  a--\-b^  ^c^  — {a  + b-\-cY. 

abc  ' 
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5,  Find  the  l.c.m.  of 

x^-  5x-  14,  x^  -Ix-  21  and  x^  - 3x^  - 25a;  - 21. 
For  what  value  of  x will  all  three  expressions  vanish? 

6.  Solve  the  equations  : 


a) 


(-5  — — I — — 10. 

x y X y 


(iii) 


a-b' 

x + y — ^,  3.r^- lli/^  — 1. 


7.  If  x-^,  x»  are  the  roots  of  ax‘^->r  hx  + c — Q,  prove  that 

X-,  .To  5^  - 2ttc 

~^  + -= . 

^2  Xi  ac 

8.  Out  of  a cask  containing  60  gallons  of  alcohol  a certain 
quantity  is  drawn  off  and  replaced  by  water.  Of  the  mixture  a 
second  quantity,  14  gallons  more  than  the  first,  is  drawn  off  and 
replaced  by  water.  The  cask  then  contains  as  much  water  as  alcohol. 
How  much  was  drawn  off  the  first  time? 


when  x — Ii 


E.  1.  Find  the  numerical  value  of 

X I 2t  - 3 3.T  - 1 ) , X -1 

2.  Shew  that  (a  + b)^-(a^-b^p=:4ab(a  + b)^,  and  that 
2 (a  - 6)  (a  - c)  + 2 (5  - c)  (5  - a)  + 2 (c  - a)  (c  — b) 

= (5-c)=^  + (c-a)2  + (a-5)2. 

3.  Divide  (a  + 25  - 3c  + df  - (2a  + 5 + 3c  - <Z)2  by  a + 5. 

4.  Find  the  l.  c.  m.  of  6x^  - Sax  - and  4t®  - 2ax^  - 9a^. 


Simplify  ^ 2 + , 

Vi-  'll  I y^-x^  -y" 


x^  + xy 


X y 

Solve  the  equations  : 
x + a x + b _ 
x-b  x-a 

(t  - 1)  (t  - 2)  + (t  - 2)  (T  - 3)  + (t  - 3)  (t  - 1)  =:  11. 


(i) 

(ii) 

(iii) 


:2. 


1 21 

* + - = iTV: : 
y 10 


17 
.T  3 ' 


7.  For  what  values  of  x are  - + - and  - + - equal  to  one  an- 
a X a c 


other  ? 
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8.  A tricyclist  rode  180  miles  at  a uniform  rate.  If  he  had  ridden 
3 miles  an  hour  slower  than  he  did,  it  would  have  taken  him  3 hours 
longer.  How  many  miles  an  hour  did  he  ride  ? 


F.  1.  Add  together  - ia-b  + 2ab-,  3aPb  - + 26^, 

3a62_463  + 2a3  and  Sb^ -4:a^  + 2a-b. 

2.  Shew  that  {a‘^  + b^  + c-)(x"  + y‘^  + z-)~  (ax  + by + cz)'^ 

— {ay  - bx)^+(bz  - cy)^+{cx  - az)^. 

3.  Divide  2 + llx  + + x^-x‘^  by  x^  + 3x  + 2. 

4.  Find  the  h.c.f.  of  - 2a;  + 2 and  x*  - 3x'^  + 2x^  + x -1. 

What  value  of  x will  make  both  expressions  vanish? 


c a-  /-X  2 1 3 

5.  Simplify  (l)  ^ + -;5 — ^ ■■ , ^ + 


(ii) 


X (x  - 2)  X--  5x  + 6 .X  (3  - x)  ' 

1 


1- 


1 - .X 


6.  Solve  the  equations : 


x + 3 6-.X  7 


(ii) 

(iii) 


-'g  + 'Z 
a + b 

X + 1 
X - 1 


^ — f~2,  ax  + by  — a-  + b'^. 

X + 2 ^ ^ X + 3 
x-2~“x-3  ■ 


7.  Find  the  difference  of  the  squares  of  the  roots  of  the  equation 

x2-7x  + 9 = 0. 

8.  What  number  exceeds  its  square  root  by  156? 


MISCELLANEOUS  EQUATIONS. 

1.  {X-I)  (x-4)  + (x-3)(x-5)  = 2(x-3)2. 

2.  4(x-2)-i(x-4)  + i(x-5)  = 0. 

3 J: 

x-3  x-5  X— 2 x-4' 

4.  15x  + 17j/  = 79,  17x  + 15i/  = 81. 
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5.  A man  drives  to  a certain  place  at  the  rate  of  8 miles  an 
hour.  Eeturning  by  a road  3 miles  longer  at  the  rate  of  9 miles  an 
hour,  he  takes  minutes  longer  than  in  going.  How  long  is  each 
road? 


7.  3(x+l)(j;-3)  + (a;  + 7)  (3x- 13)  = (2x- 5)  (3j:-3). 

2x  + 9 3a:  - 2 _ 5a:  + 14 

“•  x + 2 ■'"xTir"  aT+4^' 


10.  A pound  of  tea  and  5 pounds  of  sugar  cost  3a.  9d.,  but  if  the 
tea  were  to  rise  20  per  cent,  and  the  sugar  25  per  cent,  in  price,  they 
would  cost  4s.  7d.  What  was  the  price  of  the  tea? 


11.  ^6a:  + 3)  + xV  (7a:  + 6)  + xV  (9^'  + 4" 


12. 


13. 


X X _a  b 
a b b a' 
a:  + 3 a:-6_a:  + 4 x-5 

a:  + l^a:-4  a:  + 2*^a:-3‘ 


14.  x + y — 2,  {a+b)  x + {b  - a)  y — 2b. 


» 15.  A poultry  keeper  obtained  100  eggs  more  in  May  than  in 
April,  and  the  daily  average  in  May  was  3 more  than  in  April.  How 
many  did  he  have  in  May  ? 


16.  3a:  - 3 [4a:  - 2 (2a:  - 5)]  = 9 - 2 [3a:  - 5 (a:  - 5)]. 

X y X y 
18.  15a:2  + 34a: + 15  = 0. 


17. 


:3. 


19. 


■a:  + 2 
a:  - 4 


a:  — 3 
X - 5 


1. 


20.  A father’s  age  is  three  times  that  of  his  youngest  son,  and  in 
7 years  he  will  be  twice  as  old  as  his  oldest  son  ; also  the  oldest  son  is 
5 years  older  than  the  youngest.  What  are  their  present  ages  ? 
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21.  4(a;  + l)  {x  + 3)  = \ (a:  + 5)(a3  + 2)  + ^(a;-l)(a;-4). 

22.  {b  + c)  (a;  - fl)  - (c  + a)  [x  — b)  — {a  + b)  {x  - c). 

23.  nx-19y  = 4:,  27«-29?/  = 24. 

2a;-3  3a:  + 8 _ 

2^-  7^3 

25.  Two  passengers,  who  have  altogether  360  lbs.  of  luggage,  are 
charged  3s.  4d.  for  excess  above  the  weight  allowed  free ; if  one 
passenger  had  taken  the  same  weight  of  luggage  he  would  have  been 
charged  5s.  5d.  What  weight  is  allowed  free  ? 


26. 

27. 

28. 


29. 


3a;  — 1 5a3  + l_9a;  + l 1-x 

5 ■^■“6“  “ ~8 


x + y 


= 2x-y-2, 


2 


[a  + b)  x + {a- h)y  = a^  - 5", 

{a-b)x  + {a  + b)y  = a^  + b^. 

-l-  + -^  = 3. 

3-x  8-a: 

30.  A father’s  age  is  equal  to  the  united  ages  of  his  five  children, 
and  five  years  ago  his  age  was  double  their  united  ages.  How  old  is 
the  father  ? 


2a;  a; + 3 3a; + 19 

a;-l  a?  + l a;  + 5‘ 

32.  i(a;-2)  = |(l-?/),  26a;  + 3y  + 4 = 0. 

33  L^7_J_ 

.T^-l  1-X  8 a;  + l 

34.  ^Jx  + Jox  + l = 2. 


35.  Two  cyclists  started  at  the  same  time,  and  one  rode  from  B 
to  A and  the  other  from  A to  B along  the  same  road.  They  reached 
their  destinations  3 hours  and  1 hour  20  minutes  respectively  after 
they  passed  each  other.  When  did  they  meet  ? 


OR  + ® , 9 1 + lOa; 

+ l + 5a;  ' 
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37.  Sy^l  = 5y-l+9  = 4y-l 

qo  4.T-7  2x  + l_ 

38-  3o;-4+  o;-7  “ 


39.  + + 

40.  A certain  sum  of  money  was  divided  between  A,  B and  C.  A 
had  one-ninth  of  the  shares  of  B and  G together,  B had  one-third  of 
the  shares  of  C and  A together,  and  C had  6 shillings  more  than  A 
and  B together.  How  much  had  each  ? 


41. 


42. 


.T  -t-  3 x-2 

X - 3 X -4: 


43.  x + 2=^J{4  + xJS-x). 

44.  3x-2y  = l2,  9a;2-4?/2=576. 

45.  A man  about  to  invest  in  the  2f  per  cents,  observed  that,  if 
the  price  of  the  stock  had  been  7^  less,  he  would  have  got  | per  cent, 
more  interest  for  his  money.  What  was  the  price  of  the  stock  ? 


4x2  4^2  + 8x  -f  1 _ 2.x2  -f  2a;  -f  1 

2x2  4-  2x  -t-  3 X -f  1 

i (6*  + 6)  - i (Hi,  - 5)  = 11,  1 (55J,  - 12)  = ^ - 37. 

X X - 1 

/- 2 

49.  s/x+  sJx  + 4:  = ~ . 

s/x 

50.  A fast  train  left  Cambridge  for  London  at  the  same  time  as  a 
slow  train  left  London  for  Cambridge.  They  arrived  at  their  destina- 
tions three-quarters  of  an  hour  and  one  hour  and  twenty  minutes 
respectively  after  they  passed  one  another.  Find  how  long  each  took 
for  the  journey. 


46. 

47. 

48. 
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51. 


x-l  3 / 1 1\ 

x-1  5 \x-l  S) 


23 

10  (x-1)' 


52.  5a;  + 2jr- l = 3a;-y  + 14  = a:  + 19?/  + 6. 

53.  N/{^'-«')=2-^(a;2_a2y 

54.  3o;2  - 2a:?/ + = 36,  4a;^-?/2  = 7. 

55.  Find  three  consecutive  integers  such  that  the  sum  of  the 
cubes  of  the  greatest  and  least  exceeds  twice  the  cube  of  the  middle 
number  by  42. 


-- 12 

x-^  3 2a;- 1 9i-a: 

56.  -r 

a;-3  ,a;-2  2 3 

2 3 ~a;-3'^^^* 

58.  ax-hy  = aP‘  -2ab,  hx  + ay  = 2ab  + d^-lr. 

59.  x^  + xy  = a:^  + a;“i/^  + y = 243. 

60.  A.  man  bought  a certain  number  of  articles,  of  which  he  sold 
half  at  5 per  cent,  profit,  one-third  at  10  per  cent,  profit,  and  the  rest 
at  2s.  3d.  each.  His  total  profit  was  at  the  rate  of  1|  per  cent.  What 
was  the  cost  of  each  article  ? 


61.  (a  + ft)  (a;-t-a  - &)  -f  {a  - h){x  - a - b) + 2a  (x  - 2c)  — 0. 

3a: -2  _ 2a;  - 3 _ 2 
2a:  - 5 3^2  ~ 3 ' 

63.  2a;2-3y(a;2  + 2a;  + 14)-f4a;-49  = 0, 

64.  2a:--|- 3a:y  = 8,  y^  -2xy  = 20. 

65.  A.  man  bought  a certain  number  of  sheep  for  £58.  Having 
lost  five  of  them,  he  sold  one  quarter  of  the  remainder  for  12  guineas 
making  a profit  of  5 per  cent,  on  the  sale  of  these.  How  many  did  he 
buy? 


5x  - 1 1 - 25x‘^  1 -I-  5x ' 

67.  (a  + b)  x + by  — ax  + (a  + b)y  = a^  + /A 
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68.  = + 

69.  x^  + y^  = xy  + 1,  x^ -y^  — xy  -1. 

70.  A number  of  articles  were  bought  for  £5,  and  sold  again  at 
an  advance  of  6d.  in  the  price  of  each  ; and  at  the  advanced  price  £5 
was  received  for  the  sale  of  all  but  10  of  the  articles.  How  many  were 
there  ? 


71.  i (3a:  + 1)  - i (2.r  - 3)  = {6x  - 1)  - i (7a:  - 3). 

„ X c c a 

72.  = • 

c X a c 

73.  V(^  + l)  + x/^=V(Ga:  + l). 

74.  x“^  - xy + ^y  = ll,  y"^  - xy  - %x  + l = Q. 

75.  The  value  of  150  coins  consisting  of  half-crowns,  shillings  and 
sixpences  amounts  to  £10. 16s.  If  there  were  twice  as  many  sixpences, 
half  as  many  half-crowns,  and  three  times  as  many  shillings,  the 
total  value  of  the  coins  would  be  £15. 11s.  How  many  coins  are  there 
of  each  kind  ? 


3a: -fl  1 - 5.r  _ a: -1- 1 2 - 9a: 

76.  - g ^ - -3  ^ . 

g:  + l a:^  + 1^29 
x'^  + 1^  x + l 10' 

78.  [x- a)  [y -h)  = ah,  hx  — ay. 

79.  x^  = 2y  + 2I,  1/2  = 2a: -t- 24. 

80.  1120  square  feet  of  paper  will  just  cover  the  four  walls  of  a 
room  which  is  8 feet  longer  than  it  is  wide;  but,  if  the  room  were 
4 feet  higher,  the  same  quantity  of  paper  would  just  cover  the  two 
smaller  and  one  of  the  larger  walls.  What  are  the  dimensions  of  the 
room  ? 


81.  ' ^-2)-^+ 5^=0. 


82.  {a-  x)'^+  (b  - x)^  = (a  + b - 2x)^. 

83.  (o:-5)2-f  (^- 6)2^2  (xi/- 40),  x = y + l. 
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84.  ixy  = 96-x^y‘^,  x + y = Q. 

85.  A merchant  gained  as  many  sovereigns  on  the  sale  of  a 
certain  quantity  of  coal  as  there  were  shillings  in  the  cost  price  of  a 
ton,  or  pence  in  the  retail  price  of  a cwt.  How  many  tons  did  he  sell? 


2x-3  _ 2x-i  _ 2x^&  _ 2a; -7 
2^4  2x-5~  2aT^7  ~2x-8' 

87.  2x(a-6-2a;)  + ((i-l)  (6-l)  = 0. 

88.  + 1) + v/2lT^) = Jlx + 6. 

89.  xy{x  + y)  — S0,  a;®+y*=-91. 

90.  A rectangular  enclosure  is  half  an  acre  in  area,  and  its 
perimeter  is  198  yards.  Find  the  length  of  its  sides. 


a;  + 3 3a;  + 7 2a; + 1 

2a;+l”*'2a;-2~  a;-2 

92.  a; +■  2y  + 32  = 4,  x + 3y  + 2 = Iz,  x + 2z  + 3 = Ay. 

93.  ^{a-oc)  + i^{x-h)=;^[a-b). 

94.  (a;-3)^  + (j/-3)^  = 34,  xy  - 3 (a;  + y)  = 6. 

95.  Two  trains  start  at  the  same  instant,  the  one  from  B to  A, 
the  other  from  A to  B,  the  distance  between  A and  B being  100  miles. 
The  trains  meet  in  1 hour  15  minutes,  and  one  train  gets  to  its  desti- 
nation 1 hour  20  minutes  before  the  other.  Find  the  rates  of  the 
trains. 

90  = (2a  + b)x-(a  + 26)  y ^ 

3 7 

97.  13x2  + 12  = 80x. 

98.  (a;  + l)(x  + 2)(x  + 4)(x-l-5)  = 4. 

99.  x^y  + l)+y^(x+l)  = 109,xy  = 12. 

100.  A starts  to  walk  from  P to  Q at  10  a.m.,  B starts  from  Q to 
walk  to  P at  10.24  a.m.  They  meet  6 miles  from  Q.  B stops  1 hour 
at  P and  A stops  2 hrs.  54  min.  at  Q,  and  returning  they  meet 
midway  between  P and  Q at  6.54  p.m.  Find  the  distance  from  Pto  Q. 


S.  ALG. 
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CHAPTER  XVIII. 


POWEES  AND  ROOTS.  SQUARE  ROOT. 

162.  The  process  by  which  the  powers  of  quantities  are 
obtained  is  often  called  involution;  and  the  reverse  process, 
namely  that  by  which  the  roots  of  quantities  are  obtained, 
is  called  evolution. 

We  shall  in  the  present  chapter  consider  some  cases  of 
involution,  and  of  evolution. 

163.  When  in  and  n are  any  positive  integers,  we  have 
by  definition 

d^  — aaaa...  to  m factors, 
and  a”  = aaaa.. . to  n factors  ; 

.’.  cd"  X a^  = [aaaa...  to  ni  factors)  x (ciaaa...  to  n factors) 
= aaaa...  to  in  + n factors 

= by  definition. 

Plence  Avhen  m and  n are  any  positive  integers, 

a™  X a”  = 

Thus  the  index  of  the  product  of  any  two  powers  of  the  same 
quantity  is  the  sum  of  the  indices  of  the  factors.  This  result 
is  called  the  Index  Law. 

From  the  Index  Law  we  have 
a™  X rt”  X x 

and  so  on,  however  many  factors  there  may  be. 

Hence  a^  xa^  ^a^ = 

Thus,  the  index  of  the  product  of  any  number  of  powers 
of  the  same  quantity  is  the  sum  of  the  indices  of  the  factors. 


POWERS. 


211 


164.  We  have 

^ „ a X a X a y.  a .. . to  m factors 

— . 

a X a X a X a ...  to  n factors 

Now,  if  m is  greater  than  w,  the  7i  factors  of  the  deno- 
minator can  be  cancelled  with  n of  the  factors  of  the 
numerator : we  then  have  m — n factors  left  in  the 
numerator. 

Thus,  when  m is  greater  than  n. 

If  however  n is  greater  than  m,  the  m factors  of  the 
numerator  can  be  cancelled  with  m of  the  factors  of  the 
denominator  : we  then  have  n — m factors  left  in  the  deno- 
minator. 

Thus,  when  m is  less  than 


165.  To  find  {a'^Y  when  m and  7i  are  positive  integers. 
By  definition 

{a^Y  = X a™  X a’"  X ...  to  n factors 

= , by  Art.  163. 

= 

Hence  (a”')”  = 

Thus,  to  raise  any  power  of  a quantity  to  a7iy  other 
power,  its  original  index  must  he  multiplied  hy  the  index 
of  the  power  to  which  it  is  to  he  raised. 


166.  To  find  {ahY- 

(phY'  — ah  X ah  X ah to  m factors, 

= {aaa...  to  m factors)  x (hhh...  to  7n 


= X 6” 


Hence 


by  definition, 
factors) 

[Art.  39. 
by  definition. 


{ahY  = 


14—2 
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Similarly 

{ahcY''  = abc  x abc  x ...  to  w factors, 

= (aaa...  to  m factors)  x {bbb...  to  m factors) 
X (ccc ...  to  m factors) 

= a"'  X X 

Hence  {abcY^  ~ 

and  so  on,  however  many  factors  there  may  be  in  the  ex- 
pression whose  With  power  is  required. 

Thus,  the  \\\th  power  of  a prodxict  is  the  product  of  the 
mth  jwwers  of  its  factors. 


167.  The  most  general  monomial  expression  is  of  the 
form  oFb'^c^.... 

To  find  («W...)”t 

{cf-by&. . .)"‘  = {cfY  {cf-  ■ ■ [Art.  166.] 
= a^"'by">c^"^...  [Art.  165.] 

Thus  any  power  of  a monomial  expression  is  obtained  by 
taking  each  of  its  factors  to  a power  whose  index  is  the  product 
of  its  original  index  and  the  index  of  the  power  to  which  the 
whole  expression  is  to  be  raised. 

168.  The  following  is  an  important  case. 


To  find 


a a a 

y X -j  X Y tom  factors, 

bbb 


a X a X a ...  to  m factors 
b X b X b ...to  m factors 


by  definition, 
[Art.  134.] 


a™- 
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169.  It  should  be  noticed  that  all  powers  of  a positive 
quantity  are  positive,  and  that  successive  powers  of  a 
negative  quantity  are  alternately  positive  and  negative. 
This  follows  at  once  from  the  Law  of  Signs ; for  we  have 

(-  ay  = (-  a)  (-  a)  = + ; 

(—  ay  = (—  ay  (—«)  = (+  (-  a)  = — ; 

(-  a)*  = (-  ay  (-  a)  = (-  (-  «)  - + a*  ■, 

and  so  on. 

Thus  (— and  = — 

From  the  above  it  is  clear  that  all  even  powers,  whether 
of  positive  or  of  negative  quantities,  are  positive;  and  that 
all  odd  powers  of  any  quantity  have  the  same  sign  as  the 
original  quantity. 

170.  We  have  already  proved  the  following  cases  of 
the  involution  of  binomial  expressions. 

(a  + by  = + 2ah  + 

and  (a  + by  = a®  + Za%  + 2>ab"  + 

If  we  multiply  again  by  a + b,  we  shall  have 
{a  + by  = «“*  + + Qa%-  + + J/. 

By  multiplying  the  last  result  by  « + 6 we  should  obtain 
{a  + by,  and  by  continuing  the  process  we  could  obtain  any 
required  power  of  a + 6 ; but  to  find  in  this  way  any  high 
power,  for  instance  to  find  {a  + b)-^,  would  cleaily  be  very 
laborious. 

We  shall  in  a subsequent  chapter  prove  a theorem, 
called  the  Binomial  Theorem,  which  will  enable  us  to  write 
down  at  once  any  power  of  a binomial  expression. 
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Since  the  above  formulae  are  true  for  all  values  of  a 
and  6,  we  can  write  down  the  squares  and  the  cubes  of  any 
binomial  expressions. 

Thus  (a4  - h^f  = (ah'  + 2 (a^)  + 

= a8  -2a*b*  +b», 

and  (5a2  - 3ft2)3=  (5^2)3  + 3 (5^2)2  ( 3^,2^ 

+ 3 (5a2)(- 362)2  + (_  3^2)3 

= 125a<5  - 225a«62  + - 21b^. 

Also  (a  + 6 + c)2=  {a  + (6 + c)}2 

= a^  + 3a^.{b  + c)  + 3a  (6  + c)2  + (6  + c)"'. 

171.  An  important  case  of  involution  is  considered  in 
Art.  56,  where  the  square  of  a multinomial  expression  is 
obtained. 


EXAMPLES.  LIII. 


Write  down  the  value  of  each  of  the  following  : 


1. 

(a3)5. 

2. 

(a^r. 

3. 

(-a2)3. 

4. 

(-a3)2. 

5. 

(-2ah^. 

6. 

(-3ah^ 

7. 

( - ab^y. 

8. 

(a^b*f. 

9. 

( - a¥y. 

10. 

( - 3a765c)3. 

11. 

( - a62c5)h 

12. 

( - 5a263ch'h 

13. 

(p)- 

14. 

15. 

V bhy  • 

16. 

(2a^  + 363)2. 

17. 

{(P  - 26h'^. 

18. 

( - ax*  + 62/3)2. 

19. 

( - a2  + 2a6)2. 

20. 

(a2  + 62)3. 

21. 

(a3  + 63)3. 

22. 

(2a2  - 362)3. 

23. 

(3a2  - 262)3 

24. 

(a2  + 62  + c2)2. 

25. 

(a3-  263  + 3c3)2. 

26. 

(a2_42,2_3c2)2_  27. 

(a;2-3a;-6)2. 

28. 

(3a;2  -X-  5)2. 

29. 

(2.t;2  + 5ic  - 

1)-^.  30. 

(3.r2-6a;-6)2. 

31. 

(l  + « + a:2  + x3)2. 

32. 

(a;3-a;2  + 

a: -1)2. 

33. 

(a;3  + .'i;2  - 2x  - 2)- 

34. 

(a  + 26  + 

3c  + 4d)2. 

35. 

(2a-  6 + c-  2d)2. 

36. 

{X-+X  + 

1)3. 

37. 

(a;2  -x  + 2)3, 

38. 

(3.T2-5.T 

+ 1)3. 
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172.  We  shall  now  consider  some  cases  of  evolution- 

We  know  that  there  are  two  square  roots  of  a^,  namely 

we  also  know  [Art.  155]  that  there  are  three  cube 
roots  of  of  which  a is  one,  and  the  other  two  are 
imaginary. 

There  is  therefore  an  important  difference  between 
powers  and  roots ; for  there  is  only  one  ■Jith  'power.,  but 
there  is  more  than  one  nth  root,  of  a given  expression. 

173.  An  expression  which  when  raised  to  the  wth 
power,  where  n is  any  positive  integer,  becomes  equal  to 
a given  expression,  is  called  an  ?zth  root  of  the  given  ex- 
pression. 

We  have  shewn  in  Art,  16G  that  the  ?>ith  power  of  a 
product  is  the  product  of  the  mth  powers  of  its  factors; 
hence,  conversely,  the  mth  root  of  a product  is  the  product 
of  the  mth  roots  of  its  factors*. 

Thus  sjabc  Jb  Jc, 

and  ^ab  = 

Again,  we  have  shewn  in  Art.  167  that  the  9ith  power 
of  a monomial  expression  is  obtained  by  multipl'ying  the 
index  of  each  of  its  factors  by  hi. 

It  follows  conversely  that  if  we  divide  the  index  of  each 
factor  of  a given  expression  by  n we  shall  obtain  an  nth 
root  of  the  expression.  For  by  raising  to  the  ?^th  power 

* It  should  be  noticed  that  the  proof,  in  Art.  39,  that  the  factors 
of  a product  may  be  taken  in  any  order,  only  holds  good  when  those 
factors  represent  integral  or  fractional  numbers,  and  does  not  enable 
us  to  assert  that  x Jh  = sJh  x Ja,  when  Ja  or  Jh  is  really  a surd. 
For  a proof  that  surds  obey  the  Fundamental  Laws  of  Algebra  see 
Treatise  on  Algebra,  Art.  162. 
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the  result  obtained  by  such  division  of  tlie  indices,  we  must 
clearly  get  the  original  expression. 

Thus  one  value  of  is  a\  one  value  of  is 

and  one  value  of  is  a'Ph'i. 

When  the  square  root  of  an  expression  which  is  not  a 
perfect  square,  or  tlie  cube  root  of  an  expression  wliich  is 
not  a perfect  cube,  is  required,  the  operation  cannot  be 
performed.  We  can,  for  example,  only  widte  the  square 
root  of  a as  Ja,  and  the  cube  root  of  as  ^/a^,  and 
similaidy  in  other  cases. 

SQUARE  ROOT. 

174.  We  now  proceed  to  consider  the  square  root  of 
multinomial  expi’essions. 

In  Art.  96  we  have  shewn  how  to  write  down  the  square 
root  of  any  trinomial  expression  which  is  a complete 
square. 

Having  arranged  the  expression  according  to  ascending 
or  descending  powers  of  some  letter,  the  square  root  of  the 
whole  expression  is  then  found  by  taking  the  square  roots 
of  the  extreme  terms  with  the  same  or  with  different  signs 
according  as  the  sign  of  the  middle  term  is  positive  or 
negative. 

Thus,  to  find  the  square  root  of 

The  square  roots  of  the  extreme  terms  are 
=t  2a‘‘  and  ± 36^. 

Hence,  the  middle  term  being  negative,  the  required  square 
root  is  ±(2a^— 36®), 
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Note.  In  future  only  one  of  the  square  roots  of  an  ex- 
pression will  be  given,  namely  that  one  for  which  the  sign 
of  the  first  term  is  positive  : to  find  the  other  root  all  the 
signs  must  be  changed. 

As  other  examples 

^(49a^o  + 28a5  + 4)  = -I-  2, 

^/(l  + 5xy^  + = 1 + 

and  J{a^  + 2a  (&  + c)  + (ft  + c)-}  =a  + h + c. 

175.  When  an  expression  which  contains  only  two 
different  powers  of  a particular  letter  is  arranged  according 
to  ascending  or  descending  powers  of  that  letter,  it  will  only 
contain  three  terms.  For  example,  the  expression 

or  + Jr  -t-  c-  + 26c  + 2c.a  + 2«6, 

which  contains  no  other  power  of  a but  and  a,  when 
arranged  according  to  powers  of  a,  is 

ft"  + 2«  (6  + c)  + (6-  + c"  + 26c). 

Thus  any  expression  which  only  contains  two  different 
powers  of  a particular  letter  can  be  written  as  a trinomial 
expression ; and  since  we  can  write  down  the  square  root  of 
any  trinomial  expression  whicli  is  a complete  square,  it 
follows  that  the  square  root  of  any  expression  which  is  a 
complete  square  can  be  written  down  by  inspection,  pro- 
vided that  the  expression  only  contains  two  different  powers 
of  some  particular  letter. 

For  example,  to  find  the  square  root  of 
a‘^  + lr  + + 26c  -t-  2ac  + 2ab. 

Arranging  the  expression  according  to  descending  powers  of  a, 
we  have  a^  + 2a{b  + c)  + {b^  + 2bc  + c^), 
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that  is,  a‘^-\-2a{b  + c)  + {b  + c)^, 

which  is  {a  + (6  + c)}^ 

Thus  + c-  + 2bc  + 2ca  + 2ab)  = (a  + ?>  + c). 

Also,  to  find  the  square  root  of 

X*  + 4y‘^  + + 4iX‘^y^  — 6x^z“^  - 12y^z^. 

Arrange  the  expression  according  to  descending  powers  of  x ; we 
then  have 

+ 2.r2  (2?/2  - 3z2)  + iy^  + 9z*  - 12yh^, 
that  is,  X*  + 2a;2  (2y^  - 3^2)  + (2y^  - 3z^)^, 

which  is  {x^  + {2y^  - 3z^)}‘^. 

Thus  ^J{x*  + 4:ij^  + + 4a;2^2  _ - 12y-z^)  — {x-  + 2^2  _ 3^2^^ 

Again,  to  find  the  square  root  of 

fl2  + 2abx  + (62  4-  2ac)  + 2bcx^  + c^x^. 

Arrange  the  expression  according  to  powers  of  a ; we  then  have 
fl.2  + 2a  {bx  + ca;2)  + b^x^  + 2bcx^  + c2a;'*, 
that  is,  a2  + 2a  {bx  + cx^)  + {bx  + cx^)^, 

which  is  {a  + (6a;  + ca:2)}2. 

Hence  the  required  square  root  is  (a  + 6a;  + ca;2). 

And  to  find  the  square  root  of 

x*>  - 2x^  + Sx*  + 2a;2  (?/  - 1)  + a;2  (1  - 2y)  + 2xy  + y'-. 

The  expression  only  contains  and  y ; we  therefore  arrange  it 
according  to  powers  of  y ; we  then  have 

2/2  + 2y  {x^  - x"  + x)  + x'^  - 2x^  + 3a;'*  — 2a;2  + a;2. 

Now  if  the  expression  is  a complete  square  at  all,  the  last  of 
the  three  terms  must  be  the  square  of  half  the  coefficient  of  y ; 
and  it  is  easy  to  verify  that 

a;®  - 2a:®  + 3a:*  - 2a;2  + a;2  is  (a:®  - a;2 + a;)2. 

Thus  the  given  expression  is 

2/2  + 2y  (a;2  - a;2  + a:)  + (a;®  - x^  +x)-. 

The  required  square  root  is  therefore 

2/  + a;2  - x2  + X. 
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From  the  above  it  will  be  seen  that  however  many 
terms  there  may  be  in  an  expression  which  is  a perfect 
square,  the  square  root  can  be  written  down  inspection, 
provided  only  that  the  expression  contains  only  two  different 
powers  of  some  particular  letter. 


EXAMPLES.  LIV. 


Write  down  the  square  roots  of  the  following  expressions. 


1. 

9.r2  - 30a;?/ + 25^2, 

2. 

25a;*  - ^Oxhf  + 9?/*. 

3. 

4x*  - 12a;2^2  ^ 9^^4_ 

4. 

4a;*®  - 12xff  + 9?/®. 

5. 

- 6a;*y*  + %y^. 

6. 

9a;*2  - 6a;®?/®  + ?/®. 

7. 

8. 

9. 

25a;®?/®  - 40a26®a;*^2  + 16a*6®. 

10. 

+ 8xff  + 16a2y®. 
a* 

11. 

9‘5'-24^-¥+16‘®. 

12. 

9 

-.-42  „ + 49a*o. 

X®  X® 

13.  «^  + 462  + 9c2  + 12foc  + 6ca  + 4aZ^. 

14.  4a2  + Z>2  + 9c2  + 66c-12ca-4ai. 

15.  4a^  + + - 26  V - 4cV  + 4aV. 

16.  25a4  + 96“*  + 4c*  - 126%2  + 20c2fl2  _ 30a262. 


176.  In  order  to  shew  how  to  find  the  square  root  of 
any  algebraical  expression,  we  will  take  an  expression 
and  form  its  square,  and  then  shew  how  to  reverse  the 


process. 

Consider,  for  example, 

x"-\r2xy  + ^y- (i), 

whose  square  is 

x'^  + ix^y  + \0xff  + I'ixy^  + (ii). 


both  expressions  being  arranged  according  to  descending 
powers  of  x. 

We  may  write  the  square  of  x~  + 2xy  + ?>y^  in  eitlier  of 
the  following  forms  : 
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\x~  + {‘ixy  + 3?/^)}“  = x}  + 2^15“  (2a;?/  + 3?/')  + (2a:?/  + 3?/-)“. . .(iii), 
{(a;^  + 2a;?/)  + 3?/^}^  = {x?  + 2a:,y)^  + 2 (a;^  + 2a:y)  3?/^  + (3v/^)^.  • •(i''^)- 

Now  it  is  clear  that  the  first  term  of  (ii)  is  the  square 
of  the  first  term  of  (i).  Hence  the  first  term  of  the  root 
of  (ii)  is  found  by  taking  the  square  root  of  its  first  term. 

Again,  we  see  from  (iii)  that  when  we  have  subtracted 
a:^  (tlie  square  of  the  first  term  of  the  root)  the  term  in 
the  remainder  whicli  contains  tlie  highest  power  of  x is 
2a;®  X 2a?y,  which  is  twice  the  product  of  the  first  and  second 
terms  of  the  root. 

Hence,  after  subtracting  from  (ii)  the  square  of  the  first 
term  of  the  root,  the  second  term  is  obtained  by  dividing 
the  first  term  of  the  remainder  hy  t wice  the  first  term  of 
the  root. 

Again,  we  see  from  (iv)  that  wlien  we  have  subtracted 
{x~  + ^xyf,  that  is  the  square  of  the  part  of  the  root  already 
found,  the  term  in  the  remainder  which  contains  the  highest 
power  of  X is  2a;®  x 3?/®,  which  is  twice  the  product  of  the 
first  and  third  terms  of  the  root. 

Hence,  after  subtracting  from  (ii)  the  squai’e  of  that 
part  of  the  root  already  found,  the  next  term  of  the  root 
is  obtained  by  dividing  the  first  term  of  the  remainder  hy 
twice  the  first  term  of  the  root. 

If  we  now  subtract  the  square  of  x^  + ‘Ixy  + 3?/®  from 
the  given  expression  there  will  be  no  remainder ; and 
hence  x~  + 2xy  + 3y®  is  the  required  root. 

We  will  now  consider  the  most  general  case. 

Suppose  we  have  to  find  the  square  root  of  {A  + Bf, 
where  A stands  for  any  number  of  terms  of  the  root,  and 
B for  the  rest;  the  terms  in  A and  B being  arranged 
according  to  descending  {or  ascending)  powers  of  some  letter, 


SQUARE  ROOT.  221 

so  that  every  term  in  A is  of  higher  (or  lower)  dimensions 
titan  any  term  in  B. 

Also  suppose  that  the  terms  in  A are  known,  and  that 
we  have  to  find  the  terms  in  B. 

Subtracting  from  [A+Bf,  we  have  the  remainder 
(2A  + B)  B. 

Now  from  the  mode  of  arrangement  it  follows  that  the 
term  of  the  highest  (or  lowest)  degree  in  the  remainder  is 
twice  the  product  of  the  first  term  in  A and  the  first  term 
in  B. 

Hence,  to  obtain  the  -next  term  of  the  required  root, 
that  is,  to  obtain  the  highest  (or  lowest)  term  of  B,  we 
subtract  from  the  whole  expression  the  square  of  that  part  of 
the  root  lohich  is  already  found,  and  divide  the  first  term 
of  the  remainder  by  twice  the  first  term  of  the  root. 

The  first  term  of  the  root  is  clearly  the  square  root  of 
the  first  term  of  the  given  expression  ; and  when  Ave  have 
found  the  first  term  of  the  root  we  can  find  each  of  the 
other  terms  in  succession  by  the  above  process. 

For  example,  to  find  the  square  root  of 

xi  q.  4-x'iy  + + 12xy^  + 9?/'*. 

X*  + + lOxhfi  + l^xif  + 9(/^  (x^  + ‘ixy  + Sy'^ 

(x“)^=x* 

+ 2xy)“  = + 4x^y  + 4x^2/" 

(x^  + 2xy  + By‘^)^=x*  + 4x®?/  + lOxh/^  + 12xy'^  + 9//'*. 

The  given  expression  must  first  be  arranged  according  to 
ascending  or  descending  powers  of  some  letter. 

We  then  take  the  square  root  of  the  first  term  of  the  given 
expression ; we  thus  obtain  x^,  the  first  term  of  the  required  root. 

Now  subtract  the  square  of  from  the  given  expression,  and 
divide  the  first  term  of  the  remainder  by  2x®:  Ave  thus  obtain 
2xy,  the  second  term  of  the  root. 
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Now  subtract  the  square  of  x’  + 2xy,  which  is 

X*  + ix^y  + 4x^y^, 

from  the  given  expression,  and  divide  the  first  term  of  the 
remainder,  namely  by  2x‘^':  we  thus  obtain  Sy^,  the  third 

term  of  the  root. 

Subtract  the  square  of  x'^  + 2xy  + Sy^  from  the  given  expression 
and  there  is  no  remainder. 

Hence  x“^  + 2xy  + S?/^  is  the  required  square  root. 

The  squares  of  x^,  x^  + 2xy,  &c.  are  placed  under  the  given 
expression,  like  terms  being  placed  in  the  same  column:  the 
remainder  left  after  taking  away  any  square  is  then  obvious  by 
inspection. 

177.  Instead  of  finding  each  square  independently, 
some  labour  can  be  saved  by  making  use  of  the  previous 
square.  Thus  the  process  of  finding  the  square  root  of  an 
algebraical  expression  is  generally  written  as  follows,  the 
same  example  being  taken  as  before 

X*  + Ax^y  + lOx-y^  + 12xij^  + 9?/^  ( + 2xy  + Sy- 

X* 

2x^  + 235?/ ) Ax'^y 

Axhj  4- 

2x‘^  + Axy  + 3y2 ) 6a;-?/2 

^xhj'^  + 12xy^  + Oy* 

The  first  term  of  the  root  is  x^.  Having  subtracted  the  square 
of  x^,  namely  the  first  term  of  the  remainder  is  Ax^y. 

Now  double  the  part  of  the  root  already  found  and  divide  the 
first  term  of  the  remainder  by  the  result ; we  thus  obtain  the 
next  term  of  the  root,  namely  2xy.  Add  this  new  term  of  the  root 
to  2x^,  placing  the  sum  in  the  ordinary  position  for  the  divisor. 
Now  multiply  the  sum  by  2xy  and  subtract  the  product  from  the 
remainder  Ax^y  + ...,  we  then  have  the  remainder  &xhj^+.... 
Kepeat  this  process  as  often  as  may  be  necessary. 

[It  is  of  importance  to  notice  that  by  the  above  process  we 
have  at  the  end  of  the  second  stage  subtracted  altogether 
(a;2  + 2xy)2,  since  {x^  + 2xy)^  = + (2x^  + 2xy)  x 2xy.  Similarly  at 

the  end  of  every  stage  it  will  be  seen  that  what  is  subtracted  on 
the  whole  is  the  square  of  that  part  of  the  root  which  has  been 
found  up  to  that  stage.] 
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EXAMPLES.  LV. 

Find  the  square  roots  of  the  following  expressions : — 

1.  x^-\-2x^  + Zx^  + 2x  + l.  2.  ix*-8x^  + 4x  + l. 

3.  9x^-3C)x^  + 72x  + 30.  4.  1 - xy  - ^^-xY' + 2xhf  + ixY- 

5.  4x^  + 4x3  - Ja;  + yV-  0_  2x3  + |x3-ix  + rV- 

7.  x‘^+2x^y + SxY +^^y^+y*- 

8.  16 -96x  + 216x2- 216x3 + 81x-‘. 

9.  1 + 4x  + 10x2  + 12x3  + 9x^.  10.  4x^-4x3  + 3x2-x  + l. 

11.  (1  + 2x2)2  _ 4x  (1  - x)  (l  + 2x). 

12.  x®-4x®  + 6x^-8x3  + 9x2-4x  + 4. 

13.  9x8-12x5  + 22x‘‘  + x2+12x  + 4. 

14.  x6  - 22x'»  + 34x3  + 121x2  - 374x  + 289. 

15.  a2-aa;-|-la;2  + 8a- 4x+ 16. 

16.  x8  + 2x5'  + X®  - 4x5  _ 12:^4  _ Qj.3  + 4x2  + 16x  + 16. 

01  A Q1 

17.  16x2-96x  + 216-  - +^. 

X X2 

18.  x6-6x“  + 15x2-20  + ~- 4 + 4- 

X2  X*  X® 

19.  x*  + 2x^  {y  + z)  + x^{y^  + z^  + 4yz)  + 2xyz(y  + z)  + y^z^. 

20.  2x2  ^ 2)2  + 2?/2  {z  + x)2  + 2^2  (a;  + y)^  + 4xyz  {x  + y + z). 
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FKACTIONAL  AND  NEGATIVE  INDICES. 

178.  We  have  hitherto  supposed  that  an  index  was 
always  a positive  integer ; and  this  is  necessarily  the  case 
so  long  as  we  retain  the  definition  of  Art.  10  ; for,  with 
that  definition,  such  an  expression  as  for  example,  has 
no  meaning  whatever. 

It  is  however  found  convenient  to  extend  the  meaning 
of  n”,  so  as  to  include  fractional  and  negative  values  of  n. 

Now  it  is  essential  that  algebraical  symbols  should 
always  obey  the  same  laws  whatever  their  values  may  be  ; 
we  therefore  do  not  begin  by  assigning  any  particular 
meaning  to  when  n is  not  a positive  integer,  but  we 
first  impose  the  restriction  that  the  meaning  of  a"  must  in 
all  cases  he  such  that  the  fundamental  Index  Laio,  namely, 

X a^  = 

shall  always  be  true ; and  it  will  be  found  that  the  above 
restriction  is  of  itself  sufficient  to  define  the  meaning  of  a^ 
in  all  cases,  so  that  there  is  no  further  freedom  of  choice. 

For  exami)le,  to  find  a meaning  of  consistent  with  the  Index 
Law. 

We  must  have 

i h i+i  1 

Thus  al  must  be  such  that  its  square  is  a,  that  is  must 
mean 
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Again,  to  find  a meaning  of  a~^  consistent  with  the  Index 

Law, 

We  must  have  x — cC  ; 

a 

Thus  a~^  must  mean  - . 

a 

We  now  proceed  to  consider  the  most  general  cases. 

1 

179.  To  find  the  meaning  of  a'\  where  n is  any  positive 
integer. 

By  the  index  law 

X a"  X a"  x...to  n factors 

i + l + l+  - to  J!  terms  ^ 

= a"  " " = a"  a}  — a. 

Hence  a"  must  be  such  that  its  vith  power  is  «,  that  is 
a"  — "/a. 

180.  To  find  the  meaning  of  a”,  where  m and /i  are  any 
positive  integers. 

By  the  index  law 

a"  X a"  X a"  x...to  n factors 

’^  + ^ + ™+...ton  terms  ™ 

= a " = rt " = ct”. 

Thus  cC  is  eq^ml  to  the  nth  root  of  a'",  that  is 
a"  ==  lja'\ 

We  have  also 


cC  X a"  X a"  x...to  m factors 

-~\ 1 h-'-to  m terms  ^ 


S.  ALG. 


15 


226 


FRACTIONAL  AND  NEGATIVE  INDICES. 


Hence  a"  may  be  considered  as  the  mth.  power  of  a",  and 
by  Art.  179, 

1 

a"  is  'i^a. 


Thus  we  may  consider  that  a“  is  the  nth  root  of  the  mth 
power  of  a,  or  that  it  is  the  mth  poioer  of  the  nth  root  of  a ; 
which  we  express  by 

Note.  It  should  be  remarked  that  it  is  not  strictly  true 
that  ~ J"Oot  of  a quantity  is 

meant  only  the  arithmetical  root.  For  example  ^{a‘^)  has 
hoo  values,  namely  whereas  {^aY  has  only  the  value 


Examples  (i)  = (^8)2;::.  22  = 4,  (ii)  4^  = 4/43  = 4/64  = 8, 

(iii)  3^  = 4/33  = 4/243. 

181.  To  find  the  meaning  of 
By  the  index  law 

««  X ; 


a®  = u”*'  -f-  u™  = 1 . 


Thus,  whatever  a may  he,  a®  = 1. 

182.  To  find  the  meaning  of  where  m has  any 

positive  value. 

By  the  index  law 

a™  X a~^'^  = a^-'^  = a\ 
and,  by  the  preceding  Article,  a®  = 1 j 
.-.  a'^  X a-^=  1. 

= 4- , and  a^  = . 


so  that 


a 
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Thus  we  can  change  any  quantity  from  the  numerator  to 
the  denominator,  or  from  the  denominator  to  the  numerator, 
of  a fraction,  provided  we  change  the  sign  of  its  index. 


For  example 


2-2= - 


1 

V 


and 


x-hj 


1 

a~  ’'h~^x^y  ‘ 


183.  We  have  in  the  preceding  Articles  found  that  in 
order  that  the  fundamental  Index  Law,  namely  = 

may  always  be  obeyed,  must  have  a definite  meaning  when 
n has  any  given  positive  or  negative  value.  It  can  be 
proved^  that,  with  the  meanings  thus  obtained, 

= (a^y  = a"^>\  and  {ah  f = a%^, 

are  true  for  all  values  of  m and  n. 

It  therefore  follows  that  we  may  deal  with  quantities 
containing  fractional  or  negative  indices  in  precisely  the  same 
way  as  if  the  indices  were  positive  integers. 


For  example  — — 

at  X a~  i i = 4/(1. 

(it  X at  X a-t  = at+t-t  = (j“  = l. 

(a~t)6  = a“t><®  = a-^:=^  . 

a~^  a~^ = a'2-c-4)  „ ^2^ 

= . 4/(6-3) . 4/(c4)  = aVtct  = a6-vt. 


* See  Treatise  on  Algebra,  Art.  168. 
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EXAMPLES.  LVI. 


Pind  the  values  of 


1.  8^. 

5. 

9.  (xTrsTPr) 

Simplify 

11. 

9 

14,  axa'«. 

17.  {ah-^r. 

20. 

22. 

24.  0.3  X a ixa^y. 
26.  xP+<ixxP-^^x^J‘. 

12  1 
X^y'^  _ .t'S 


28. 


30. 


x^yi  y^ 

{xy^)^+y+^ 
xv+ly^+^^y  ■ 

a;5 


32.  »¥x(\ 


4-i  3.  16"i  4. 

6.  (Hr^.  7.  (27)-^.  8.  (lOO)-i 

10.  {Ayt 


12.  o^  X o^.  13.  o ^ X o. 

15.  o%  ^ X o ^6"^.  16.  (o^6)®. 

18.  {ah~if.  19.  {a-h^i. 

21. 

23.  {{arh^rl 

25.  0^X0“«  x(o2)-i(oTV)5. 

27.  {x^-^)P  X X (a;!’ -«)»•. 

(o^)^  (6^)6  . (o?)ibrV 
(6i)3o^  ’ (6«)^ 

33.  a;3p+3  X x (a;2)9-2»'4-a:^P-8»'. 


29. 

31. 


34.  I ^ p . 

35. 

Express  with  fractional  indices  and  simplify 

36.  ^ax^/ax^a.  37.  ^(a^y)  x ^(ay‘^). 

38.  ^(o2a;5)xvla^x).  39.  HJa^xllal  xa-^^a^i. 


40. 


41.  i^{a^  sj{a-'^^)]. 
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42.  43.  ^{a^b-^)^^/{a-^N}. 

44.  xb~ix  (c V)“ i. 

Express  the  following  quantities  with  radical  signs  and  positive 
indices. 

45.  46.  a~*b~^.  47.  ah-~^-a~h~i. 

48.  a-^ir^  + s-hih-i. 

184.  In  the  following  examples  the  foregoing  principles 
are  applied,  but  the  results  of  the  operations  of  addition  &c. 
which  have  to  be  performed  on  the  indices  ai’e  given  with- 
out any  of  the  intermediate  steps. 

Ex.  1.  Mnltiply  by 

-f  + 1 
- - 1 - a~^ 

l + a~'^  + a~'^ 

-fl  +a~i. 

Ex.  2.  Divide  a + & + r - by  4- . 

4-  -t-  ) n - 3ah)^'c^  + b + c{  n.i  - a's  4-  c^‘)  + b^  - INc^  4- 

a+  a,i{b^  + c^) 

- a^(b^  4-  c^)  -3ahhi  + b + c 

- ai(b^  + c^)-  a^(6i4-c^)- 

+ ctj  4.  ft  .j.  c 

ax(ftf  _ ftic^  4-  c^)  4-  4-  c^)  (ftx  _ b^c^  4-  d~) 
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Ex.  3.  Find  the  square  root  of  + 2xi  + Ax-  ix^  + x^- 

ar*  - 4.t^  + 2x'^^  + 4x  - 4,r^  + (.r^  - 2x^  + x^ 

{xiy^  = x^ 

(ic^  - 2xi)“  = x^  - 4.r?  + 4a: 

{x^  - 2xi  + a'r^)-=.r  - 4.r^  + 2x~^  + 4x  - 4.r^  + x^. 

EXAMPLES  LVII. 

Multiply 

1.  x^  + y^  by  x^  — y ‘^.  2.  x^  + y^  by  x^ -y^. 

3.  a;i+l  by  a;’^  — 1.  4.  x^  + ]j^  by  x^-y^. 

5.  a:^  + a:^  + l by  x^-1.  6.  a:'s  - + by  x^  + y^. 

7.  oN  + a^h'^  + hs  by  a^-JN. 

8.  + a^lD  aIN  by 

9.  x^  - x^  + a;^  - x~^  by  x^  + a-i. 

10.  •'c*  - + V*  - X by  xi  + x^ . 

11.  a-"  + .a;-+l  by  x~”  + x - + 1. 

12.  •T^"' + a;’h/“  + iy-"  by  a;~®”  + 

13.  + b ^ + c'^  - INc^  - c'^dA  - by  + i'a'  + c'L 

14.  k'  - T\ab^  + by  + \h^. 

15.  81a;^  - 21xiy^  + 2x^y^  - 3x^y  + y*  by  3a;^  + y^. 

Divide 

16.  a-h  by  aA-lV.  17.  x^-y^  by  x^~y^. 

— ~ 0 2 
18.  x^ -y^  hyx^-y^.  19.  x^  + y~  by  x'^  + y'^. 

20.  a; -243?/^  by  x^-3y^.  21.  a/"*  + 6^?/' + 6^  by  y -iGy^  + h. 

22.  x^y'~^ + 2 + x~'^y^  by  a;^y“^  - 1 + a:~^^‘*. 

23.  aA + a%^  - -ahAoAh^ + h^  by  ai  + b^. 
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24.  -2 + a ^ by  -a 


25.  {x-.x~'^)  — 2{xi~x  ^)  + 2{x^  -X  hy  x^-x 


26. 

27. 


28. 


29. 


x^y~^'s~  + y^'o~x~i  by  x'^y~«  +y'^x~'^. 

Simplify  {ab~^c^)i  x x {a^^bc^)^. 

Simplify  {a  - 46^)  (a  + 2aAb^  + 46^)  (a  - 2aAbi^  + Ib^). 


Shew  that  1 


a^  + b^-  a 


a~h--a  % 


- ^ (a  _ 0,-1)  {b-b 

^ ab  + crVr^ 


30. 


31. 


32. 


33. 

34. 


Shew  that  1 — — = 2 + .x~5. 

- 1 + 1 x^  - 1 x-ii  + 1 

Multiply  4x^ - 5x- 4 - 7x~i + 6x“2  by  3x-4  + 2x-i,  and  divide 

the  product  by  3x  - 10  + 10x“i  - 4x“^. 

1 1 2 4 

Simplify  + + + . 

1-X^  1 + X^  1 + X2  1+x 

Multiply  (a  + b)^  + (a^- b2)^  + (a  - &)^  by  {a  + b)^  - {a -h)^. 

Write  down  the  square  roots  of 

(i)  x's  +2x'^  + l,  (ii)  dx’S^  - 4x^y^  + ^^, 


(iii)  ax^  - 2a^x^  + a^x. 

35.  Find  the  square  root  of  4x%~®  - 12xa“i  + 25  - 24x~ia  + 

36.  Find  the  square  root  of  25xhj~'^  + ly‘^x~-  - 20xy~i  - 2yx~'^  + 9. 

37.  Find  the  square  root  of 

x^  - 2a“'^x~^‘  + 2a^x^  + a~^x^  - 2a^x^  + a^. 


38.  Find  the  square  root  of  xi  - 4x^  + 4x  + 2x^  - 4x^  + x^. 

39.  Solve  the  equations 

(i)  x^-2x^  + l==0. 

(ii)  x-8x^+12=:0. 

(iii)  x^-26xT-27  = 0. 

(iv)  x^  + 3x“^=4. 

(v)  4xt-3x~i=4. 
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SURDS. 

185.  Definitions.  A surd  is  a root  of  an  arithmetical 
number  whicli  can  only  be  found  approximately. 

Thus  ^12  and  are  surds. 

An  algebraical  expression  sucli  as  Ja  is  also  often 
called  a surd,  although  a man  iia^ve  such  a value  that  Ja 
is  not  in  reality  a surd. 

Surds  are  said  to  be  of  tlie  same  order  when  tlie  same 
i-oot  is  required  to  be  taken.  Thus  J2  and  are  called 
surds  of  the  second  order,  or  quadratic  surds  ; also  ^/4  and 
5^  are  surds  of  the  third  order,  or  cubic  surds  ; and  Ji)  is 
a surd  of  the  ?ith  order. 

Two  surds  are  said  to  be  similar  when  they  can  be 
reduced  so  as  to  have  the  same  irrational  factors. 

Thus  2^/2  and  5^2  are  similar  surds. 

The  rules  for  operations  with  surds  follow  at  once 
from  the  principles  already  established. 

Note.  It  should  be  remarked  that  when  a root  symbol 
is  placed  before  an  arithmetical  number  it  denotes  only  the 
arithmetical  root,  but  when  a root  symbol  is  placed  before  an 
algebraical  expression  it  denotes  any  one  of  the  roots.  Thus 
Ja  has  two  values,  but  ^2  is  only  supposed  to  denote  the 
arithmetical  root,  unless  it  is  actually  written  J'l. 
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186.  Any  rational  quantity  caii  be  written  in  the 
form  of  a surd. 

For  example 

a — 

and  2 =-4/22  = 4/23  = ^2". 

Again  = 

Also,  since  x'^b  = ^ab,  we  have 

3^2  = ^3^x  V2=V(3^x2)  = ^1S, 

24/5  = 4/2^  X 4/5  = 4/  (2^  x^=  4/40, 

and  a:!jb  = ''^a^  X ^^'b 

Conversely,  we  have 

V18  = V(9x2)  = V9x72  = 3V2, 

4/13.5  + 4/40  = 4/  (3-^  X 5)  + ^ (2=*  X 5)  = 34/5  + 2 ^^5  = 5^5, 
and  ^/rt®  + ^al/  = a^a  + b ,Ja  = (a  + b)  Ja. 

187.  Any  two  surds  can  be  reduced  to  surds  of  the  same 
order. 

This  follows  at  once  from  the  fact  that  4/^'^  = ”4/«”‘- 

For  example,  to  reduce  ^/2  and  to  surds  of  tlie  same 
order. 

We  have  4/'2  = 4/{4/2=^}  = 4/2^  and  4/5  = ,4/{4/5^}  = 4/.5^ ; 
thus  the  equivalent  surds  of  the  same  order  are  4/8  and  4/25. 

Again,  to  reduce  4/a  and  ’4/6  to  equivalent  surds  of  the 
same  order. 

We  have  4/a  = 4/{  ’4/a"‘}  = ™4/a'“,  and  4/6  -=  ’4/{  4///'}  = ”‘4/6". 
Hence  the  required  surds  are  ”4/^*™  ^^i^l 

Ex.  1.  Eeduce  4/3  and  4/0  to  surds  of  the  same  order. 

The  L.c.M.  of  4 and  6 is  12.  Hence  we  have 

4/3  = 4^14^33}  =4/27,  and  4/5  = 4/ {4/52}  =4/25. 

Thus  4/27  and  4/25  are  the  required  surds. 
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Ex.  2.  Which  is  the  greater  4^14  or  4/6  ? We  must  reduce 
the  surds  to  equivalent  surds  of  the  same  order. 

Thus  4/14^4/142  = 4/196, 

and  4/6  =4/62  =4/216. 

It  is  now  obvious  that  4/6  is  greater  than  4/14. 

1 88.  The  product  of  two  surds  of  the  same  order  can 
be  written  down  at  once  from  the  formula 

4/«  X ^b  = J^ab. 

When  surds  are  of  different  orders  their  product  cannot 
be  simplified  until  they  are  reduced  to  equivalent  surds  of 
the  same  order. 

Ex.  1.  Multiply  ^/5  by  ^20. 

We  have  x ^/20  = ^(5  x 20)  =^100  = 10- 

Ex.  2.  Multiply  ^2  by  4/3. 

x/2  X 4/3  = 4/23  X 4/32  = 4/(23  X 32)  = 4/72. 

Ex.  3.  Divide  4/2  by  ^/6. 

4/2 -v/6  = 4/22=4/63  = 4/(22- 63)  = 4/^v. 

Ex.  4.  Multiply  4^3  + 4^2  by  2^y3  - 2^/2. 

The  process  is  as  under: 

4^3  + 4;^2 
2^3 -2^2 

8 X 3+8^6 

- 8^6  - 8 X 2 

24  -16  =8. 

EXAMPLES.  LVIII. 

Simplify. 

1.  s/27  + V48.  2.  v/50  + V98.  3.  ^/45  + 2^125. 

4.  2^180-^405.  5.  2^28-^63.  6. 

7.  34/5  + 4/625.  8.  34/72-24/243.  9.  44/448  - 154/7. 

10.  ^512-^50-^98.  11.  3^12-^27  + 2^75. 
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12. 

14. 

16. 

18. 

20. 

22. 

24. 

26. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 


^147  - 2^27 

,^15  X ^60. 

2\/-|  X 3^|. 

^12x^27x^75. 

4/12x4/75x4/30. 

^lOx  4/200. 

^18-^50. 

^20x^96-^30, 


/3. 


13.  5v4-v/8  + ^. 


15. 

17. 

19. 

21. 

23. 

25. 

27. 


^/12  X J24. 
4/6x4/36. 
4/16x4/6x4/9. 
4/6x4/12x4/18. 

4/4  X 4/8. 

^63-^112. 

4/147-4/35x4/735. 


Which  is  the  greater  ^3  or  4/(^i)  ? 

Arrange  in  order  of  magnitude  J50,  4/344  and  4/2402, 

Multiply  ^6  - ;^3  by  ^^6  + ^3. 

Multiply  2^o  + 3JS  by  3^5  - 4^3. 

Multiply  ^2  + ;v^3  + ^6  by  2^2  + 3,^3  + ^6. 

Multiply  1+  4/3 + 4/5  by  1+4/3- 4/5. 

Find  the  square  of  ,^2 + ^3  + ^5. 

Find  the  continued  product  of  ,^2  + ,^/3  + ^5,  - ,y/2  + ^/3  + ^,/5, 
^/2  - ^/3  + ^5  and  ^2  + ,^/3  - ^5. 


189.  When  surds  occur  in  the  denominators  of  frac- 
tions they  can  be  got  rid  of,  and  the  denominators  are  then 
said  to  have  been  rationalised. 

Tlie  following  examples  will  sufficiently  illustrate  the 
process  ; 

J5  75  X 75  5 


3V2_3^2xV7  3 

^/7  ~ J7xJ7 

2 + ^5  _ (2  + 75)  (75  + 1)  2 75  + 5 + 2 

75-i  (75-l)(75  + l)  5-1 


v/5 


= i(7  + 3 75), 

a-  Jb  _ {a  - sjh)  {a-Jh)  _ o'  -2a  Jb  + h 
a + Jh  {a  + Jb)  (a  - Jb)  or  -b 
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It  is  important  to  notice  that  a ± is  made  rational 
by  multiplying  by  « Jb  ; also  that  Ja  ± Jb  is  made 
rational  by  multiplying  by  Ja  =f  Jb. 

When  the  denominator  of  a fraction  is  rationalised  its 
numerical  value  can  be  more  easily  found. 

190.  The  following  is  an  important  proposition. 

If  & + J\)  = a + jp,  where  a and  a are  rationed,  and  Jh 
a)id  Jj3  are  irrational  ; then  will  a = a,  and  b = yS. 

For  we  liave  a — a+  Jb  = J^. 

Square  both  sides ; then,  after  transformation,  we  liave 
2(a-a)  Jb=^[i-b~{a-aY. 

Hence,  unless  the  coefficient  of  Jb  is  zero,  we  must  liave  an 
irrational  and  a rational  quantity  equal  to  one  another,  and 
this  is  impossible. 

Tlie  coefficient  of  Jb  in  tlie  last  equation  must  therefore 
])e  zero;  hence  a=a.  And  when  a — a,  we  have  from  the 
given  relation,  Jb  = Jfi,  or  b = 

Hence,  if  the  sum  (or  difference^  of  a rational  quantity 
and  a quadratic  surd  be  equal  to  th,e  sum  (or  difference})  of 
another  rational  quantity  and  a quadratic  surd,  the  two 
rational  quantities  must  be  equal  to  one  another,  as  also 
the  tivo  irrational  quantities. 

Note.  It  should  be  noticed  that  when  a + Jh  = a+J^,  we  can 

only  conclude  that  a = a and  h — ^ 'provided  that  Jh  and  Jj3  are 

really  irrational.  We  cannot  for  example,  from  the  relation 

3 + ^4  = 2 + ^/9,  conclude  that  3 = 2 and  4 = 9. 

191.  The  square  root  of  a binomial  expression  which  is 
the  sum  of  a rational  quantity  and  a quadratic  surd  can 
sometimes  be  found  in  a simple  form.  The  process  is  as 
under. 
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To  find  J{a  + Jb),  where  Jb  is  a surd. 

Let  .J(a  + Jb)=  Ja+ (i). 

Square  both  sides  ; then 

a + fjb  = a.  j3  + 2^ a/3. 

Now,  since  Jb  is  a surd,  we  can  equate  the  rational  and 
irrational  parts  [Art.  190];  hence 


a=  a + /5] 

6 = 4a/8  / 


.(ii). 


Hence  [Art.  150]  a and  /5  are  the  roots  of  the  equation 


x~  — ax - =0 

4 


and  these  roots  are 


Thus 

vr- 


a + J{a?  - b) 


- J{ar-b)] 
2 I 


.(iii). 


It  is  clear,  that  unless  J{o?  — b)  is  rational,  the  right  side 
of  (iii)  is  much  more  complicated  than  the  left.  Thus  the 
above  process  fails  entirely  unless  — 6 is  a square  number ; 
and  as  this  condition  will  not  often  be  satisfied,  the  process 
has  no  great  practical  utility. 

From  (ii)  we  see  that  we  have  to  find  tAvo  numbers 

whose  sum  is  a and  whose  product  is  and  if  two  rational 

numbers  satisfy  these  conditions,  they  can  generally  be 
found  at  once  by  inspection. 
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Ex.  1.  Find  ^(15  + 2^56). 
Let  J{15  + 2^56)  = 


Let 


Square  both  sides  ; then 

15  + 2/y/56  a + jS  + 2^  o/3. 

Equalizing  the  rational  and  irrational  terms,  we  have 
a + /3  = 15, 
a/3  = 56. 

The  numbers  which  satisfy  these  relations  are  obviously  7 and  8. 
Hence  ^(15  + 2^/56)  = ^7 +n/8. 

Ex.  2.  Find  ;v^(6- J35). 

Let  sJi&-J35)  — ^a-iJl3. 

Square  both  sides  ; then 

6 — 35  — a + jS  — 2j^  0,13. 

Hence,  equating  the  rational  and  irrational  terms,  we  have 


By  inspection,  or  by  solving  the  equations  for  a and  /3,  we  find 


a + /3=;6. 


that 

Thus 


a = |, 

s/(6  - - \/f- 


EXAMPLES.  LIX. 


Rationalise  the  denominators  of 


Q V2 
2^3- 


7 V5 
\J  o + \/3 


15  + 1V3 
15-2^3  • 


q x/5  + 3^3 

2^5 -V3' 


1 + \/2  + ^3 


2 + ^3  + V5' 

5 


1 3 


4 5 


4/2-1  4/2  + 1 ' 


^9-1 ‘*■4/9  + 1- 


13. 


14. 
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15.  Simplify 


(2-V3)2+  (2  + V3)2- 


16. 


17.  Simplify 


(3  + ^2)J5-^2) 

(3 -^2)  (5+^2)' 

,o  Q-  ri-  2^15-3^5  + 2^2 

18. 


19.  Simplify 


20.  Simplify 


(7-2^5)  (5  + J7)  (31  + 13^5) 
(6-2^7)  (3  + ^5)  (11 + V7)  • 


/v/3  + V2\2 


Simplify 

1 


V\/3  — fJ2y 
+ \/3  + 

+ x/2-V3’ 

1 


v/3-v/2y 
\/3  + \/2/ 


21.  Shew  that  2 + ^2  + ^3  + V6. 

i + v/  ^ — V/  O 

22. 


l + Ay2  + ,y3  — 1+^2  + ^3 


l-v/2  + v/3  1+^2- J3' 

v/6 


23.  Simplify  y+-^6-v6yr2  + .y2T;/g' 

24.  Shew  that 

v/2  + 1 

26.  Find  the  value  of  - . . — to  three  places  of  decimals. 

— 1 

v/3  2~J2 

27.  Find  the  value  of  three  places  of  decimals. 

^ — sj^  2 + 1^2 


Find  the  square  roots  of 

28.  6 + ^20. 

30.  12-6^3. 

32.  101-28^13. 

34.  280  + 56^21. 


29.  16  + 6^7. 

31.  28-5^12. 
33.  117  + 36^10. 
35.  ii  + 2^2. 
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Simplify 

36.  3^5 -V2  + v/(7  + 2^/10). 

Find  the  square  roots  of 

38.  11  + 2 (1  + ^5)  (1  + V7). 

40.  2a  + 2^{a^-x^). 

Simplify 

V(16  + 6V7)’ 

44.  V(7  + 2^10) +V(7- 2^10). 


37.  6-V3  + s/(16-8V3). 

39.  2x  + 2^(x^-l). 

41.  3a;  - 1 + 2^(2a;2  + a;  - 6). 

^(15  + 2^56)  ' 

,,  V(3  + 2V2)^V2 

v/2  + v/(3-2V2)' 


2 + ^/3  2-V3 

v/2  + v/(2  + V3)  V2-^/(2-^/3)■ 

47.  Shew  that  ^i+^=3-632.... 


48.  Find  the  value  of  - 4a:  + 5 when  a:  = 2 + ,J5. 


49.  Shew  that,  if  a;-  = a:  + 1,  then  x^  = 2x+l  and  x^  = 5x  + 3. 

50.  Shew  that,  if  x-  — 3x  + 5,  then  x^—  14x  + 15  and  x^  = 57x  + 70. 


CHAPTER  XXI. 


KATIO.  PROPORTION.  VARIATION. 

192,  Definitions.  The  relative  magnitude  of  two 
quantities,  measured  by  the  number  of  times  which  the 
one  contains  the  other,  is  called  their  ratio. 

Concrete  quantities  of  different  kinds  can  have  no  ratio 
to  one  another:  we  cannot,  for  example,  compare  with 
respect  to  magnitude  miles  and  tons,  or  shillings  and 
weeks. 

The  ratio  of  a to  6 is  expressed  by  the  notation  a \h\ 
and  a is  called  the  first  term,  and  h the  second  term  of  the 
ratio. 

Sometimes  the  first  and  second  terms  of  a ratio  are 
called  respectively  the  antecedent  and  the  consequent. 

It  is  clear  that  a ratio  is  greater,  equal,  or  less  than 
unity,  according  as  its  first  term  is  greater,  equal,  or  less 
than  the  second. 

A ratio  which  is  greater  than  unity  is  sometimes  called 
a ratio  of  greater  inequality,  and  a ratio  which  is  less  than 
unity  is  similarly  called  a ratio  of  less  inequality. 

193.  Magnitudes  must  always  be  expressed  by  means  of 
numbers;  and  the  number  of  times  which  one  number  is 

16 
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contained  in  another  is  found  by  dividing  the  one  by  the 
other.  Hence 


« ! 6 is  equal  to  ^ 


Thus  ratios  can  be  expressed  as  fractions. 


194.  A fraction  is  unaltered  in  value  by  multiplying 
its  numerator  and  denominator  by  the  same  number.  [Art. 
126.] 

Hence  also  a ratio  is  unaltei'ed  in  value  by  multiplying 
each  of  its  terms  by  the  same  number. 

Thus  the  ratios 

2:3,  6:9  and  2?a  : 3/a 
are  all  equal  to  one  another. 

Again,  the  ratios  4 : 5,  7 : 9 and  11  : 15  are  equal  respectively 
to  36  : 45,  35  : 45  and  33  : 45, 

Hence  the  ratios  4:5,  7:9  and  11  : 15  are  in  descending 
order  of  magnitude, 

195.  A ratio  is  altered  in  value  when  the  same  quantity 
is  added  to  each  of  its  terms. 

For  example,  by  adding  1,  10  and  100  to  each  of  the  terms  of 
the  ratio  4 : 5,  we  obtain  respectively  the  ratios 
5:6,  14  : 15  and  104  : 105  ; 

and  these  new  ratios  are  different  from  the  given  ratio  and  from 
each  other. 

Since 

l = f = il  = l“Tx  t1|  = 1-t'u^5, 

we  see  that  by  adding  the  same  quantity  to  each  of  the  terms  of 
the  ratios  4 : 5,  a new  ratio  is  obtained  which  becomes  more 
nearly  equal  to  unity  as  the  quantity  added  becomes  greater. 

This  is  a particular  case  of  the  following  general  proposition. 
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196.  Any  ratio  is  made  more  nearly  equal  to  unity  hy 
adding  the  same  quantity  to  each  of  its  terms. 

By  adding  x to  each  term  of  the  ratio  a : the  ratio 

a + x ; h-vx  is  obtained.  We  have  to  shew  that  f 

h + X 


is  more  nearly  equal  to  1 than  is  ^ 


Now 


a a — h 

h~  ■ 


also 


a AX  Y - 
h AX  6 + 33 ’ 


and  it  is  clear  that  the  absolute  value  of  = is  less  than 

b A X 


that  of  ^ ^ , for  the  numerators  are  the  same  and  the 

h 


denominator  of  the  first  is  greater  than  that  of  the  second: 
this  proves  the  proposition. 


Now  when  a is  greater  than  b,  - is  greater  than  1,  and  so 


also  is  ^ ; hence  as  is  more  nearly  equal  to  unity 

bAx’  bAx  ^ 

than  T is,  it  follows  that  jg  less  than  • 

b b A X b 

Thus  a ratio  which  is  greater  than  unity  is  diminished 

by  adding  the  same  quantity  to  each  of  its  terms. 


If  however  a is  less  than  b,  ^ is  less  than  1,  and  so  also  is 


aAx  aAx  . 

; but  ^ IS  more  nearly  equal  to  unity  than  -7  is, 

6 + 33  6 + a:  ^ 6 ’ 


and  therefore  is  greater  than  r • 

bAx  ^ b 

Thus  a ratio  which  is  less  than  unity  is  increased  hy 
adding  the  same  quantity  to  each  of  its  terms. 


16—2 
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Also,  when  x is  very  great,  the  fraction  is  very  small 


and  we  can  make  f — - , 
h + x 


which  is  the  difference  between 


— and  1,  as  small  as  we  please  by  taking  x sufficiently 
great.  Tills  is  expressed  by  saying  that  the  limiting  value 


of 


a-\-x 
h + x 


when  X is  very  great,  is  unity. 


197.  The  following  definitions  are  sometimes  required: 

The  ratio  of  the  product  of  the  first  terms  of  any  number 

of  ratios  to  the  product  of  their  second  terms  is  called  the 
ratio  compounded  of  the  given  ratios. 

Thus  ac  : hcl  is  called  the  ratio  compounded  of  the  ratios 
a : h and  c : d. 

The  ratio  : 6^  is  called  the  duplicate  of  the  ratio  a : h. 

The  ratio  a?  : Ir^  is  called  the  triplicate  of  the  ratio  a : h. 

The  ratio  is  called  the  sub-duplicate  of  the 

ratio  a \h. 

198.  Incommensurable  numbers.  The  ratio  of  two 
quantities  cannot  always  be  expressed  by  the  ratio  of  two 
whole  numbers ; for  example,  the  ratio  of  a diagonal  to  a 
side  of  a square  cannot  be  so  expressed,  for  this  ratio  is 
^2,  and  we  cannot  find  any  fi’action  which  is  exactly  equal 
to  J'2. 

When  the  ratio  of  two  quantities  cannot  be  exactly 
expressed  by  the  ratio  of  two  whole  numbers,  they  are  said 

to  be  incommensurable. 

Although  the  ratio  of  two  incommensurable  numbers 
cannot  be  found  exactly,  the  ratio  can  be  found  to  any 
degree  of  approximation  which  may  be  desired ; and  the 
different  theorems  which  are  proved  with  respect  to  ratios 
of  commensurable  numbers  can  be  proved  to  be  true  also 
for  the  ratios  of  incommensurable  numbers. 
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EXAMPLES.  LX. 

1.  Arrange  the  ratios  5:6,  7:8,  41 : 48,  and  31  : 36  in  descend^ 
ing  order  of  magnitude. 

2.  For  what  value  of  x will  the  ratio  3 + a;  : 4 + a:  be  equal  to  5 : 6? 

3.  For  what  value  of  x will  the  ratio  15  + x : 17  + a;  be  equal  to 

4.  What  must  be  added  to  each  of  the  terms  of  3 : 4 to  nrake 
the  ratio  equal  to  25  : 32? 

5.  Find  two  numbers  in  the  ratio  of  5 to  6,  and  whose  sum  is  121. 

6.  Two  numbers  are  in  the  ratio  of  3 to  8,  and  the  sum  of  their 
squares  is  3577  : find  them. 

7.  What  is  the  ratio  of  x to  ?/,  if  = 2 ? 

ox  — y 

8.  If  i.x^  + y^-—ixy,  find  the  ratio  ol  x io  y. 

9.  Find  X :y,  having  given  x‘^  + 6y^—5xy. 

10.  A certain  ratio  will  be  equal  to  2 : 3 if  2 be  added  to  each  of 
its  terms,  and  it  will  be  equal  to  1 : 2 if  1 be  subtracted  from  each  of 
its  terms  : find  the  ratio. 

11.  Find  two  numbers  such  that  their  sum,  their  difference,  and 
the  sum  of  their  squares  are  as  7 : 1 : 75. 

12.  What  is  the  least  integer  which  must  be  added  to  the  terms 
of  the  ratio  9 : 23  so  as  to  make  it  greater  than  the  ratio  7:11? 

13.  Write  down  the  ratio  compounded  of  the  ratios  2 : 3 and 
15  : 16  ; also  the  ratio  compounded  of  the  ratios  5 : 6 and  18  : 25. 

14.  Write  down  two  quantities  whose  ratio  is  the  duplicate  of 
2x  : dy. 

15.  Find  X in  order  that  x + 1 \ x + I may  be  the  duplicate  of 
the  ratio  3:5. 

16.  The  ages  of  two  persons  are  as  3 : 4 and  thirty  years  ago 
they  were  as  1 : 3,  what  are  their  present  ages  ? 

17.  Shew  that,  if  from  each  term  of  a ratio  the  inverse  of  the 
other  be  taken,  the  ratio  of  the  differences  will  be  equal  to  the 
original  ratio. 

18.  Shew  that,  if  a and  x be  positive  and  a>x,  then  a®  - + x^ 

will  be  greater  than  a- x : a + x. 
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PROPORTION. 

199.  Definition.  Four  quantities  are  said  to  be 
proportional  when  the  ratio  of  the  first  to  the  second  is 
equal  to  the  ratio  of  the  third  to  the  fourth. 

Thus  a,  b,  c,  d are  proportional,  if 
a \ h-c  : d. 

This  is  sonietinies  expressed  by  the  notation 
a : h c : d, 
which  is  read  “ a is  to  6 as  c is  to  dJ' 

The  first  and  fourth,  of  four  quantities  in  proportion, 
are  sometimes  called  the  extremes,  and  the  second  and  third 
of  the  quantities  are  called  the  means. 

200.  If  the  four  quantities  n,  h,  c,  d are  proportional,  we 
have  by  definition 


Thus  the  'product  of  the  extremes  is  equal  to  the  product 
of  the  means. 

Conversely,  if  ad  — be,  then  a,  b,  c,  d will  be  propor- 
tional. 


a c 


h d' 

Multiply  each  of  these  equals  by  bd ; then 
ad  = be. 


For,  if 


ad  — be, 

be  a c 


then 


ad  be 


bd'^  6 d’ 


that  is 


a : b = c : d. 


Thus,  a a : b — c : d,  then  ad -be-, 

and  conversely  if 


ad  = bc,  then  a : b = c •.  d. 
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201. 

It  follows  from  the  last  article  that  the 

relations 

a 

: 6 = c ; (7, 

a 

: c = b : d, 

b : 

: a = d : c, 

and 

b : 

: d=^a  : c. 

are  all  true,  provided  that  ad  = be. 

Hence 

the  above  four  proportions  are  all  true. 

any  one  of  them  is  true. 

202. 

If  a 

: b = c : (7, 

then  will 

a 4- b ; a- 

-b  — c + d : c — d. 

For 

a + b : a 

— b — c + d : c — d, 

if 

{a  +b){c  — 

d)  = (a  — b)  (c  + d), 

that  is,  if 

ac  + bc  — ad  - 

-bd=ac  — be  + ad  — bd, 

or,  if 

be  — ad. 

But  this  condition  is  satisfied,  since  a : h = c \ d. 

The  above  proposition  has  already  been  proved  in  Art. 
137,  Ex.  1. 


203.  Definitions.  Quantities  are  said  to  be  in  continued 
proportion  when  the  ratios  of  the  first  to  the  second,  of 
the  second  to  the  third,  of  the  third  to  the  fourth,  &c.  are 
all  equal. 

Thus  a,  h,  c,  d &c.  are  in  continued  proportion  if 
a : b = b : c — c : d,  &c., 

that  is,  if  ~ — - = ~=z:&c. 

bed 

If  a \ h = b : c,  then  b is  called  the  mean  proportional 
between  a and  c ; also  c is  called  the  third  proportional  to 
a and  b. 
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204.  If  a,  b,  c be  in  continued  proportion,  we  have 
a b 
b c ’ 

b-  = ac,  or  b~  Jac. 

Thus  the  mean  2)roportional  between  two  given  quantities 
is  the  square  root  of  their  'product. 


Also 


a a b a 
b""  b^  o'"  b- 


that  is 
Hence 


a“  _ a 
¥^~c' 
a : c = a?  : b'^. 


Thus,  if  three  quantities  are  in  continued  proportion  the 
ratio  of  the  first  to  the  third  is  the  duplicate  of  the  'ratio  of 
the  first  to  the  second. 


205.  It  is  often  wery  convenient  to  represent  a ratio  by 
a single  letter,  as  in  Art.  137.  The  following  are  additional 
examples  : 


Ex.  1.  If  a : b — c : cl, 

then  a^  + ab  : c‘  + cd  = b^-2ab  : <P~2cd. 


Let 

Hence 


Also 

Hence 
that  is 


r = x:  then  also  ~,  — x. 
b d 

a = bx,  and  c=dx. 
a^  + ab  _ b-x^  + b^x  __  b^  (x^  + x)  _b^ 
c-  + cd  dV+d^x  d‘^(x^  + x)  ‘ 
b-  - 2ab  _ 2b"^x  (1  _ 2x)  _ 62 

d?  - 2cd  ~ d2  - 2d^x  ~ d?{\-  2x)  ~ d^ ' 
ah  _b'^  - 2ab 
c2  + cd  _ 2cd  ’ 
a2  + a6  : c'^  + cd  = b^  - 2ab  : d?  - 2cd. 


Ex.  2.  If  a : b = c : d = e : f,  shew  that 

a®  + c®  + c2  ; b^  + d^+f  = ace  : bdf. 
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Let  V — ^ ; then  --=x  and  ^ — x. 
b d f 

Hence  a — hx,c  = dxa\idi.e~fx\ 

d^  + c^  + e^  _ b^x^  + d^x^  +px^ 

ace  bx . dx . fx  _ 


And 


bdf  hdf 
a®  + c®  + ace 


Hence  + 

that  is  d^  + c^  + e^  : b^  + d^+f-ace  : bdf. 

Ex.  3.  Shew  that,  if 

X : 2b  + 2c  - a = y : 2c  + 2a-b  = z : 2a  + 2b-c, 
then  will 

a : 2y  + 2z  - x — b : 2z  + 2x -y  = c : 2x  + 2y-z. 

We  have  ^ ? 

vveiidve  2b  + 2c-a  2c  + 2a-b  2a  + 2b-c‘ 

Put  X for  each  of  these  equal  fractions ; then 

x—\{2b-[-2c-a),  y = \ {2c  + 2a-b),  z = \{2a  + 2b  - c). 

Hence  2y-\-2z-x  — 9oX,  and  similarly 

2z  + 2x-y  — ^b\  and  2x  + 2y-z  — 2c\. 

a b c 


Whence 


2y  + 2z~x  2z  + 2x-y  2x  + 2y  ~ z 


206.  The  definition  of  proportion  given  in  Euclid  is  as 
follows : Four  quantities  are  proportionals,  when  if  any 
equimultiples  be  taken  of  the  first  and  the  third,  and  also 
any  equimultiples  of  the  second  and  the  fourth,  the  multiple 
of  the  third  is  always  greater  than,  equal  to,  or  less  than 
the  multiple  of  the  fourth,  according  as  the  multiple  of  the 
first  is  greater  than,  equal  to,  or  less  than  the  multiple  of 
the  second. 

If  the  four  quantities  a,  b,  c,  d satisfy  the  algebraical 
test  of  proportionality,  we  have 
a c 
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therefore,  for  all  values  of  m and  n, 
ma  me 
nh  nd ' 

Hence  mc^nd,  according  as  ma^  nh. 

< < 

Thus  a,  h,  c,  d satisfy  also  Euclid's  test  of  proportionality. 

Next,  suppose  that  a,  b,  c,  d satisfy  Euclid’s  definition 
of  proportion. 

If  a and  h are  commensurable,  so  that  a \ h = m : n, 
where  m and  n are  whole  numbers  ; then 
a m 
b n ’ 
na  = mb. 

But,  by  definition, 

no  — md,  according  as  na  = mb. 

< < 

Hence,  as  7ia  — mh^  we  must  have 
nc  — md ; 
c m a 
d n b ' 

Thus  a,  6,  c,  d satisfy  the  algebraical  definition. 

If  a and  b are  incommensurable  we  cannot  find  two 
whole  numbers  m and  n such  that  a :b  = m :n.  But,  if  we 
take  any  multiple  na  of  a,  this  must  lie  between  two  conse- 
cutive multiples,  say  mb  and  (m+\)h,  of  b,  so  that 
na>  mb  and  na<{m+\)b. 

Hence,  by  the  definition, 

nc  > md  and  nc  < {m  + \ ) d •, 

c rn  . c m + 1 

. — and  < . 

d n d n 
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Hence  both  ^ and  lie  between 
0 a 

m T m+\ 

— and . 

n n 

Thus  the  difference  between  ^ and  is  less  than  - ; and  a 
0 a n 

this  is  the  case  hoxoever  great  n may  he,  ^ must  be  equal  to 

u cl 


EXAMPLES.  LXI. 

1.  Shew  that,  if  a : 6 ::  c : d,  then 

(i)  ac  : bd  ::  : d". 

(ii)  ab  : cd  ::  a-  : c^. 

(iii)  ::  a^-b^  : c^-  dK 

2.  Shew  that,  if  a : 6 = c : d,  then 

2ffi  + 3c  t 3d  + 2c  = 26  + 3d  36  + 2d. 

3.  If  a : 6 : : d + c : 6 + d,  then 

c : d ::  c + d : d + 6. 

4.  If  d : 6 ==  c : d,  then 

la  + mb  : pa  + qb  =z  Ic  + md  : pc  + qd. 

5.  Shew  that,  if  3d  - 56  : Sc-od  = 5a  + 3b  : 5c  + 3d,  then 

a : b = c : d. 

6.  Find  a mean  proportional  to  a^b  and  ab'K 

7.  Find  a mean  proportional  to  (d  + 6)^  and  (a  - 6)-. 

8.  Find  a third  proportional  to  a and  a?  ; also  to 

(d  - 6)2  and  d^  - 6^. 

9.  If  d : 6 ::  c : d,  then  will  ab  + cd  be  a mean  proportional 

between  d^  + c^  and  b^  + d^. 

10.  Shew  that,  if  d ; 6 ; : c : d,  then 

(i)  a : a + c ::  a + b : a + b + c + d. 

(ii)  d2  + d6  + 62  ; d2  - a6  + 62  : ; c2  + cd  + d^ : c--cd  + d^. 
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(iii)  a + h : c + d ::  Ja-  + b^  \ sjc^  + d"^. 

(iv)  + + 

(v)  a^c  + ac"^  : lrd-\-hd?  ::  (a  + c)®  ; {h  + dY. 

(vi)  + : iyc”  + rf”  ::  Ijd'-b'''  : 


n Ti-  ^ y XI  -11^  + 2/  2/  + ^ + ^ J 1 

11.  If  - = f = - then  will ^ = j = , and  also 

a h c a+b  b+c  c+a 

(fl2  4-  ft2  + (.2)  (x2  + + 2|2)  ^ + by  + cz)^. 

12.  Shew  that,  if 

bz  - cy  ex  - az  _ay  -bx 


, ...  X y z 

then  will 

a b c 

13.  Shew  that,  if  (l) 

then  will  a : b = c : d. 


14.  Shew  that,  if 

lx  {ny  - mz),  my  {Iz  - nx)  and  nz  (mx  - ly) 
be  equal  and  not  zero,  then  will 

wm  + «2+2m  = 0 and  yz  + zx  + xy  — Q. 

15.  Shew  that,  if 


z 

a + b- e' 


b+c -a  c+a-b 
then  will  {b  - c)  x + {c  - a)  y + {a  - b)  z^O. 

16.  Shew  that,  if  a : b = c : d = e : f,  then 

d*  + a^c  + ace  : b^  + b^d  + bdf  ::  ace  + ac^  + c®  : bdf+bd^  + d^. 

17.  li  a : X ::  b : y ::  c : z,  prove  that 

+ a‘^b^  + b‘^  : x^  + x^y^  + y^  : ; b'^  + b^c^  + c^  : y^  + y^z^  + z*. 

18.  Shew  that,  if  a : 6 =pa  -qc  : pb  - qd,  then  will 

c : d=pa  + qc  : pb  + qd. 

19.  Shew  that,  if  a : b — e : d,  then 


t'‘  b^ 
r + 


C3  d3 

- . V H =ab  : cd. 

a,  d c 
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20.  If  4a  - & : 4a  + b : : 1 : 2,  find  the  value  of 

7a  + 3b  : la-Sb. 

21.  If  xy  + 3 : xz  + l — y^  + 3 : yz  + 1, 

shew  that  ^ = y or  y = 3z. 

22.  Shew  that,  if  a + b-c  : c + d + a = a-c  : 2d, 

then  b : a-c  = a + c-d  : 2d. 

23.  Shew  that,  if  x - z : y -z  = x-  : y", 

then  x + z : y + z = x^  + 2xy  : y^  + 2xy. 

24.  Shew  that,  if  a(y  - z)  + b (z  -x)  + c (x  -y)  = 0, 

then  y-z  : b - c = z - x : c - a — x -y  : a-b. 

25.  Shew  that,  if  a : b ::  c : d, 
then  will 

a^  + b^  + c'^  + d-  : (a  + b)2  + (c  + d)2  ::  (a  + c)^  + {b+df  : {a  + b + c + d)~. 


VARIATION. 

207.  When  any  substance  is  sold  at  a fixed  price  per 
pound,  the  cost  of  any  amount  of  it  is  so  related  to  its 
weight  that  when  the  weight  is  doubled  the  cost  is  also 
doubled,  when  the  weight  is  halved  the  cost  is  also  halved, 
and  so  on,  the  ratio  of  any  two  values  of  the  cost  being 
equal  to  the  ratio  of  the  corresponding  weights.  When 
two  quantities  are  related  in  this  way  they  are  said  to  vary 
as  one  another. 

Definition.  One  magnitude  is  said  to  vary  as  another 
when  the  two  are  so  related  that  the  ratio  of  any  two 
values  of  the  one  is  equal  to  the  ratio  of  the  corresponding 
values  of  the  other. 

Thus,  if  «i,  Uo)  be  any  two  measures  of  one  of  the 
quantities,  and  6j,  b^,  be  the  corresponding  measures  of  the 
other,  we  have 

— = r j and  therefore  ^ 

(Xo  b„  bi  b» 
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Hence  the  measures  of  corresponding  values  of  the  two- 
magnitudes  are  always  in  the  same  ratio. 

208.  The  symbol  oc  is  used  for  the  words  varies  as ; 
thus  ^ oc  ^ is  read  ‘ A varies  as  B 

If  a oc  h,  the  ratio  « : 6 is  constant ; and  if  we  put  m 
for  this  constant  ratio,  we  have 

^\  — m\  .' . a = mh. 

0 

To  find  the  constant  m in  any  case  it  is  only  necessary 
to  know  one  set  of  corresponding  values  of  a and  h. 

For  example,  if  aoc6,  and  a is  10  when  h is  2,  we  have 
a = mb;  10  = mx2;  vt  = 5. 

Hence  a = 5h. 

209.  Definitions.  One  quantity  is  said  to  vary  in- 
versely as  another  when  the  first  varies  as  the  reciprocal  of 
the  second. 

Thus  a varies  inversely  as  i,  if  a oc  ^ that  is  if  a = mx\ , or 

0 h 

ab  = m. 

One  quantity  is  said  to  vary  as  two  others  jointly,  when 
the  first  varies  as  the  product  of  the  two  others. 

Thus  a varies  as  b and  c jointly  if  a oc  he,  that  is  if  a — mbe. 

One  quantity  is  said  to  vary  directly  as  a second  and 
inversely  as  a third,  when  the  ratio  of  the  first  to  the 
product  of  the  second  and  the  reciprocal  of  the  third  is 
constant. 

Thus  a is  said  to  vary  directly  as  b and  inversely  as  e,  if 

a : & X - is  constant,  that  is  if  a = m~ , where  7n  is  a constant. 
c c 

In  all  the  different  cases  of  variation  defined  above,  the 
constant  will  be  determined  when  any  one  set  of  corre- 
sponding values  is  given. 
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■For  example,  if  a varies  as  b and  inversely  as  c,  and  a is  6 
when  6 is  2 and  c is  9,  we  have 


a — m-,  and  therefore  6 = . 

c 9 

Hence  m = 2'J,  and  therefore  a — 27-. 

c 


210.  Theorem.  If  « depends  only  on  h and  c,  and  if 
a varies  as  b when  c is  constant,  and  varies  as  c when  b is 
constant ; then  when  both  b and  c vary,  a will  vary  as  be. 


Let  a,  b,  c ; a\  b',  c and  a',  b',  c be  three  sets  of  corre- 
sponding values. 

Then,  since  c is  the  same  in  the  first  and  second 
a b 

a'^  b'  


•(i) 


Also,  since  b'  is  the  same  in  the  second  and  third  cases, 
we  have 


a 

a" 


c 

c 


(ii). 


Hence,  from  (i)  and  (ii). 


a a'  be 
- X -7/  = , r, , 
a a be 


that  is 


a be 
a"  b'c  ’ 


which  proves  the  theorem. 

The  following  are  examples  of  the  above  proposition. 

The  cost  [C]  of  a quantity  of  meat  varies  as  the  price  per 
pound  [P  ] if  the  weight  [ W]  is  constant,  and  the  cost  varies  as 
the  weight  if  the  price  per  pound  is  constant ; hence,  by  the 
proposition,  when  both  the  weight  and  the  price  per  pound 
change,  the  cost  varies  as  the  product  of  the  weight  and  thq 
price. 


VARIATION. 


Thus,  if  C cc  P,  when  W is  constant, 

and  C cc  W when  P is  constant ; 

then  G oc  PW,  when  both  P and  W change. 

Again  the  area  [A  ] of  a triangle  varies  as  the  base  [P  ] when 
the  height  [H]  is  constant ; the  area  also  varies  as  the  height 
when  the  base  is  constant ; hence,  when  both  the  base  and  the 
height  change,  the  area  will  vary  as  the  base  and  height  jointly. 

Thus,  if  A <x  B,  when  H is  constant ; 

and  if  A x H,  when  B is  constant ; 

then  A <x  BH,  when  both  B and  H change. 

Again,  the  pressure  [P]  of  a gas  varies  as  the  density  [P] 
when  the  absolute  temperature  [T]  is  constant ; the  pressure 
also  varies  as  the  absolute  temperature  when  the  density  is 
constant ; hence,  when  both  density  and  temperature  change, 
the  pressure  will  vary  as  the  product  of  the  density  and  tempera- 
ture. 

Thus  Pa  DT. 

Ex.  1.  If  A a B,  and  if  also  A cc  C ; then  will  B ac  C. 

For,  since  A cc  B,  we  have  A = mB,  where  m is  some 

constant. 

And,  since  A cc  G,  we  have  A = nG,  where  ?t  is  some  constant. 

Hence  B — ~ G,  where  - is  some  constant:  and  therefore 

VI  VI 

B cc  G. 

Ex.  2.  If  C a WP,  then  will  W a ^ . 

For,  since  G a WP,  we  have  G — vi.  WP,  where  m is  some 
constant. 

Hence  W = — ^ , where  — is  some  constant ; therefore 
VI  P m 

W cc  p. 

Ex.  3.  The  pressure  of  a gas  varies  jointly  as  its  density 
and  its  absolute  temperature  ; also  when  the  density  is  1 and  the 
temperature  300,  the  pressure  is  15.  What  is  the  pressure  when 
the  density  is  3 and  the  temperature  is  320  ? 
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Since  P cc  TD, 

we  have  P^niTD, 

where  m is  some  constant. 

Also,  by  the  question, 

15  = ?a  X 300  X 1 ; 

P^i^TD. 

Hence  when  is  3 and  T is  320,  we  have 
P = ^i-^x  320x3 
= 48. 


EXAMPLES.  LXII. 

1.  A varies  asp,  and  A is  5 when  P is  3 ; what  is  A when  P is  5 ? 

2.  IF  varies  inversely  as  P,  and  IF  is  4 when  P is  15  : what  is  TF 

when  P is  12  ? 

'■ 

3.  If  a:  Qc  y and  y cc  z,  then  will  xz  cc  i/I 

4.  If  X-  oc  y and  cc  y,  then  Avill  xz  cc  y. 

5.  If  .r  oc  - and  ?/  cc  - , then  will  x cc  z. 

y z 

6.  A varies  as  P and  G jointly  ; also  A = 4 when  R — 2 and  (7=6: 
find  the  value  oJ  A when  B — 2 and  (7  = 9. 

7.  A varies  as  P and  inversely  as  C ; also  A = 2 when  P = 3 and 
(7=4  : find  the  value  of  P when  A — (S  and  (7  = 3. 

8.  The  area  of  a circle  varies  as  the  square  of  its  radius,  and  the 
area  of  a circle  whose  radius  is  10  feet  is  314-159  square  feet.  What 
is  the  area  of  a circle  whose  radius  is  12  feet  ? 

9.  The  volume  of  a sphere  varies  as  the  cube  of  its  radius,  and 
the  volume  of  a sphere  whose  radius  is  1 foot  is  4-188  cubic  feet. 
What  is  the  volume  of  a sphere  w-hose  radius  is  3 feet  ? 

10.  The  velocity  of  a falling  body  varies  as  the  time  during  which 
it  has  fallen  from  rest,  and  the  velocity  at  the  end  of  two  seconds  is 
64.  What  is  the  velocity  at  the  end  of  five  seconds  ? 

S.  ALG. 
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11.  The  distance  through  which  a heavy  body  falls  from  rest 
varies  as  the  square  of  the  time  it  falls,  and  a body  falls  through  144 
feet  in  three  seconds.  How  far  does  it  fall  in  two  seconds  ? 

12.  Given  that  the  area  of  a circle  varies  as  the  square  of  its 
radius,  shew  that  a circle  of  5 feet  radius  is  equal  to  the  sum  of  a 
circle  of  3 feet  radius  and  another  of  4 feet  radius. 

13.  The  volume  of  a gas  varies  as  the  absolute  temperature  and 
inversely  as  the  pressure.  Also  when  the  pressure  is  15  and  the  tem- 
perature 280  the  volume  is  1 cubic  foot ; what  is  the  volume  when  the 
pressure  is  20  and  the  temperature  300  ? 

14.  If  varies  as  c^,  and  if  c = 2 when  a = 5 and  b~3:  find 

the  equation  between  a,  h and  c,  and  shew  that  5 is  a mean  propor- 
tional between  a - 2c  and  a -f  2c. 

15.  The  volume  of  a right  circular  cone  varies  jointly  as  its 
height  and  the  square  of  the  radius  of  its  base  ; and  the  volume  of  a 
cone  7 feet  high  with  a base  whose  radius  is  3 feet  is  66  cubic  feet. 
Find  the  volume  of  a cone  9 feet  high  with  a base  whose  radius  is 
14  feet. 

16.  The  volume  of  a sphere  varies  as  the  cube  of  its  radius ; if 
three  spheres  of  radii  6,  8 and  10  inches  respectively  be  melted  and 
formed  into  a single  sphere,  find  its  radius. 

17.  The  distance  of  the  oflSng  at  sea  varies  as  the  square  root  of 
the  height  of  the  eye  above  the  sea  level,  and  the  distance  is  3 miles 
when  the  height  is  6 feet : find  the  distance  when  the  height  is 
50  yards. 


MISCELLANEOUS  EXAMPLES.  V. 

A.  1.  If  ^ u = 1.  fiiitl  the  numerical  value  of 

o 4 2 

{a  - 5)2  +{h~  c)2  -t-  (c  - a)-. 

2.  Divide 

9a%^-12a%  + 3b^  + 2a%^-  + ia^-llah^  by  3b^  + - 2ab^ 

3.  Find  the  n.c.  f.  of  1 - a;  - -H  and  1 - .t*  - - x^. 
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4. 


Simplify 


g-2  _ a^-2  _ 1 + ^-2 

a + ab~^  + l + h-^ 


5.  A person  bought  15  ducks  and  12  geese  for  £5.  os. ; and  the 
prices  were  such  that  2 more  ducks  could  be  bought  for  18s.,  than 
geese  for  £1.  What  was  the  price  of  a duck? 

6.  Shew  that  the  difference  of  the  roots  of  the  equation 
-px  + q = 0 is  equal  to  the  difference  of  the  roots  of  the  equation 

x‘^~  3px  + 2p^  + q = 0. 

7.  What  is  the  least  integer  which  must  be  added  to  the  terms  of 
the  ratio  3 :4  to  make  it  greater  than  the  ratio  19  : 21  ? 

8.  Shew  that,  if  a + h,  b + c,  c + a are  in  continued  proportion, 

then  b + c : c + a : : c - a : a-b. 


B.  1.  Find  the  value  of 

(xy  + Ji-x-Jl-  if)  +-  {x  -y  J ^ 

when  x — I,  y — %. 


2.  Multiply  a--  + (a  - 1)  a-  + u + 1 by  (a  - 1)  x - - a - 1. 

3.  Find  the  factors  of  (i)  - 13a-y  + i2xy-, 

(ii)  (u  + 25  + 3c)^-4  (rt  + 6-c)2,  and  (iii)  a^-4ay + 4y--9. 

a 3a  4ay 

4.  Simplify  — + + j-i,—  . 

x-  2y  x + 2y  iy^  - x^ 

5.  Solve  the  equations  : 


10  _ ^ _ 10 
a a + 2 a + 1 ' 


(ii)  a + i/4V('^'  + l/)==12) 
a-2-y2  =21)- 

6.  If  .a  + - = l and  ;/  + - = !,  prove  that  2 + - = l,  and  that 

y z ^ X 

xyz  + l = {). 

7.  Find  the  square  root  of 

9a®  - 12a^y-  + SOx^y^  + 4a'^y^  - 20ay®  + 25//®. 

8.  Find  two  numbers  such  that  their  sum,  their  difference,  and 
the  sum  of  their  squares  are  as  3 : 1 : 15. 

9.  li  a : b ::  c : d,  shew  that 

la  + mb  : Ic  + md  ::  ^Ja^  + b-d  : sj ac^  + d®. 


17—2 
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C.  1.  Subtract  rt-2(6-c)  from  3 {6-f2(a-c)-5(d-Z))}. 

2.  Multiply  — + ^ by  a-b  + - — 

a b ah 

3.  Multiply  \ ~ ^)>  divide 

9fl=-166-  , 3a -4& 

4.  If  a = y + z,  & = z + .T,  c = a:  + y,  then 

a-  + lP  + c-~  bc-ca  - ab  — .x'^  + y-  + z--  yz  - zx-  xy. 

5.  Find  tbe  square  root  of 

aJ  + 4ayi  + 10a%^  + 12ahj^  + 9y  = . 

6.  If  x — 2 + ^'2,  prove  that  {x  - 1)  {x-2)=zx. 

7.  A and  B start  simultaneously  from  two  towns  to  meet  each 
other : A travels  two  miles  an  hour  slower  than  B and  they  meet  in 
seven  hours : if  B had  travelled  one  mile  an  hour  faster  than  he  did 
and  A at  only  half  his  previous  pace,  they  would  have  met  in  nine 
hours.  Find  the  distance  between  the  towns. 


8.  If  a (y  + z)  — b{z  + x)  = c (x  + y)]  then 

y -z  _ z - X _ x-y 
a{b-c)~h{c-a)  c{a-b)' 

D.  1. 

2.  Divide 

x^  - 2bx^  - (or  - b-)  x-  + 2arbx  - a^b-  by  x- - [a  + h)  x-\-ab. 

3.  Find  the  l.  c,  ii.  of  a;-  - 7r  + 12,  3x-  - 6r  - 9 and  2x^  - 6x-  - 8x. 


i.  Simplify 

xz  zy  -f  z- 

5.  Solve  the  equations  : 

ox-f  7 2x-  7 

(1)  —2 ^-3x^14. 


(ii)  i/2-x?/  = 15 
x-  + xy  = l‘^\ ' 
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6.  The  fore-wheel  of  a carriage  makes  64  revolutions  more  than 
the  hind-wheel  in  travelling  one  mile,  and  the  sum  of  the  revolutions 
made  by  each  in  a journey  of  10  miles  is  7040  : find  the  circum- 
ference of  each  wheel. 

7.  Divide  + -loifi  by  2xi-loyi. 

8.  Prove  that  if  the  ratios  a : a,  h : ^ and  c : y are  all  equal, 
then  each  is  equal  to  the  ratio  a + h + c : a-h^  + y. 


E.  1.  Simplify  the  expression 

2 {x  - 2a  - % (x  - a)  + a]  - 1 {{x  - n)  - {a  - b)  + y - h] . 

2.  Divide  2a‘'ar  - 2 {5b  - M)  {b  — c)  y”  + abxy  by  ax  + 2(b  — c)y. 

3.  Find  the  factors  of  the  following  expressions  : 

(i)  4a-6-*  - 16a-*6-,  (ii)  a;- - 26x- 87,  and  (iii)  3x- - - 10?/-. 

4.  Shew  that 

1^  1 1 _ / 1 , 1 1 

{y-z)^  {z-xy^  {x-yf~\y-z‘z-x  x-y)' 

5.  -A-  man  bought  a number  of  articles  for  £21.  If  he  had  got 
six  more  for  the  same  money  each  would  have  cost  l.^f.  3d.  less  tlurn 
it  did;  how  many  did  he  buy? 

6.  Multiply  J(x  - a)  -f  - ,^/u5  by  ^/{x  -a)-  .^Ui  -i- 

7.  Shew  that  the  mean  proportional  between  F'-i  and  y~  - 
1 

IS  XII . 

xy 

8.  11  a : b ::  c : d,  shew  that 

a-  + b~  : c~  dr  : : {a  -r  b'j^  ; (c  + d)-. 


F.  1.  Multiply  a- b-fc-d  by  a -fi-c  + d. 

2.  Divide  + b'^  + + 5 (b  + c)  (c  -f  a)  {aAb)  by  u -h  b -r  c. 

3.  Find  the  h.c.f.  of  x3-19x-f30  and  5.c^- 19.r--f-36.  For 
what  values  of  x will  both  expressions  vanish  ? 


4.  Shew  that 


a-\-b 

a-b 


y-iiyl 


Sab  (a-  + b-) 

' ■ 
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5.  Solve  the  equations  : 

6a- 7 5(.r-l)^l 

9t  + 6 l‘2a-  + 8 2' 

(ii)  4:X  + Qy—  31 

4xr  + 9.r)/  + 9?/^  1 1 j ' 


G.  Simplify 


and 


2.v/(^)  + 3y/(4) 

~ i sAi)  ’ 

X X ( -V  -1, 

X ( j-4- {.r  '^1/ 


7.  Find  the  squai’e  root  of 

.ri2  _ 6.ri«  + 13a’8  - 14a«  + 1 0.r^  - 4.r2  + 1 . 


8.  Ji  (I  : h ::  c : d •,  shew  that  : lAd-  : : cC  + N 


: N + d\ 


CHAPTER  XXII. 


ARITHMETIC7VL  PROGRESSION. 

211.  Def.  A series  of  quantities  is  .s.aicl  to  be  in 
Arithmetical  Progression  when  the  difference  between  any 
term  and  the  ineceding  one  is  the  same  throughout  the 
sei’ies. 

Thus  6,  c,  cZ,  tfec.  are  in  Arithmetical  Progressioji 
(a.p.)  if  h ~ a~  c — h — d— c,  &c. 

The  difference  between  each  term  of  an  a.p.  and  tlie 
preceding  term  is  called  the  common  difference. 

The  following  are  examples  of  arithmetical  progressions  : — 


1, 

3, 

5, 

7,  &c., 

2, 

6, 

10, 

14,  &c., 

9, 

8, 

7, 

6,  Ac., 

and  3, 

-1, 

-5, 

-9,  Ac. 

In  the  first  series  the  common  difference  is  2,  in  the  second 
series  it  is  4,  in  the  third  it  is  - 1,  and  in  the  last  it  is  - 4. 

212.  If  the  first  term  of  an  arithmetical  progression 
be  a,  and  the  common  difference  d ; then 
the  2nd  term  will  be  a + d, 

. . . 3rd  a + ^ld, 

. . . 4th  a + 3cZ, 

and  so  on,  the  coefficient  of  d being  always  le.ss  by  unity 
than  the  number  giving  the  position  of  the  term  in  the 
series. 
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Tims  the  ??th  term  is 

a + (?i  — 1 ) d. 

AVe  can  therefore  write  down  any  term  of  an  a.p.  when 
tlie  first  term  and  the  common  difference  are  given. 

For  example,  in  the  a.p.  whose  first  term  is  5,  and  whose 
common  difference  is  3, 

the  9th  term  is  5 + (9  -1)3  = 20. 
and  the  27th  term  is  5 + (27  - 1)  3 = 83. 

213.  When  rmy  hvo  terms  of  an  a.p.  are  given  we  can 
find  the  first  term  and  the  common  difference,  and  tlierefore 
any  other  term  of  tlie  series. 

Suppose,  for  example,  that  the  10th  term  of  an  a.p.  is  25,  and 
the  15th  term  is  5. 

Let  the  first  term  be  a,  and  the  common  difference  d. 

Then  the  10th  term  will  be  a + 9d, 
and  the  15th  term  will  be  n + lid. 

Hence  a + 9d  = 25, 

and  a + lid=  5. 

By  subtraction  5d=-20;  .•.  d= -4. 

Then  a = 25  - 9d  = 25  - 9 ( - 4)  = 61. 

Thus  the  series  is  61,  57,  53,  Ac. 

Ex.  The  12th  term  of  an  a.p.  is  15  and  the  19th  term  is  36 ; 
find  the  30th  term. 

Let  the  first  term  be  a and  the  common  difference  d. 

Then  the  12th  temi  will  be  n + Ilf/,  and  the  19th  term  will  be 
a + 18fZ. 

Hence  by  the  question 

a + llfZ  = 15, 

« + 18cZ  = 36. 

By  subtraction  7f/  = 21;  d=‘6. 

Then  « = 15- lld=15-33= -18. 


Hence  the  30th  term  = a + 29fZ  = - 18  + 29  x 3 = 69. 
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214.  When  three  quantities  are  in  arithmetical  pro- 
gression, the  middle  one  is  called  the  Arithmetic  Mean 
of  the  other  two. 

Thus,  if  a,  h,  c are  in  a.p.,  h is  the  arithmetic  mean  of 
a and  c. 

By  the  definition  of  arithmetical  progression,  we  have 
b — a = c — b •, 
h=h(f(  + c). 

Thus  the  arithmHic  mean  of  any  lioo  quantities  is  half 
their  sum. 

215.  When  any  number  of  quantities  are  in  arithmetical 
progression  all  the  intermediate  terms  may  be  called  arith- 
metic means  of  the  two  extreme  terms. 

Between  any  two  given  quantities  any  number  of 
arithmetic  means  may  be  inserted. 

For  example,  to  insert  four  arithmetic  means  between  10  and 

25. 

We  have  to  find  an  a.p.  with /our  terms  between  10  and  25,  so 

that  10  is  the  first  and  25  is  the  sirth  term  of  an  a.p. 

Let  d be  the  common  difference. 

Then  the  sixth  term  is 

10  + 5d; 

10  + 5d  = 25;  .-.  d^3. 

Thus  tlie  series  is 

10,  1.8,  16,  19,  22,  25; 

and  the  required  arithmetic  means  between  10  and  25  are 
13,  16,  19,  22. 

We  now  consider  the  most  general  case,  namely  to  insert 
n arithmetic  means  between  a and  b. 

AVe  have  to  find  an  a.p.  with  n terms  between  a and  5, 
.so  that  a is  the  first  and  b is  the  [a  + 2)th  term  of  the  a.p. 
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Let  d be  the  common  difference. 

Then  the  (n  + 2)th  term  is  a + (w  + \)d\ 
a+{n-\-\)d=  b, 

(n  + l)d  = b — a; 


Thus  tlie  series  is 

b — a ^ ~ 

a,  a + , a -V  1 , a A n 

ua\  n+l 

and  tlie  aidthmetic  means  required  are 


h ~ a 

+ r ’ 


IV  T ^ , 

+ 1 

that  is 


na  + b 
n+\  ’ 


a + 


h — a 

7;  + 1 ’ 


a + 3 


h — a 

+ 1 ’ 


a + n 


b — a 

n +1  ’ 


{n—\)a  + 2h  (?i— 2)«  + 36  a + nh 

n A \ ' + 1 ’ ’ + 1 ' 


EXAMPLES.  LXIII. 

1.  Find  the  30th  terms  of  each  of  the  following  arithmetical 
progressions : 

(i)  3,  5,  7,  &c.  (ii)  1,  5,  9,  &e.  (iii)  12,  9,  6,  &c. 

(iv)  &c.  (v)  a + h,  a,  a - h,  &c. 

2.  Find  the  last  term  of  each  of  the  following  series  : 

(i)  3,  6,  9,  (fee.  to  24  terms.  (ii)  5,  9,  13,  (fee.  to  30  terms. 

(iii)  6,  5,  4,  &c.  to  10  terms.  (iv)  14,  46,  78,  (fee.  to  12  terms, 

(v)  6,  8|,  IIL  (fee.  to  14  terms.  (vi)  - L - ‘fee-  to  25  terms. 

3.  The  10th  term  of  an  a.p.  is  6 and  the  6th  term  is  10,  Find 

the  first  term. 

4.  The  12th  term  of  an  a.p.  is  15  and  the  20th  term  is  25.  Find 
the  common  difference. 

5.  The  7th  term  of  an  a.p.  is  5 and  the  12th  term  is  30,  Find 
the  common  difference. 
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6.  The  3rd  term  of  an  a.p.  is  40  and  the  13th  term  is  25.  Find  tlie 
first  term. 

7.  What  is  the  10th  term  of  the  a.p.  whose  first  term  is  7 and 
whose  third  term  is  13  ? 

8.  What  is  the  12th  term  of  the  a.p.  whose  first  term  is  20  and 
whose  sixth  term  is  10? 

9.  The  3rd  term  of  an  a.p.  is  10  and  the  14th  terra  is  54  : find 
the  20th  term. 

10.  The  7th  term  of  an  a.p.  is  5,  and  the  5th  term  is  7.  What  is 
the  12th  term  ? 

11.  Which  term  of  the  series  5,  8,  11,  &c.  is  65? 

12.  Which  term  of  the  series  I,  f,  &c.  is  18? 

13.  Which  term  of  the  series  9,  13,  17,  &c.  is  229  ? 

14;.  Which  term  of  the  a.p.  16a -85,  15a -75,  14a  - 65,  &c. 
is  8a? 

15.  Write  down  the  arithmetic  mean  of  (i)  7 and  13  ; (ii)  9 and 
- 9,  and  (iii)  a + 5 and  a - 5. 

16.  Insert  6 arithmetic  means  between  8 and  29. 

17.  Insert  8 arithmetic  means  between  50  and  80. 

18.  Insert  7 arithmetic  means  between  269  and  295. 

19.  Insert  15  arithmetic  means  between  67  and  43. 

20.  Insert  25  arithmetic  means  between  84  and  40§. 

21.  Insert  10  arithmetic  means  between  5a  - 65  and  55  - 6a. 

22.  Insert  8 arithmetic  means  between  a - 55  and  5 - 5a.. 

23.  If  5,  c,  d are  in  a.p.,  shew  that  a + d = b + c. 

24.  The  sum  of  the  first  and  fourth  terms  of  an  a.p.  is  19,  and 
the  sum  of  the  third  and  sixth  terms  is  31.  What  is  the  first  term? 

25.  The  sum  of  the  second  and  fifth  terms  of  an  a.p.  is  32,  and 
the  sum  of  the  third  and  eighth  terms  is  48.  What  is  the  first 
term  ? 

26.  The  sum  of  the  third  and  fourth  terms  of  an  a.p.  is  187,  and 
the  sum  of  the  seventh  and  eighth  terms  is  147.  What  is  the  second 
term? 
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27.  The  sum  of  the  second  and  twentieth  terms  of  an  a.p.  is  2, 
and  the  sum  of  the  ninth  and  fifteenth  terms  is  8.  What  is  the  sum 
of  the  sixth  and  seventh  terms  ? 

28.  Shew  that,  if  the  same  quantity  be  added  to  every  term  of 
an  A.P.,  the  sums  will  be  in  a.p. 

29.  Shew  that,  if  every  term  of  an  a.p.  be  multiplied  by  the  same 
quantity,  the  products  will  be  in  a.p. 

30.  Shew  that,  if  every  alternate  term  of  an  a.p.  be  taken  away, 
the  remaining  terms  will  be  in  a.p. 

31.  Shew  that,  if  between  every  two  consecutive  terms  of  an  a.p. 
their  ai’ithmetic  mean  be  inserted,  the  whole  will  form  another 
arithmetical  progression. 

32.  Shew  that,  if  four  quantities  are  in  a.p.,  the  product  of  the 
first  and  fourth  is  always  less  than  the  product  of  the  second  and 
third. 


216.  To  find  the  sum  of  any  number  of  terms  of  an 
arithmetical  progression. 

Let  a be  the  first  term  and  d the  common  difference. 
Let  n be  the  number  of  the  terms  whose  sum  is  required, 
and  let  I be  the  last  term. 

Then,  since  I is  the  ?ith  term,  we  have 
Z = a + (?i  — 1 ) cZ. 

Hence,  if  S be  the  required  sum, 

,S'  = tt  + (a  + fZ)  + (a  + 2c?)  +...  + (?—  ^d)  + (?  — d)  + /. 

Now  write  the  series  in  the  reverse  order ; then 
S =l  A {1  — d)  + (I—  2c?)  + . . . + (c*  + 2d)  + {a  + d)  + a. 
Hence,  by  addition  of  corresponding  terms,  we  have 
2*S'  =(«  + ?)  + (a  + ?)  + (rt  + ?)  + . . . to  terms 
= n{a  + l)  ] 

:.S^^{aAl)  (i). 
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But  a A I = a A [a  A ((a  — \)  d\  = ‘la  A {ii — \)  d •, 

S^'^{laA{n-l)d]  (ii). 

The  formulae  (i)  and  (ii)  are  botli  important  and  sliould 
be  remembered. 

It  should  be  remarked  that  the  formula  (ii)  gives  the 
value  of  any  one  of  the  four  quantities  a,  d,  n and  S when 
the  other  three  are  known. 

Ex.  1.  Find  the  sum  of  the  first  20  terms  of  the  series 
5 + 8 + 11  + &c. 

Here  a = 5,  d = 3,  w = 20; 

S = ^{2aA{n-l)d} 

= ^{10  + 19x3}  = 670. 

Ex.  2.  Shew  that  the  sum  of  any  number  of  consecutive  odd 
numbers,  beginning  with  unity,  is  a square  number. 

The  series  of  odd  numbers  is 

1+3+5+7+ 

Here  a = 1 and  d — 2;  hence  the  sum  of  n terms  is  given  by 
S'  = |{2«  + (a-l)d} 

=|{2  + (k-1)2|=^x  2n  = n-. 

Thus  the  sum  of  n consecutive  odd  numbers  beginning  with 
unity  is  v?. 

Ex.  3.  The  sum  of  20  terms  of  an  arithmetical  progression  is 
410,  and  the  first  term  is  30.  What  is  the  common  difference  ? 

We  have  S =^{2a  A (n - 1) d} , 

where  »8  = 410,  a = 30,  and  n = 20. 

20 

Hence  410  = -^{60  + 19d}. 

From  which  we  find  that  d=  -1. 


0 


ARITHMETICAL  PROGRESSION. 


Ex.  4.  How  many  terms  of  the  series  11  + 12  + 13  + &c.  must 
be  taken  in  order  that  the  sum  may  be  410  ? 


We  have  .S'  = - {2«  + (;« - l)d}, 

Avhere  u = ll,  d=l,  and  ,S'  = 410. 

Hence  410  = ^^{22  + (a  - l)[_i 

?j^  + 21?(  - 820  = 0, 

that  is  (h  - 20)  (?t  + 41)  = 0; 

« = 20,  or  n=-41. 


When  a,  S and  d are  given,  n is  to  be  found  by  solving  a 
quadratic  equation,  and  one  of  the  roots  of  the  equation  is 
generally  inapplicable,  for  any  value  of  n which  is  not  a positive 
integer  is  without  meaning. 

In  the  present  case,  -41  is  to  be  rejected*:  thus  the  only 
value  of  n is  20. 


Ex.  5.  How  many  terms  of  the  series  24  + 21  + 18  + &c.  must 
be  taken  in  order  that  the  sum  may  be  105  ? 

We  have  S = '~[2a  + {n-l)d}, 

where  a = 24,  d=-3,  and  ,8  = 105. 


Hence  105  = |{48  + (?!-!)(-  3) } ; 

210  = h-;48-3«  + 3}; 

.-.  ?i2_i7„  + 7o  = o. 

Hence  ?i  = 7,  or  7«  = 10. 


Since  both  values  of  n are  positive  integers,  they  are  both 
answers  to  the  question.  Whenever  the  sum  of  an  a.p.  is  the 
same  for  two  values  of  n the  additional  terms  for  the  greater  value 
have  a zero  sum  ; in  the  present  case  these  additional  terms  are 
3,  0,  - 3. 

* The  beginner  should  be  cautioned  against  the  error  of  sup- 
posing that  - 41  might  mean  41  terms  reckoned  baclavards. 
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EXAMPLES.  LXIV. 


Find  the  sum  of  the  following  series : 


I.  2 + 4 + C+ ...  to  20  terms.  2.  15  + 144  + 14+ ...  to  16  terms. 

3.  1 + 2^ + 34...  to  12  terms.  4.  - 5 - 1 + 3 + .. . to  20  terms. 

5.  4 + ^ + i+ ...  to  7 terms.  6.  4 - § - V- - ...  to  61  terms. 

7.  10  + -Y-  + -V-  + • • • to  7 terms.  8.  | + 1 + | + . . . to  15  terms. 

9.  34  + 24  + 11  + ...  to  71  terms.  10.  If + U1  + 2|? + ...  to  n terms. 

II.  8 + 74  + 6|  + . . . to  19  terms. 

12.  lo  + 44  + 3^\  + . . . to  31  terms. 

13.  5 + 6-2  + 7-4 +...  to  21  terms. 


14. 


15. 


n - 1 n - 2 n - 3 

-1 1 — h ...  to  n terms. 

71  n 11 


16.  « + 1 + (2n  + 3)  + (3n  + 5)  + . . . to  7t  terms. 

17.  («  + 5)2  + (a^+  5^)  + (a  - 5)2  + ...  to  n terms. 

18.  The  3rd  term  of  an  arithmetical  progression  is  15,  and  the 
20th  term  is  23f ; find  the  sum  of  the  first  20  terms. 

19.  The  5th  term  of  an  a.p.  is  37  and  the  13th  term  is  81  ; find 
the  sum  of  the  first  24  terms. 


20.  Find  the  sum  of  20  consecutive  odd  numbers  of  which  the 
least  is  25. 

21.  Find  the  sum  of  40  consecutive  odd  numbers  of  which  the 
greatest  is  99. 

22.  Insert  29  arithmetic  means  between  5 and  50,  and  find  their 


sum. 


23.  Insert  40  arithmetic  means  between  10  and  100,  and  find 
their  sum. 


24.  There  are  27  terms  of  an  a.p.  of  which  3 is  the  first  and  107 
is  the  last ; find  the  middle  term  and  the  sum  of  all  the  terms. 

25.  There  are  71  terms  of  an  a.p.  of  which  the  first  is  7 and 
the  last  is  1015 ; find  the-  middle  term  and  the  sum  of  all  the 
terms. 
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26.  There  are  19  terms  in  A.r.  of  which  the  first  is  8 and  the  last 
- 4 ; find  the  sum  of  the  series. 

27.  Find  the  sum  of  20  terms  of  the  series  3,  5,  7,  Ac.  beginning 
at  the  seventh. 

28.  Find  the  sum  of  35  terms  of  the  scries  6,  9,  12,  d'c.,  beginning 
at  the  fifth. 

29.  The  sum  of  10  terms  of  an  A.r.,  whose  first  term  is  2,  is  155  : 
what  is  the  common  difference  ? 

30.  The  sum  of  25  terms  of  an  A.r.,  whose  first  term  is  6,  is  25  ; 
what  is  the  common  difference  ? 

31.  The  sum  of  10  terms  of  an  A.r.  is  100,  and  the  sixth  term  is 
11 ; what  is  the  first  term? 

32.  The  sum  of  23  terms  of  an  a.p.  is  133,  and  the  fifth  term  is 
0 ; what  is  the  common  difference  ? 

33.  The  sum  of  10  consecutive  terms  of  the  series  3,  8,  13,  &c.  is 
705  : which  is  the  first  of  them  ? 

34.  The  sum  of  25  successive  terms  of  the  series  5,  8,  11,...  is 
1025  ; which  is  the  first  of  them  ? 

35.  How  many  terms  of  the  series  1,  |,  must  be  taken  in 
order  that  the  sum  may  be  zero  ? 

36.  How  many  terms  of  the  series  15,  12,  9,...  must  be  taken  in 
order  that  the  sum  may  be  45  ? 

37.  How  many  terms  of  the  series  1--,  1--,  1--,...  must 

a a a 

be  taken  in  order  that  the  sum  may  be  - 6a  ? 

38.  How  many  terms  of  the  series  -8-7-6-...  Avill  amount 
to  42? 

39.  The  first  term  of  a certain  a.p.  is  1,  the  last  is  99,  and  the 
sum  of  all  the  terms  is  450 : how  many  terms  are  there  ? 

40.  The  last  term  of  an  a.p.  of  20  terms  is  62  and  the  sum  is 
670 : what  is  the  common  difference  ? 

41.  The  ninth  term  of  an  a.p.  is  136  and  the  sum  of  the  first  19 
terms  is  2527.  Find  the  sum  of  the  first  40  terms. 

42.  Find  the  sum  of  15  terms  of  an  arithmetical  progression  of 
which  the  eighth  is  6. 

43.  Find  the  sum  of  35  terms  of  an  arithmetical  progression  of 
which  the  eighteenth  term  is  15. 
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44.  Find  the  sum  of  2n  + l terms  of  an  a.p.  whose  (n  + l)th  term 
is  100. 

45.  Shew  that,  if  any  odd  number  of  quantities  are  in  a.p.,  the 
first,  the  middle,  and  the  last  are  also  in  a.p. 

46.  Shew  that,  if  unity  be  added  to  the  sum  of  any  number  of 
terms  of  the  series  8,  16,  24,  &c.,  the  result  will  be  the  square  of  an 
odd  number. 

47.  Find  the  sum  of  all  the  odd  numbers  between  100  and  200. 

48.  Find  the  sum  of  all  the  even  numbers  which  are  between  101 
and  999. 

49.  Find  the  sum  of  all  the  numbers  between  100  and  500  which 
are  divisible  by  3. 

50.  A man  saved  each  year  £10  more  than  he  did  in  the 
preceding  year,  and  he  saved  £20  the  first  year : in  how  many  years 
will  his  savings  amount  to  £1700? 

51.  The  sum  of  10  terms  of  an  arithmetical  series  is  145,  and 
the  sum  of  its  fourth  and  ninth  terms  is  five  times  the  third  term ; 
determine  the  series. 

52.  In  an  a.p.  consisting  of  2n  + 1 terms,  shew  that  the  sum  of 
the  odd  terms  is  to  the  sum  of  the  even  terms  as  + 1 : n. 

53.  In  an  a.p.  consisting  of  21  terms,  the  sum  of  the  three 
last  terms  is  117,  and  the  sum  of  the  three  middle  terms  is  90 ; find 
the  series. 

54.  The  sum  of  n terms  of  the  series  87,  85,  83,  &c.  is  equal  to 
the  sum  of  n terms  of  the  series  3,  5,  7,  &c.  Find  n. 

55.  The  sum  of  n terms  of  the  a.p.  43,  45,  47,  &c.  is  equal  to  the 
sum  of  2n  terms  of  the  a.p.  45,  43,  41,  &a.  Find  n. 

56.  Divide  80  into  four  parts  which  are  in  a.p.,  and  which  are 
such  that  the  product  of  the  first  and  fourth  is  two-thirds  of  the 
product  of  the  second  and  third. 

57.  Find  four  numbers  in  a.p.  such  that  the  sum  of  their  squares 
shall  be  120,  and  that  the  product  of  the  first  and  last  shall  be  less 
than  the  product  of  the  other  two  by  8. 

58.  II  “>  ~ pi’ove  that  (s-5)^,  (s-c)- are 

also  in  a.p.,  where  2s  = a + b-\-c. 

59.  Shew  that,  if  u,  h,  c be  in  a.p.,  then  will  a-(5-fc),  5'^(c-fa), 

{a  + b)  also  be  in  a.p. 

S.  ALO. 
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CHAPTER  XXIII. 


GEOMETRICAL  PROGRESSION. 


217.  Def.  A series  of  quantities  is  said  to  be  in 
Geometrical  Progression  when  the  ratio  of  any  term  to 
the  preceding  one  is  tlie  same  tliroughout  the  series. 

Thus  a,  h,  r,  d,  Am.  are  in  Geometrical  Progression  (g.p.) 

■ r.h  cd 
if  - = 7 = - , Ac. 

a 0 G 

Tlie  ratio  of  each  term  of  a geometrical  progression  to 
the  preceding  term  is  called  the  common  ratio. 

The  following  are  examples  of  geometrical  progressions; 

1,  .3,  9,  27,  Ac. 

4,  2,  1,  I,  &c. 

and  -|,  -1,  I,  - 1,  Ac. 

In  the  first  series  the  common  ratio  is  3,  in  the  second  series 
it  is  and  in  the  last  it  is  - 

218.  If  tlie  first  term  of  a g.p.  be  «,  and  the  common 
ratio  r ; then 

the  2nd  term  will  be  ar, 

the  3rd  ar^, 

the  4 til  ar', 

and  so  on,  the  index  of  r being  always  less  by  unity  than 
the  number  giving  the  position  of  the  term  in  the  series. 
Thus  the  ?^th  term  is 

We  can  therefore  write  down  any  term  of  a g.p.  when 
the  first  term  and  the  common  ratio  are  given. 
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For  example  in  the  o.p,  whose  first  term  is  5,  and  whose 
common  ratio  is  3, 

the  4th  term  is  5 x 3^“^  = 5 x 3^, 
and  the  10th  term  is  5 x 3i®^i  = 5 x 3®. 


219.  When  any  two  terms  of  a g.p.  are  given,  we  can 
find  the  first  term  and  the  commoir  ratio  : the  series  will 
tlius  be  completely  determined. 


Suppose,  for  example,  that  the  fifth  term  of  a g.p.  is  |,  and 
the  7th  term  |f. 

Let  the  first  term  be  a,  and  the  common  ratio  r. 

Then  the  5th  and  the  7th  terms  are  ar*  and  nr®  respectively. 
Hence  = 

and 

.'.  by  division , ^ ; 

^1- 


Then,  since  « x i i = I > 

Thus  the  series  is  f,  ±3,  2,  &c. 


Ex.  The  4th  term  of  a g.p.  is  189  and  the  Cth  term  is  1701, 
find  the  8th  term. 

Let  the  first  term  be  a,  and  the  common  ratio  r ; then  the  4th 
term  will  be  and  the  6th  term  will  he  ar^. 

Hence,  by  the  question, 

ar^  — 18d  and  «r'^  = 1701. 

By  division  r‘-^  = 9; 

Then  a = 189  •^(  ± 3)3=:  ± 7. 

Hence  the  8th  term  = a)-^=  ^7  ( ± 3)5'=  15309. 


220.  When  three  quantities  are  in  geometrical  progres- 
sion, the  middle  one  is  called  tlie  geometric  mean  of  the 
other  two. 

Thus,  if  a,  b,  c are  in  g.p.,  b is  the  geometidc  mean  of  a 
and  e.  By  the  definition  of  geometric  progression,  we  have 
6 _ c 

a~P 


18—2 
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Ifi  = ac  ; 
h = ^Jac. 

Thus  the  geometric  mean  of  any  two  quantities  is  the 
square  root  of  their  product. 

It  sliould  be  noticed  that  quantities  which  are  in 
continued  proportion  [Art.  203],  are  in  geometrical  pro- 
gression. 

221.  When  any  number  of  quantities  are  in  geometrical 
progression  all  the  intermediate  terms  may  be  called  geo- 
metric means  of  the  two  extreme  terms. 

Between  two  given  quantities  any  number  of  geometric 
means  may  be  inserted. 

For  example,  to  insert  three  geometric  means  between  5 and 

80. 

We  have  to  find  a g.p.  with  three  terms  between  5 and  80,  so 

that  5 is  the  first  term  and  80  is  the  fifth  term. 

Let  r be  the  common  ratio  ; then  the  fifth  term  is  a?-^. 

Hence  5r'*  = 80;  r*  = lQ-,  r=±2. 

Thus  the  series  is  5,  ± 10,  20,  ± 40,  80. 

The  required  means  are  therefore  ± 10,  20,  40, 

We  now  consider  the  most  general  case,  namely  to 
insert  n geometric  means  between  a and  b. 

We  have  to  lind  a g.p.  with  n terms  between  a and  h, 
so  that  a is  the  first  and  h is  the  {n  4-  2)th  term  of  the  g.p. 

Let  r be  the  common  ratio.  Then  the  (n  + 2)th  term 
is  ; 
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Hence  the  required  means  are  ar,  ar‘\  ar 


where  r = 


EXAMPLES.  LXV. 

1.  Find  the  6th  terms  of  each  of  the  following  geometrical 
progressions : 

(i)  9,  3,  1,  &G.  (ii)  2,  -3,  f,  &c.  (iii)  a-,  ah,  (frc. 

2.  What  is  the  fifth  term  of  the  g.p.  whose  first  term  is  3 and 
whose  third  term  is  4 ? 

3.  The  3rd  term  of  a g.i>.  is  1,  and  the  6th  term  is  - what  is 
the  10th  term  ? 

4.  The  4th  term  of  a G.r.  is  -016  and  the  7th  term  is  -000128: 
what  is  the  first  term  ? 

5.  The  6th  term  of  a g.p.  is  156  and  the  8th  term  is  7644 : what  is 
the  7th  term? 

6.  The  3rd  term  of  a g.p.  is  2-25  and  the  7th  term  is  11-390625. 
What  is  the  5th  term  ? 

7.  The  3rd  term  of  a g.p.  is  4 and  the  6th  term  is  - 4.  What  is 
the  10th  term  ? 

8.  The  4th  term  of  a g.p.  is  and  the  7th  term  is  - What 

is  the  6th  term  ? 

9.  Find  the  geometric  mean  (i)  of  4 and  9,  (ii)  of  7 and  252, 
and  (iii)  of  a^b  and  alA. 

10.  Insert  two  geometric  means  between  1 and  - 8;  also  insert 
three  geometric  means  between  12  and  J,  and  four  between  § and  ||. 

11.  Insert  five  geometric  means  between  3 and  -000192. 

12.  Insert  four  geometric  means  between  and  a~'^b*. 

13.  The  sum  of  the  third  and  fourth  terms  of  a g.p.  is  40,  and 
the  sum  of  the  sixth  and  seventh  terms  is  2560.  What  is  the  first 
term  ? 

14.  The  sum  of  the  first  and  second  terms  of  a g.p.  is  72  and 
the  sum  of  the  third  and  fourth  terms  is  8.  What  is  the  first  term? 

15.  If  Cl,  b,  c,  d are  in  g.p.,  shew  that  ad  — be. 
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16.  If  all  the  terms  of  a g.p.  be  multiplied  by  the  same  quantity, 
the  products  will  be  in  g.p. 

17.  Shew  that  the  reciprocals  of  the  terms  of  a geometrical  pro- 
gression are  in  g.p. 

18.  If  every  alternate  term  of  a g.p.  be  taken  away,  the  remaining 
terms  will  be  in  g.p. 

19.  If  between  every  two  consecutive  terms  of  a g.p.  their  geo- 
metric mean  be  inserted,  the  whole  will  form  another  geometrical 
progression. 

20.  Shew  that  the  product  of  any  two  terms  of  a geometrical 
progression,  which  are  respectively  equally  distant  from  the  first  and 
the  last  terms,  is  equal  to  the  product  of  the  first  and  last  terms. 

222.  To  find  the  sum  of  any  number  of  terms  of  a 
geometrical  progression. 

Let  a be  the  first  term,  and  r the  common  ratio.  Let 
n be  the  number  of  the  terms  whose  sum  is  required,  and 
let  I be  the  last  term. 

Then,  since  I is  the  rith  term,  we  have 


The  above  formula  may  be  written  in  another  form; 
for,  by  substituting  the  value  I = we  have 


that  is 


I = ar^~\ 

Hence,  if  S be  the  required  sum, 

S = a + ar  + ar^  + + 

Multiply  by  r ; then 

Sr  — ar  + ar^  + ar^  + ...  + -f  aSK 

Hence,  by  subtraction, 

S - Sr  -a  - ; 

t is  /S'  (1  — r)  = a (1  — r”) ; 
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Ex.  1.  Eind  the  sum  of  10  terms  of  the  series  1,  2,  4,  &c. 
Here  a = l,  r = 2,  n— 10. 


S = a 


1 - r” 
1-r 


1-210 
~ 1-2 


= 210-1  = 1023. 


Ex.  2.  Find  the  sum  of  6 terms  of  the  series 


2-3  + --&C. 


Here  a = 2,  r—  - , and  7i  = 6. 


S = a 


1-7-^ 

1-r 


1-^- 


223.  Sum  of  an  infinite  number  of  terms  of  a geo- 
metrical progression.  It  might  at  first  be  thought  that,  by 
taking  a very  great  number  of  terms  of  any  geometrical 
progression,  the  sum  could  be  made  as  great  as  we  please ; 
an  example  will,  however,  shew  that  this  is  not  the  case. 
Suppose  that  we  have  a line  two  inches  long,  and  divide  it 
into  two  equal  parts  and  take  away  one ; then  bisect  the 
remainder  and  take  away  one  of  the  parts;  and  suppose 
this  process  continued  to  any  extent.  Then  the  lengths  in 
inches  of  the  successive  parts  taken  will  be  1,  -t,  <kc. 
Now  it  is  clear  that  the  sum  of  all  the  parts  taken  away 
can  never  exceed  two  inches,  but,  as  the  part  which  is  left 
over  will  diminish  without  limit  as  the  number  of  the 
operations  is  increased,  the  sum  of  the  parts  taken  away 
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can  be  made  to  differ  from  two  inches  by  a length  wliich  is 
smaller  than  any  coaiceivable  length  ; hence  the  sum  of 


Now  if  r is  a,  jtr op er  fraction.,  whether  positive  or  nega- 
tive, the  absolute  value  of  r”  will  decrease  as  n increases ; 
moreover  r”  can  be  made  as  small  as  we  p)lcase  by  sufficiently 
increasing  the  value  of  n.* 

Hence,  when  r is  numerically  less  than  unity,  the  sura 


a quantity  as  we  ]>lease  by  taking  a very  great  number  of 
terms. 

Thus  the  sum  of  an  infinite  number  of  terms  of  the 
geometrical  progression  a p ar  a- ar~  A-  . . in  which  r is 

numerically  less  than  unity,  is  ^ . 


Ex.  1.  Find  the  sum  of  an  infinite  number  of  terms  of  the  series 

(i)  l + h + i + l + - 

(ii)  9-6  + 4-... 


continued  to  infinity  is  equal  to  2. 
From  Art.  222  we  have 


rt(l— ?’”)  a ar^ 
1— r \ —r  1— r" 


of  the  series  can  be  made  to  differ  from  -zr^ — by  as  small 

l-r 


In  (i) 


a = l,  r = l ; 


In  (ii) 


a 


9 


9 27 


* See  Kote  on  p.  285. 
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Ex.  2.  Find  the  value  of  ■234. 

•234= -23444 

3 4 4 

“10 


10-2  ' 103  ' 10“^ 


4 4 

Now  Xoi  + lO^  + infinity  =. 


10« 

1 

“H) 


_W  -I  _ 4 
“ 9 ^ iO-5  “ 900  • 


TT  2 3 4 211 

Hence  -234  = 

Ex.  3.  Find  the  geometrical  progression  whose  sum  to 
infinity  is  18,  and  whose  second  term  is  - 8. 

Let  a be  the  first  term,  and  r be  the  common  ratio. 

Then  the  second  term  is  a?-,  and  the  sum  to  infinity  is  . 


Hence 


and 


«?•=  - 8, 

a 

= 18. 


1-r 

Hence,  by  division,  we  have 
-8 


7'(l-r)  = 


18  ’ 


4 

'■=9- 


1,  » = -®=24 
3 r 


Thus  the  series  is  24, 


8.  3 , <tc. 


The  value  r = - is  inadmissible,  for  the  sum  of  a geometrical 
progression  is  not  giVen  by  the  formula 


1-r 


except  when  ?•  is  numerically  less  than  xinity. 
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EXAMPLES.  LXVI. 

Find  the  sum  of  the  following  series  ; 

1.  8 + 12  + 18  + 27^■ ...  to  71  terms.  2.  12  + 9 + 6|+ ...  to  6 terms. 
3.  a + ^ + ^y,+ ...  to  7t  terms.  4.  ly  + l to  8 terms. 

5.  | + i + i + ...  to  6 terms.  6.  12  - 9 + 6| -...  to  infinity. 

7.  4 + 1-2  + -3G  + -108+ ...  to  infinity, 

8.  4 + -8  + -16+  ..  to  infinity.  9.  a^  + a7»  + F-  + ...  to  ?i.  terms. 

10.  3 - 2 + - ...  to  infinity. 

11.  Find  the  sum  of  the  successive  powers  of  2 from  2 up  to  4096 
inclusive. 

12.  Find,  correct  to  four  places  of  decimals,  the  sum  to  infinity 

.,11 

of  the  series  1 + ^ + 2 ' 

13.  Find  the  geometric  mean  of  4:X^  - 12x  + 9 and  dx^  + 12x  + 4. 

14.  Shew  that  the  product  of  any  odd  number  of  terms  of  a o.p. 
is  equal  to  the  nth  power  of  the  middle  term,  n being  the  number  of 
the  terms. 

15.  Find  the  g.p.  whose  sum  to  infinity  is  4,  and  whose  second 
term  is 

16.  Find  the  g.p.  whose  sum  to  infinity  is  9,  and  whose  second 
term  is  - 4. 

17.  The  sum  of  the  first  10  terms  of  a certain  g.p.  is  equal  to  33 
times  the  sum  of  the  first  5 terms.  What  is  the  common  ratio  ? 

18.  If  the  sum  of  a geometrical  series  to  infinity  is  n times  the 

first  term,  shew  that  the  common  ratio  is  1 - - . 

n 

19.  If  the  common  ratio  of  successive  terms  of  a g.p.  be  positive 
and  less  than  shew  that  each  term  is  greater  than  the  sum  of 
all  that  follow  it. 

20.  The  sixth  term  of  a g.p.  is  8 times  the  third  term,  and  the 
sum  of  the  first  two  terms  is  24  ; find  the  series. 
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21.  Find  the  sum  to  infinity  of  the  series 

a + b \a  + bj  \a  + bj 

22.  Find  the  sum  to  infinity  of  the  series 

23.  Shew  that,  if 

= a + ar  + af^  + ar^  + . . . + ar'-’\ 
and  S2=a- ar  + ar^  - ar^+ ... +ar-'^ ; 

then  S^S.^  = a^  + aV-  + + . . . + 

24.  Sum  the  series  v/f  + 4 v/2  + 1 + . . . to  infinity. 

25.  The  sixth  term  of  a g.p.  is  and  the  second  term  is  ; 

find  the  sum  to  infinity. 

26.  Find  three  numbers  in  g.p.  such  that  their  sum  is  14,  and 
the  sum  of  their  squares  is  84. 

27.  The  sum  of  the  first,  second  and  third  terms  of  a g.p.  is  42, 
and  the  fourth  term  exceeds  the  first  by  126.  What  is  the  series  ? 

28.  The  sum  of  the  first,  second  and  third  terms  of  a g.p.  is  to 
the  sum  of  the  third,  fourth  and  fifth  terms  as  1 : 4,  and  the  fifth  term 
is  8.  What  is  the  series? 

29.  Shew  that,  if  a,  b,  c,  d he  in  g.p.,  then  will  a+b,  b + c,  c + d, 

and  also  a^+b^,  b“  + c^,  + be  in  g.p. 

30.  Shew  that,  if  a,  h,  c be  the  pth,  5th,  and  ?-th  terms  respec- 
tively of  a G.P.,  then  will  b^~P  -1. 

31.  Shew  that,  if  {a^  + b'^)  (b'^  + c^)  = {ab  + bc)^,  then  will  a,  b,  c be 
in  G.p. 

224.  Sometimes  we  are  not  told  the  law  which  con- 
nects successive  terms  of  a series ; but  when  a certain 
number  of  the  terms  are  given,  the  law  can  in  simple  cases 
be  at  once  determined. 

Suppose,  for  example,  we  have  the  series 
3,  9,  15,  &c. 

Here  9-3  = 6,  and  15-9  = 6. 

Thus  the  series  is  an  arithmetical  j)ro(jression,  whose  common 
difference  is  6. 
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Again,  in  the  series 

3,  9,  27,  &c. 

Since  9-3  = 6,  and  27-9  = 18,  the  series  is  not  an  arith- 
metical progression.  We  then  see  whether  it  satisfies  the 
conditions  for  being  a geometrical  progression,  namely  -|  = V> 
which  is  the  case.  Thus  the  series  is  a (jeometrical  frogressioa, 
whose  common  ratio  is  3. 


EXAMPLES.  LXVII. 

Sum  the  following  series  : 

1.  3,  2-7,  2-4,  &c.  to  21  terms.  2.  2,  18,  162,  &c.  to  7 terms. 

IP 

3.  1,  "2,  -04,  &c.  to  infinity.  4.  - , &c-  to  n terms. 

a 

5.  '3,  -03,  -003,  &c.  to  infinity.  6.  3 -f- 4-3-1- 5-6 -f  ...to  11  terms. 

_ 4a + b 5a  + 2b  . 

7.  « H g- 1 g + ...  to  19  terms. 

8.  4 “ i to  8 terms.  9.  3i  + 1|  + k + to  infinity. 

10.  24 -f  64-1-151 -f  ...  to  5 terms. 

11.  Sum  the  following  series  to  6 terms,  and  when  possible  to 
infinity : 

(i)  21+64  + 10+.. . (ii)  9 + 5 + 1+.. . (hi)  4-34-|-... 

0^)  i-fi  + l-f...  (v)  4+i-f|+... 

12.  Shew  that,  if  an  odd  number  of  quantities  are  in  geometrical 
progression,  the  first,  the  middle  and  the  last  of  them  are  also  in 
geometrical  progression. 

13.  The  sum  of  the  first  7 terms  of  an  a.p.  is  49,  and  the 
sum  of  the  next  8 terms  is  176 : what  is  the  series? 

14.  The  arithmetic  mean  of  the  first  and  third  terms  of  a 
geometrical  progression  is  5 times  the  second  term : find  the 
common  ratio. 

15.  If  the  fourth  term  in  an  arithmetical  progression  is  the 
geometric  mean  of  the  second  and  seventh  terms;  shew  that  the 
sixth  term  is  the  geometric  mean  of  the  second  and  fourteenth. 
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16.  If  P be  the  continued  product  of  n terms  of  a geometrical 
progression  whose  first  term  is  a and  last  term  I,  shew  that 

P^={al)^. 

17.  The  continued  product  of  three  numbers  in  g.p,  is  216,  and 
the  sum  of  the  products  of  them  in  pairs  is  156  : find  the  numbers. 

18.  Divide  25  into  five  parts  which  are  in  a.p.,  and  which  are 
such  that  the  sum  of  the  squares  of  the  least  and  greatest  of  them  is 
one  less  than  the  sum  of  the  squares  of  the  other  three. 


19.  Insert  between  6 and  16  two  numbers  such  tliat  the  first 
three  may  be  in  a.p.  and  the  last  three  in  g.p. 

20.  If  a,  b,  c be  in  geometrical  progression,  and  x,  y be  the 
arithmetic  means  between  a,  b,  and  b,  c respectively,  prove  that 


2 11 

V — — 1 — > 

b X y 


and  2 — - 

X 


c 

y‘ 


Note.  The  statement  that,  when  r is  a proper  fraction, 
can  be  made  absolutely  less  than  any  assigned  quantity  however 
small  by  sufficiently  increasing  n,  can  be  proved  as  follows. 

Since  we  are  only  concerned  with  absolute  magnitudes, 
r may  be  supposed  to  be  positive,  and  since  r is  less  than  1,  it 

can  be  written  in  the  foi’m  , where  a is  vositive. 

1 + a 


Then  (1  + g)  (1 + «)  = 1 + 2a  + and  {1  + af>l-\-2u. 

Again  (1  + a)^  (1  + fl) > (1  + 2a) (1  + a)  > 1 + 3a,  and  so  on. 
Thus  (1 + a)"  > 1 + aa. 

Now  however  great  k may  be,  1 + na  > k,  if  n > (k  - l)/a.  [For 
example,  if  k = lO^o  and  a = then  n = 10^^  will  make  1 + va  > k.] 
Thus,  by  taking  n sufficiently  great,  (l  + a)"  can  be  made 
greater  than  any  quantity  k,  however  great  k may  be;  and 


therefore  can  be  made  less  than  any  quantity  , however 

(i  + aj  k 

small  — may  be.  This  proves  the  theorem. 


In  the  above  it  must  be  noticed  that  a,  although  perhaps 
a small  fraction,  is  finite.  If  a diminishes  without  limit  as  n 
increases  without  limit,  it  is  by  no  means  true  that  (1  + a)™^ 
increases  without  limit  as  n increases  without  limit. 
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HATIMONICAL  PROGllESSION.  OTHER  SIMPLE  SERIES. 


225.  A SERIES  of  quantities  is  .said  to  be  in  Harmonical 
Progression  when  the  difference  between  the  first  and  the 
second  of  any  three  consecutive  terms  is  to  the  difference 
between  the  second  and  the  third  as  the  first  is  to  the  third. 

Tlius  a,  h,  c,  d,  &c.  are  in  harmonical  progressioiij  if 
a — h : i — c : : a ; c, 
h — c : c — d ; : h : d, 

and  so  on. 

226.  If  a,  b,  c are  in  liarmonical  progression,  we  liave 
by  definition 

a — b : b — c : : a ; c. 

Hence  c (a  — b) — a (b  — c), 

or  ca  — bc=ab  — ac. 

Divide  by  abc  ; then 

1 _ 1 _ 1 _ 1 

b a c b' 

which  shews  that  - , \ , - 

a b c 

are  in  arithmetical  progression. 

Tlius,  if  quantities  are  in  harmonical  'progression^  their 
reciprocals  are  in  arithmetical  progression. 
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The  above  relation  between  quantities  in  liarinonieal 
progression  is  much  more  frequently  employed  than  that 
given  in  the  preceding  article 

227.  When  three  quantities  are  in  harmonical  progres- 
sion, the  middle  one  is  called  the  harmonic  mean  of  the 
other  two. 

If  a,  b,  c are  in  harmonical  progression, 

1 1 1 

a’  b’  c 

are  in  arithmetical  progression ; 

l l l l 

"6  a c b’ 

.21  1 

' ' b a c ’ 

, 2ac 

b = . 

a + c 

Thus  fhe  harmonic  mean  of  any  two  quantities  is  twice 
their  prodtict  divided  by  their  sum. 

228.  If  we  put  A,  G,  H for  the  arithmetic,  the  geo- 
metric, and  the  harmonic  means  respectively  of  any  two 
quantities  a and  b,  we  have 

A ==  A (a  + b),  G = Jab,  and  H = . 

a + b 

^ fjf}} 

Hence  Ax  II  ^ A la  + b)  x II—  = ab  ; 

- ^ a+b 

AH^G\ 

Hence  G is  the  geometric  mean  of  A and  R. 

Thus  the  geometric  mean  of  any  two  quantities  is 
also  the  geometric  mean  of  their  arithmetic  and  harmonic 


means. 
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229.  Many  questions  concerning  quantities  in  harmoni- 
cal  progression  can  be  solved  by  considering  the  arithmetical 
progression  whose  terms  are  the  reciprocals  of  the  terms  of 
the  harmonical  progression. 

For  example,  to  insert  n harmonic  means  between  any 
two  quantities  a and  b. 

Insert  n arithmetic  means  between  - and  ^ . These, 

a b 


by  Art.  215,  will  be 


\ b a 

a n + \ 


&c. 

n + \ 


Thus 


11  1_1 

1 \ 1)  a \ ^b  a 

a'  a w + l’a  w+1’ 


1 

b 


are  in  a.p. 

That  is 

1 [nb  + a)  {'ri  - 1)  6 + 2a  1 

a’  [n-<r\)ab'  {n-\-\)ab  ’ 'b 

are  in  a.p. 

Hence  the  reciprocals  of  these  are  in  h.p. 

Thus  the  x’equired  harmonic  means  are 
+ 1 ) ab  (9^  + 1 ) ab 
nb  ^ a ’ (?^  — 1 ) & + 2a  ’ ' 

Note.  It  is  of  importance  to  notice  that  no  formula 
can  be  found  giving  the  sum  of  any  number  of  terms  in 
harmonical  progression. 


230.  The  conditions  that  a,  5,  c may  be  in  a.p.,  g.p., 
or  H.p.  respectively  may  be  written 

a — b ; b — c : : a : a, 
a — b : b — c : : a : b, 
a-b  : b- c : : 


a : c. 
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The  first  and  third  follow  from  the  definitions  of  a.p.  and 
H.P.,  and  the  second  can  be  easily  verified  by  multipli- 
cation. 

Ex.  1.  The  second  term  of  a harmonical  progression  is  2, 
and  the  fourth  term  is  6;  find  the  series. 

The  second  term  of  the  corresponding  arithmetical  progression 
is  and  the  fourth  term  is  Hence,  if  a be  the  first  term,  and 
d the  common  difference,  we  have 

rt  + tZ  = i,  and  a + ^d  — \, 
whence  « = t,  and  d=-\. 

Thus  the  arithmetical  iDi'ogression  is 

I,  h h h 

Hence  the  harmonical  progression  is 
-I,  2,  3,  6,  &G. 

Ex.  2.  Shew  that  a + b,  2b  and  b + c will  be  in  h.p.  if  a,  b,  c 
are  in  g.p. 

The  three  quantities  a + b,  2b  and  b + c will  be  in  h.p.  if 
1 1 2 
a + b^b  + c~  2b' 

or  if  b {b  + c)  + b {a+b)  = {a  + b)(b  + c); 

that  is,  if  b‘^  + bc  + ab  + b~  = ab  + b^  + ac  + bc, 

or  if  b‘^  = ac; 

and  this  is  the  case  when  a,  b,  c are  in  g.p. 

EXAMPLES.  LXVIII. 

1.  Shew  that  if  the  terms  of  a harmonic  progression  be  all 
multiplied  by  the  same  quantity,  the  products  will  be  in  harmonical 
progression. 

2.  Insert  5 harmonic  means  between  1 and  7. 

3.  Insert  4 harmonic  means  between  and  f . 

4.  Shew  that,  if  the  arithmetic  mean  of  two  quantities  is  1,  their 
harmonic  mean  will  be  the  square  of  their  geometric  mean. 


S.  ALG. 
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5.  Shew  that,  if  a^,  b-,  c-  are  in  arithmetic  progression,  h-\-c, 
c-\-a  and  aAb  will  be  in  harmonical  progression. 


6.  Shew  that,  if  x,  y,  z be  in  h.p., 

[y  A z-  .t)S  [z  + x~yf,  [x  + y - zf 

will  be  in  a.p. 


7.  Shew  that,  if  x,  y,  z be  in  h.p.,  then  will 
be  also  in  h.p. 

8.  Shew  that,  if  x,  y,  z be  in  h.p.  , then  will 

X y 

y + z- x'  z + x-y’  x + y - z 

be  also  in  h.p. 


X 

y + z 


y _j_ 

z Ax'  X Ay 


9.  If  a,  h,  c,  d be  in  h.p.,  then  will  

bAcAd’  cAdAa  clAaAh 

and  — f- be  in  h.p. 

aAbAc 


10.  If  a,  b,  c be  in  ir.p.,  then  will  2a -b,  b and  2c -b  be 
in  G.  p. 

11.  If«,  b,  c be  in  h.p. , then  will  a,  a-c  and  a - & be  in  h.p. 

12.  Shew  that  ^ 

[a‘^AlP){a-AabAb-),  a^Aa-h'^Ab^,  and  {a^  A b-)  {a- - ab  A b^'j 
are  in  h.p. 

13.  Shew  that,  if  x,  a^,  y be  in  a.p.,  x,  pj,  y in  g.p.,  and 
X,  li^,  h^,  y in  H.p. ; then  will 

^ ^I  + »2 

A 11.2' 

14.  If  a,  b,  c be  in  h.p.,  then  will 

bAa  b AC 
h-a  b- c 

2 1 2 

15.  If  a,  b,  c be  in  g.p.,  then  will r , - and  , — be  in  a.p. 

aAb  b bAc 

16.  If  a,  b,  c be  in  a.p.,  and  b,  c,  d in  h.p.,  then  will  a : b = c : d. 

17.  Shew  that  if 

111  1 

— I — — , + j 

a c b~  a h - c 

then  b — aAc,  or  else  a,  b,  c are  in  harmonical  progression. 
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18.  If  a,  h,  c,  d be  in  h.p.,  then  will 

3 (b-a)  (d  - c)  — {c-  h)  {d  - r). 

19.  Shew  that,  if  a,  b,  c be  in  h.p.,  then 

2 _ J_ 

b b - b - c ' 

20.  Three  numbers  are  in  a.p.  The  product  of  the  extremes  is 
five  times  the  mean,  and  the  sum  of  the  two  largest  is  3 times  the 
least.  Find  the  numbers. 

21.  Shew  that,  if  are  in  a.p.,  then  a,\  ,c  will  be 

1-  ab  1-be  b 

in  H.p. 

22.  If  a,  b,  c be  in  a.p.,  and  a^,  lA,  c-  in  h.p.,  prove  that  - h, 
c ai’e  in  g.p.  or  a = b = c. 

23.  Three  numbers  are  in  a.p.  , and  if  1 be  added  to  the  greatest 
they  will  be  in  g.p.,  shew  that  the  smallest  is  equal  to  the  square  of 
the  common  difference. 

24.  Shew  that,  if  x,  a,  b,  y be  in  a.p.  and  x,  u,  v,  y in  h.p.  ; then 

av  = bu  = xy. 

25.  Shew  that,  if  a^,  a.^,  be  in  h.p.,  then 

aj«2  + = 3a-^a^. 

26.  Shew  that,  if  a,  b,  c be  in  a.p.,  and  a,  c,  b be  in  g.p.,  then 
will  b,  a,  c be  in  h.p. 


231.  Other  simple  series.  There  are,  besides  the  pro- 
gressions, many  other  series  the  successive  terms  of  which 
are  formed  according  to  simple  laws.  The  following  are 
examples  of  such  series  : 


and 


P + 2^  + 3^+ 

1.2 +2. 3 + 3. 4+ +,^(n  + l), 

1 ^ 1 ^ 1 ^ 1 

1 . 2 ^ 2 . 3 ^ STi  ^ n (w+  1)  • 


19—2 
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232.  We  proceed  to  find  the  sum  of  n terms  of  some 
of  these  simple  series. 

The  sum  of  n terms  of  a series  is  generally  denoted  by 
, and  the  sum  of  the  series  when  continued  without  limit 

Ex.  1 . Find  the  sum  of  n terms  of  the  series 
1 . 2 + 2. 3 + 3. 4 + 4. 5 + .... 

Here 

1 . 2 + 2 . 3 + 3 . 4 + ...  + (a  - 1)  ?t + « (/i  + 1). 

Let 

2 = 1 . 2 . 3 + 2 . 3 . 4 + 3 . 4 .5  + ...  + (u  - l)n(/i  + 1)  + n(?t  + l)(ji  + 2). 

Shifting  each  term  one  place  to  the  right  we  have 
2=  1.2. 3 + 2. 3. 4 + ...  + (n  - 2)  (w  - l)n  + {n-l)n  (u  + 1) 

+ n(’fi  + 1)  (71  + 2). 

Now  subtract  the  last  result  from  the  preceding,  taking  each 
term  from  the  one  above  it ; then  we  have 
0 = 1.2.  3 + 3.2.3  + .3.3.4  + ...+3(n-l)«  +3?i(«  + l) 

-71  (?l  + l)(?J  + 2). 

Hence 

3 {1 .2  + 2 .3  + 3. 4+...  + (w-l)  n + ?i(«  + l)}  = n(n  + l)(n  + 2)  ; 
‘^>1=  {'»'  + 1)  ('»'  + 2). 

Ex.  2.  Find  the  sum  of  71  terms  of  the  series 
1.2. 3 + 2. 3. 4 + 3. 4. 5+.... 

Here 

.S„  = 1.2.3  + 2.3.4  + 3.4.5  + ...  + (?i-l)7i(?i  + l)  + n(n  + l)(n  + 2). 
Let 

2 = 1. 2. 3. 4 + 2. 3. 4. 5 + 3. 4. 5. G+... 

+ (?i  - 1)  71  (71  + 1)  (71  + 2)+n  (n  + 1)  {71  + 2)  (n  + 3). 

Then 

2=  1 .2. 3. 4 + 2. 3.4.  5+.. . 

+ (71  - 2)  (>t  - 1)  (h  + 1)  + (n  - 1)  77.  (71  + 1)  (71  + 2) 
+ 71  (?t  + l)  (71  + 2)  (n  + 3). 
Hence,  by  subtraction,  each  term  being  taken  from  the  one 
above  it, 

0 = 1. 2. 3. 4 + 4. 2. 3. 4 + 4. 3.4.5  + ... 

+ 4 (ji  - 1)  n (n  + 1 ) + 4 (71  + 1)  (n  + 2) 

-71(71  + 1)  (m  + 2)  (71  + 3) ; 
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4{1.2 .3  + 2 .3.4  + 3 . 4 .5+...  + n(«  + l)  (u  + 2)} 

— 7i{n+ 1)  {n  + 2)  (;i  + 3) ; 
.'.  = (ji  + 1)  (n  + 2)  («.  + 3). 

Note.  This  series  aud  the  preceding  are  examples  of  an 
important  type  of  series  in  which  (i)  each  term  contains  the 
same  number  of  factors,  (ii)  the  factors  of  any  term  are  in 
A.P.,  aud  (iii)  the  first  factors  of  the  successive  terms  form  the 
same  a.p.  as  the  successive  factors  of  the  first  term. 

The  S series  by  means  of  which  the  required  sum  can  always 
be  found  is  the  series  whose  terms  are  formed  according  to  the 
same  law  but  with  an  additional  factor  at  the  end. 

Ex.  3.  To  find  the  sum  of  n terms  of  the  series 
12  + 22  + 32+... 

Here  .‘?„  = P + 22  + 32+ ... +«=". 

Now  iP=n(n  + l)-n\ 

S^  = 1. 2 + 2. 3+3.  4 + ...+'jt(?t  + l) 

...-n. 

Now,  by  Example  1, 

1.2 + 2. 3 + 3.  4+...+n(«+l)  = ^u(n  + l)(a  + 2)  ; 
also  1 + 2 + S + ...+n  = ^n{n  + l). 

Hence  = ^n  (n  + 1)  (n  + 2)  - {n  + 1) 

= |n(n  + l)  (2n  + l). 

Ex.  4.  To  find  the  sum  of  n terms  of  the  series 

13  + 23  + 33+... +7i+ 

Here  N„  = 13  + 23  + 33+ ... +7i3. 

Now  4^3=  {?i(ri  + l)}3-  {{n-  1)  n]^,  for  all  values  of  n. 

Hence  we  have 

4. 13^(1. 2)2, 

4. 23=  (2. 3)2  -(1.2)2, 

4. 33=  (3. 4)2  -(2.3)2, 


4 (n  - 1)3=  {(71-  1)  ?i}2  - {(71  - 2)  {n  ~ 1)}2, 
4/l3=  {71  (71  + 1)}2  - {(71-1)  7i}2. 
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Hence  by  addition 

4{P  + 23  + 33+...  + n3}  = {,i  (»  + l)}2; 

13  + 23  + 33  + . . . + 7i3  X,i^  (n  + 1)2. 

This  result  may  be  expressed  differently  ; for  since 
1 + 2 + 3+  .. +?i  = + 1) , 

we  have  13  + 23  + 33  + ...  + ?t3  = (1  + 2 + 3 + ...  +?;)"• 

Thus  tfie  sum  of  the  cubes  of  the  first  n numbers  is  equal  to  the 
square  of  their  sum. 

Ex.  5.  Find  the  sura  of  7i  terms  of  the  series 


Here 


V - J_  L Jl_ 


1 


Let 


then 


1111 
H+2+3+4 
1 1 1 

^ 1 + 2 + 3' 


{n  - 1)  n n (n  + 1)  " 
1 _1 

91+  1 ’ 


+ - + - 


1 1 

1 n n + 1 ’ 


Hence,  by  subtraction, 

^""^“172  “ 2Tb  ■'  374 
1 1 
1T2  ^2.  3' 


(h-1)?i  n(n  + l)  99  + 1 


+ — ^ , = 1 ■ 

n (u  + 1) 


1 

99  + i ' 


When  n is  infinite  is  zero  ; hence  the  sum  of  an  infinite 

99  + 1 

number  of  terms  of  the  series  is  1. 

i . 2 2.0  0.4 

Ex.  6.  Find  the  sum  of  n terms  of  the  series 

1_  _1_  ^ 

172.3'^2.3.4‘^3.4.5"^  ' 

Take  a series  2 formed  according  to  the  same  law  but  with 
one  factor  less  in  each  term,  and  proceed  as  before.  The  result 

. 1 

IS 


2 (1.2  (/9  + 1)(99  + 2) 


SIMPLE  SERIES. 


295 


Ex.  7.  Find  the  sum  of  n terms  of  the  series 
1 + 2x  + ix“  + 4x®  + . . . 

Let  /S  — 1 + 2.r  + 3x^  + 4x’^  + . . . + + (?i  + 1)  x^. 

Then  Sx—  x + 2x^  + 3x^+ ...  + nx”'  +(n  + l)x*''+h 
Hence,  hy  subtraction, 

(S  (1  - .r)  — 1 + .X  + + X*  + . . , + x”'  - {ii  + 1)  x’‘+h 

1 _ ,-c»+i 

But  1 + x + x^+ ... +x”  = — . 

1 - X 

1 _ a;n+l 

Hence  ,S’(l-x)  = -^^ — (7t  + l)x"+^; 


^ l-x»+i 

(l-^P 


-(n  + 1) 


a-n+t 

r^x  ■ 


EXAMPLES.  LXIX. 

Find  the  sum  of  the  following  series  to  n terms,  and  when  possible 
to  infinity. 

1.  2.4  + 4.6  + G.8  + ....  2,  3.5  + 5 . 7 + 7.9  + .... 

3.  1.4  + 4.7  + 7.10  + ....  4.  2.5  + 5.8  + 8.11+.... 

5.  1 .3.  5 + 3. 5. 7 + 5. 7. 9+.... 

6.  2.7.12  + 7.12.17  + 12.17.22  + .... 

_ 1 1 1 „ 1 1 1 
'■  1 . 3 3 . 5"^  2 . 5 5 . 8 8 . 11"^  ■ ■ 

9 — - + - ' -+  -'  + 

1.3.5  3.5.7  5.7.9 

• 2 .^5  78  ■''5.8.11'^  ST  1T.‘14  ^ ‘ 

(x  + l)(x  + 2)  + (x  + 2)  (x  + 3)  (xT3y(x  + 4)  ^ ‘ ' 

■lo  1 1 1 

{ IT xHl  + 2'^  ^ '(l  + 2x)  (1  + 3.x)  (l  + 3x)  (l  + 4x)  ^ ‘ ’ 

11  1 1 
I^T+2  1+TT3  l + 2 + 3 + 4'^'"‘ 

14.  P + 32  + 52+.,..  15.  13  + 33  + 53+.,.. 

16.  u (u  + 5)  + (a  + 5)  (u  + 25)  + (a  + 25)  [a  + 35)  + . . .. 
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MISCELLANEOUS  EXAMPLES.  VI. 


A.  1.  Simplify 

(,j  + 3)  (7/  - 1)  - 3 (y  + 1)  (y2  _ 9)  + 3 (y  - 1)  (y‘^  - 9)  - (y  - 3)  (tf  - 1). 

2.  Prove  that 


:10a;2-16a;y  + 10y2. 


[2xj-xY-{2x-yf  ^ {■ly-xf+(2x-  yf 
S(y-x)  x + y 

3.  Find  the  ii.c.i^  of  3.x'’  - 13x'^  + 23x  - 21  and  + x’  - 44x  + 21. 
For  what  value  of  x will  both  expressions  vanish? 


4.  Solve  the  equations: 

(i)  3x+--l  = 12.x  + -+14  = --2x-14. 

V y V 

(ii)  - (a  + & + 2c)  x + (a  + i + c)  c = 0. 

5.  A man  buys  9 oxen  and  20  sheep  for  £230;  by  selling  the  oxen 
at  a gain  of  25  per  cent.,  and  the  sheep  at  a loss  of  20  per  cent.,  he 
gains  £35  altogether.  Find  the  price  he  gave  for  each. 

6.  If  a and  /3  be  the  roots  of  the  equation  x^  + 4x  + 3 = 0,  shew 

that  the  equation  Avhose  roots  are  and  - is  3.x^-  16.x  +16  = 0. 
a 

7.  Multiply  - ‘laAb  ~ ^ + 4-  8a~  + 16«  ~ j by  a-^  + 26^. 

8.  Rationalise  the  denominator  of  > 

0 — 4 \/  o 

and  simplify  sj25  + 4 ^/34. 

9.  Sum  the  series  5 - 3|  + 2^  - &c.  to  8 terms,  and  find  its  limit 
when  continued  to  infinity. 

10.  Insert  20  arithmetic  means  between  100  and  300,  and  find 
their  sum. 

B.  1.  Simplify  3{x-2(y-^:)} -[4y  + 2{x-y-2j]. 

2.  Find  the  factors  of 

vinx^  + vi^xy  + it^xy  + mu  y-, 
x*-x^y  + .xy^-  y^. 


and  of 


MISCELLANEOUS  EXAMPLES.  VI. 


297 


3.  If  the  sum  of  two  numbers  be  equal  to  4,  shew  that  their  dif- 
ference is  one-quarter  of  the  difference  of  their  squares. 

4.  Solve 


(i) 


a b 

x+ a x+h 


(ii)  Jl2x-3  + ^x  + 2+  sj7x-13  = 0. 

5.  Shew  that  x^~8x  + 22  can  never  be  less  than  6. 

6.  Find  the  square  root  of  a®  + 2a?h‘^  - 2a^c  + h*  - 2h^c  -1-  c^. 

7.  li  a : b ::  c : d,  shew  that  a^  + b^  : c-  + d^  ::  {a  + b)^  : {c  + d}^. 

8.  Sum  the  following  series  : 

(i)  5 - 1 - 7 - &c.  to  20  terms. 

(ii)  2^  + l + l+  ...  to  infinity. 

9.  Find  the  sum  of  all  the  numbers  which  are  less  than  1000,  and 
are  divisible  by  7. 


10.  A train  travelling  at  the  rate  of  37^  miles  an  hour  passes  a 
person  walking  on  a road  parallel  to  the  railway  in  6 seconds;  it  also 
meets  another  person  walking  at  the  same  rate  as  the  other  but  in  the 
opposite  direction,  and  passes  him  in  4 seconds.  Find  the  length  of 
the  train. 


C.  1. 


when 


Find  the  value  of  _ 

Ji^  + y) 

x = 0,  y — 1, 


z-x(y-z) 
X -z{y-x)’ 
. = 11 


2.  Divide  4.x‘^  - Qx'^y^  + 12xy^  - 4?/*  by  2x^  + 3.xy  - 2y'^. 


3.  Shew  that  the  square  of  the  sum  of  two  consecutive  numbers 
is  equal  to  four  times  their  product  increased  by  unity. 

4.  Find  the  l.c.m.  of  x^  - Qax  9a^,  x‘^-ax-  6a^  and  - 12a-. 


C a-  2 1 1 2 

5.  Simplify  +^j + — -r 

a-2  1-a  a+1  a + 2 

6.  If  40  minutes  would  be  saved  in  a journey  by  increasing  the 
rate  of  the  train  by  5 miles  an  hour,  and  1 hour  would  be  lost  by 
diminishing  it  by  the  same  amount,  find  the  rate  of  the  train  and  the 
length  of  the  journey. 

7.  Simplify  2+V8  + x/2-V^7  - Jl2  + ^75  - ^(19  + 6 ^2). 
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8.  Prove  that  any  ratio  is  made  nearer  to  unity  by  adding  the 

same  number  to  each  of  its  terms.  Also  shew  that  — is  inter- 
val + lid 

mediate  between  ^ and  % . 

h d 

9.  Find  the  sum  of  the  following  series: 

(i)  21  + 15+  9+...  to  8 terms. 

(ii)  5 + 2 + -8  + ...  to  infinity. 

10.  The  arithmetic  mean  of  two  numbers  is  17,  and  their  geometric 
mean  is  15 : what  are  the  numbers? 


D.  1.  Simplify  {.r  {.v  + a)-a{x-  a) } {.c  (.r  - a)  - a {a  - x)} . 

2.  Shew  that  [n  + iy -iP  = {2n  + Vj{2nP‘ + 
and  that  {a  + 5)'*  - a*  - = (a  + h)'^  - 2a?lP. 


3. 


4. 


c,.  3a: -20- 

Simplify  <1 ;; — — 

{ X-  - bo: 

Solve  the  equations : 


{ X-  -OX) 


(i) 

(ii) 


"_"  = 21,  - + i=.-ll. 

X y X y 

3.r2-4.r?/  + 2i/-=:33,  x-  -y'^=lQ. 


5.  A number  consists  of  two  digits,  of  which  that  in  the  unit’s 
place  is  the  greater ; the  difference  between  the  squares  of  the  digits 
is  equal  to  the  number,  and  if  the  digits  were  inverted  the  number 
thus  formed  would  be  7 times  the  sum  of  the  digits.  Find  the  number. 


6.  Find  the  equation  whose  roots  are  the  cubes  of  the  roots  of  the 
equation  a;-  - 4x  + 2 — 0. 


7.  Find  the  square  root  of  x^  - 2.r^  + 8 + x~-  - 8a;  ^ + 16a: 


8. 


g^  + 5- 

■.  c : d,  iirove  that  — — - 


9.  Sum  the  following  series  : 

(i)  ^ i + | - ...  to  10  terms. 

(ii)  9 - 6 + 4 -...  to  infinity. 

10.  The  series  of  odd  numbers  is  divided  into  groups  as  follows : 
1 j 3,  5 ; 7,  9,  11 ; 13,  15,  17,  19  ; and  so  on.  Shew  that  the  sum  of 
the  numbers  in  the  vith  group  is  iP. 
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E.  1.  Simplify  + (x^  + XI/ + 1/)  - {x  (-21/ + x)+y^}. 

2.  Divide  6a^  + 4b^  - a%  + 13(16^  + 2a?N-  by  2a^-  + 4&2  _ 3«  6. 

3,  Find  the  highest  common  divisor  and  the  lowest  common 
multiple  of  3a®  - Za%  + a6®  - ft®  and  4a®  - 5ab  + 


5.  If  a and  /3  are  roots  of  a;®  f ?«a;  + ?i  = 0,  find  a®/3  + /3®a  in  terms 
of  m and  n. 

Test  your  result  on  the  equation  a;®  - 3x  + 2 = 0. 

6.  Find  the  value  of .%  for  which  3a:®  + 5a:  + 3 has  its  least  possible 
value,  and  shew  that  the  least  value  is  . 

7.  Shew  that,  if  a,  b,  c,  d be  in  continued  proportion, 


9.  Sum  the  series  : 

(i)  - 3 - 2 - 1...  to  ?i  terms. 

(ii)  1 - 4 + to  infinity. 

10.  A train  72  yards  long  passed  another  train  60  yards  long, 
which  was  going  in  the  opposite  direction  on  a parallel  line  of  rails, 
in  4 seconds.  Had  the  first-mentioned  train  been  travelling  at  twice 
its  actual  speed,  the  trains  would  have  passed  each  other  in  3 seconds. 
Find  the  number  of  miles  per  hour  at  which  the  trains  were  travelling. 

F.  1.  Simplify  (a:-t-?/-F2)®- (-.T-|-?/-f2;)®-f  (.r-y-l-^)®- (.T-f  y-^)®. 

2.  Divide  a®  - 3a®6  -1-  dab-  - 5®  - c®  by  a - 5 - c. 

3.  Prove  that,  if 


4.  Simplify 


1 1 

X -1  X 


8.  Fmd  the  square  root  of 


4x»  - 12a:y^'  - Ix^ij  -f  24xSy5  -f  16y®. 


x = a + d,  y=zb  + d,  z — c + d, 

then  x^  + y^  + z^-yz  - zx  - xy  = a?A  b^  + c^-bc-ca-  ab. 


1^  2a  _ 1__ 

a-2x'^  4a:®  - a®  a + 2x' 


4,  Simplify 
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5.  Solve  the  equations : 


(i) 

(ii) 

(iii) 


2x  + Ay  - 3z  = 22 
- 2y  + 5z  = 18 
OX+  y-2z=14 


.T-1 

x-2 

X - 5 

X - 2 

.X  - 3 

X - 0 

x + y 

x-y 

il 

x-y 

x + y “ 

^ r 

x3  + y2  = 

90^ 

X - 6 


6.  Shew  that,  if  any  integer  be  put  for  x in  the  expression 
a-6  - 4x^  + I4x^  - 32x3  + 49^2  _ eox  + 36, 
the  result  will  be  a square  number. 


7.  Eeduce 


tions,  and  find  its  value  to  4 places  of  decimals. 


to  the  best  form  for  numerical  calcula- 


8.  Shew  that  the  ratio  a-x  : a + x is  greater  or  less  than  the 
ratio  - x3  : a~  + x^,  according  as  the  ratio  x : a is  greater  or  less 
than  unity. 


9,  If  - + - varies  inversely  as  x + y,  then  + varies  as  xy. 
X y 


10,  If  a,  h and  c are  the  sums  of  n,  2n  and  3/t  terms  respectively 
of  a geometric  progression,  then  + 


CHAPTER  XXV. 

PERMUTATIONS  AND  COMBINATIONS. 

233.  Definition.  The  different  ways  in  which  r things 
can  be  taken  from  n things,  regard  being  had  to  the  order 
of  selection  or  arrangement,  are  called  the  permutations  of 
the  n things  r at  a time. 

Thus  two  permutations  will  be  different  unless  they 
contain  the  same  objects  arranged  in  the  same  order. 

For  example,  suppose  there  are  four  objects,  represented  by 
the  four  letters  a,  h,  c,  d. 

If  we  take  the  four  objects  one  at  a time,  we  have  the  four 
permutations  a,  h,  c,  d. 

If  we  take  the  objects  two  at  a time  we  have  the  twelve  per- 
mutations 

ab,  ac,  ad,  ha,  he,  bd,  ca,  cb,  cd,  da,  db,  dc. 

Now  to  find  the  whole  number  of  the  permutations  three  at  a 
time  we  can  proceed  thus.  Take  any  one  of  the  permutations 
two  at  a time  and  place  after  it  either  of  the  two  letters  which  it 
does  not  contain,  then  all  the  permutations  so  obtained  will  be 
different,  for  either  we  shall  have  used  a different  permutation  of 
two  letters  or  else  the  final  letters  will  be  different ; moreover, 
since  all  the  possible  permutations  two  together  have  been  used, 
no  permutation  of  three  letters  can  have  been  omitted.  Hence 
the  number  of  permutations  of  4 things  3 together  = number  of 
permutations  of  4 things  2 together  x 2 = 12  x 2 = 24. 

We  can  by  similar  reasoning  find  the  permutations  of  n things 
r together. 
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The  number  of  pei-mutations  of  n different  things  taken 
r at  a time  is  denoted  by  the  symbol 

234.  To  find  the  number  of  'permutations  of  n different 
things  taken  r at  a time,  where  r is  any  integer  not  greater 
than  n. 

Let  the  different  things  be  represented  by  the  letters  a, 

h,  c,  .... 

We  are  to  find  the  number  of  ways  of  taking  letters 
from  a,  b,  c,...  so  as  to  fill  up  r places  in  a row. 

The  first  place  can  be  filled  by  any  one  of  the  letters 
a,  b,  c, ...,  i.e.  in  n ways. 

Supposing  the  first  place  filled  by  any  one  of  the  letters, 
there  will  be  (w  - 1 ) letters  available  to  fill  the  second  place, 
so  that  for  each  one  of  the  n ways  of  filling  the  first  place 
there  will  be  (n—  1)  ways  of  filling  the  second.  Thus  there 
are  n (n-  1)  ways  of  filling  the  first  two  places,  i.e.  there 
are  n{n—  1 ) permutations  of  n things  2 at  a time. 

Again,  when  the  first  two  places  are  filled,  there  will 
be  (?i  - 2)  letters  available  to  fill  the  third  place,  so  that 
for  each  of  the  ways  of  filling  up  the  first  two  places  there 
will  be  igi  — 2)  ways  of  filling  up  the  third.  Thus  there  are 
n {n-\)  (n  — 2)  permutations  of  n things  3 at  a time. 

Similarly  each  permutation  3 at  a time  will  give  rise  to 
(n—3)  permutations  4 at  a time,  so  that  the  number  of 
permutations  4 at  a time  is  (?^  - 1)  [n  — 2)  {n  - 3). 

Proceeding  in  this  way,  it  is  clear  that  the  number  of 
p)ermutatious  of  n things  r at  a time  is  the  continued  prodtict 
of  r consecutive  integers  from  n doivnwards. 

Thus  ff^  = n{n-  \)(n  — 2)  ...  [n-r  + 1 ), 
r being  the  number  of  factors  on  the  right. 
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If  all  the  n things  are  to  be  taken  r is  equal  to  n,  and 
we  have 

l)(ri-2)...3. 2.  1. 

Def.  The  continued  product  n(n—  l)(w  — 2).,.3. 2.  lis 
denoted  by  the  symbol  j?2,  or  by  n ! The  symbols  'n  and  n ! 
are  read  ‘ factorial  w.’  Thus  |4  = 4 . 3 , 2 . 1. 

Ex.  1.  In  how  many  different  ways  can  6 boys  stand  in 
a row  ? 

The  number  required  = gPg  = 6. 5. 4. 3. 2.  1 = 720. 

Ex.  2.  How  many  different  numbers  can  be  formed  by  using 
three  of  the  figures  1,  2,  3,  4,  5? 

The  number  required  = 5P3  = 5 . 4 . 3 = 60. 

Ex.  3.  Shew  that  = 

igP4=10.  9.8.7  and  7Py  = 7. 6 . 5.4. 3.2. 1. 

235.  'To  find  the  number  of  permutations  of  n things 
taken  all  together,  when  the  things  are  not  all  different. 

Let  there  be  n letters ; and  suppose  p of  them  to  be  u’s, 
q of  them  to  be  6’s,  r of  them  to  be  c’s,  and  so  on. 

Let  r be  the  required  number  of  permutations. 

If  in  any  one  of  the  actual  permutations,  we  suppose 
that  the  a’s  are  all  changed  into  p letters  different  from 
each  other  and  from  all  the  rest ; then,  by  changing  only 
the  arrangement  of  these  p new  letters,  we  should,  instead 
of  a single  permutation,  have  [p  different  permutations. 

Hence,  if  the  a’s  were  all  changed  into  p letters  different 
from  each  other  and  from  all  the  rest,  the  6’s,  c’s  &c.  being 
unaltered,  there  would  be  P x |p  permutations. 

Similarly,  if  in  any  one  of  these  new  permutations  we 
suppose  the  6’s  are  all  changed  into  q letters  different  from 
each  other  and  from  all  the  rest,  we  should  obtain  per- 
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mutations  by  changing  tlie  arrangement  of  these  q new 
letters.  Hence  the  whole  number  of  permutations  would 
]iow  be  P x\p  -X  \q. 

By  proceeding  in  this  way  we  see  that  if  all  the  letters 
M'ere  changed  so  that  no  two  were  alike,  the  total  number 
of  permutations  would  be 

/*  X X X |r.... 

But  the  number  of  permutations  of  n different  things  is 
Hence  P x |^;x  |^x  |rx  = 


Ex.  (i)  Find  the  number  of  permutations  of  the  six  letters 
aaabhc  taken  all  together. 

The  numbers-  =G0. 

O 2 I 1 

Ex.  (ii)  How  many  different  numbers  can  be  formed  by  the 
figures  2,  3,  3,  4,  4,  4,  4? 

The  number  required  = -=-  = 105. 

II  ll 

236.  Definition.  The  different  ways  in  which  a selec- 
tion of  r things  can  be  made  from  n things,  without  regard 
to  the  order  of  selection  or  arrangement,  are  called  the 
Combinations  of  the  n things  r at  a time. 

Thus  two  combinations  will  be  different  unless  they 
both  contain  precisely  the  same  objects. 

For  example,  suppose  there  are  four  objects,  represented  by 
the  four  letters  a,  h,  c,  d.  The  different  combinations  one  at  a 
time  are  a,  h,  c,  d ; the  combinations  two  at  a time  are  ab,  ac,  ad, 
be,  bd,  cd;  the  combinations  three  at  a time  are  abc,  abd,  acd, 
bed ; and  there  is  only  one  combination,  namely  ahed,  when  all 
the  letters  are  taken. 

The  number  of  combinations  oi  n things  r together  is 
denoted  by  the  symbol 
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237.  To  find  the  number  of  combinations  of  n different 
things  taken  v at  a time. 

Since  every  combination  of  r different  things  would  give 
rise  to  \r  different  permutations,  if  the  order  of  the  letters 
were  altered  in  every  possible  way,  it  follows  that 


^Cr  X [r  = = n {n  - 1)  {n- 2)...{n-r  + 1). 


Hence 


n (n  - 1)  (n— 2)...(n  — r + 1) 

172.3:::^ 


By  the  following  method  the  number  of  combinations  of 
n different  things  r at  a time  can  be  found  independently 
of  the  number  of  permutations. 

Let  the  different  things  be  represented  by  the  n letters 
a,  b,  c,  d,.... 

In  the  combinations  of  the  n letters  r together  the 
number  in  which  a particular  letter  occurs  must  be  equal 
to  the  number  of  ways  in  which  ?•  — 1 of  the  remaining  n—\ 
letters  may  be  selected.  Hence  in  the  whole  number  of 
combinations  r together  every  letter  occurs  times, 

and  therefore  the  total  number  of  letters  employed  is 
n_iCr^i  X but,  since  there  are  r letters  in  each  of  the  ff,. 
combinations,  the  total  number  of  letters  employed  is  ,j(7,.  x r. 

Hence  r x ,,(7,.  = x . 

Since  the  above  relation  is  true  for  all  values  of  n and 
we  have  in  succession 


(r  - 1 ) X „ _ {'M  - 1 ) X „ _ 2(7,. _ 

(r—  2)  X n-f'r-’i  = {n  — 2)  X „_3(7,._3 

2 X + 1-2)  X + 

Also  n_r  + iGi  — n — r +\. 

Hence,  by  multiplying  corresponding  members  of  the 

20 
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above  equalities  and  cancelling  the  common  factors,  we 
have 

l^x  nCr  = n {71-1)  {n  - 2)...(ri  - r + 1), 
that  is  „C„  = ^ 

!r. 

By  multiplying  the  numerator  and  denominator  of  the 
fraction  on  the  right  by  j?^  — r,  we  have 

- 1 ) (?t  — 2) . . . — r + 1 ) j w — r 

= rrr^ — 


jr  |?^  — r ’ 

Ex.  1.  In  how  many  ways  can  3 boys  be  selected  out  of  a 
class  of  15  ? 

The  number  — ‘^  = 455. 


Ex.  2.  There  are  6 candidates  for  4 vacancies,  and  every 
elector  can  vote  for  any  number  of  candidates  not  greater  than 
the  number  of  vacancies.  In  how  many  ways  is  it  possible 
to  vote  ? 

An  elector  can  vote  for  4 candidates  in  ways,  for  3 
candidates  in  gCg  ways,  for  2 candidates  in  gCj  ways,  and  for 
1 candidate  in  g(7i  ways.  Thus  the  whole  number  of  ways 
in  which  an  elector  can  vote  is 

g(7^  + g(73  + gC'2  + gC’-|^  = 15  + 20  + 15  + 6 = 56. 


238. 
we  have 


From  the  formula  obtained  in  the  last  Article, 


\n 


.so  that  the  number  of  combinations  of  n things  r together  is 
equal  to  the  number  of  combinations  of  n things  n— r together. 


PERMUTATIONS  AND  COMBINATIONS. 


307 


The  above  proposition  follows  however  at  once  from  the 
fact  that  whenever  we  take  r out  of  7i  things  we  must  leave 
n — r,  and  if  every  set  of  r things  differs  in  some  particular 
from  every  other,  the  corresponding  set  of  — r things  will 
also  differ  in  some  particular  from  every  other.  Hence  the 
number  of  different  sets  of  r things  must  be  equal  to  the 
number  of  different  sets  of  7i  — r things. 

239.  2'o  p7'OVe  that  JJ,.  + ~n+l(^r- 

The  total  number  of  combinations  of  (?i+l)  things  ?* 
together  can  be  divided  into  two  groups  according  as  they  do 
or  do  not  contain  a certain  particular  thing.  The  number 
which  do  not  contain  that  particular  thing  is  the  number 
of  ways  in  which  r of  the  remaining  things  can  be  taken, 
which  is  ; and  the  number  Avhich  do  contain  the 
particular  thing  is  the  number  of  ways  in  which  (r-  1)  of 
the  remaining  n things  can  be  taken,  which  is  nCr-i- 
Hence  n + i^r=nCr  + 

The  above  important  proposition  may  also  be  proved  from  the 
general  formula.  Thus 
n^r  T — l 

_ii{n  -1)  (n-2]...{n-r  + l)  n(n-l)  {ii~2)...(n-r  + 2) 

~ 1.2.3...r  1 .2. 3. ..(?“!) 

n{7i~l)  {n-2)...(n-r  + 2)  ,,  _ , 

_ («  + 1)  71  (n  - 1)  (w  - 2) . . . (n  - ?•  + 2) 

~ 1.'2. 3...?- 

= n+lC'r- 


240.  Greatest  value  of 
From  Art.  237  we  have 

„ n n-1  n- 2 7i-r+l 

nCr  = J X — X ^X  ...  X 


.Or  = nCr-7X 


71  — r +1 


20—2 
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Hence  „C',.  < according  as  - - 


n - r + 1 


5 1,  that  is  ac- 


cording as 


V ^ h {n  + 1). 


Thus  the  number  of  combinations  of  n things  increases 
as  r increases  so  long  as  r is  less  than  + 1 ).  If 
r = ^(n  a\),  then  l^^^t  r cannot  be  equal  to 

unless  n is  odd.  If  r > ^ (ri  1),  the  number  of 
combinations  diminislies  as  r increases. 

Thus,  if  n is  even,  ,,(7,.  is  greatest  when  r — and  if 
n is  odd,  „(7,.  = when  ?*  = l(w-f-l),  and  these  values 

are  the  greatest. 

Ex.  1.  Find  the  greatest  value  of  gty. 

The  greatest  value  is  when  r — 4,  and  the  value  is 


Ex.  2.  Find  the  greatest  value  of  . 

The  greatest  values  are  when  r=6  and  r = 5 and  the  values  are 


4.  How  many  different  numbers  can  be  formed  by  using  the  five 
figures  1,  2,  3,  4,  5 ? 

5.  How  many  different  numbers  can  be  formed  by  using  one  or 
more  of  the  figures  1,  2,  3,  4,  5,  6 ? 

6.  In  how  many  ways  can  10  boys  be  put  in  a row  so  that  two 
particular  boys  should  not  be  together  ? 

7.  Of  how  many  different  things  are  there  720  permutations 
when  taken  all  together  ? 

8.  Find  the  number  of  permutations  of  all  the  letters  of  each  of 
the  words  success,  ynississippi  and  algebraic. 


EXAMPLES.  LXX. 


1.  Find  J5P3.  2.  Find  i„P4.  3.  Find  gPg. 
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9.  In  how  many  ways  can  the  nine  letters  anaahhhcc  be 
arranged  in  a row  ? 

10.  How  many  different  numbers  can  be  formed  by  using  the 
seven  figures  1,  1,  1,  2,  2,  3,  3? 

11.  How  many  permutations  can  be  made  with  the  letters  of  the 
word  essences,  and  how  many  begin  with  e and  end  with  s ? 

12.  Find  having  given  that  '-< 

13.  Find  n having  given  that  — ^ 1'^- 

14.  Find  ;igC'io  and  ogCjg  • 

15.  If,A  = n^?io. 

16.  If  A = „(7ji,  find,,(73. 

17.  How  many  different  numbers  of  three  figures  could  be  made 
by  taking  three  of  the  digits  0,  1,  2,  3,  4 ? 

18.  If  2„C3  = „C2x12,  find  j). 

19.  If  2„C3  = „P4x24,  find  «. 

20.  Numbers  are  formed  by  writing  the  five  figures  1,  2,  3,  4,  5 
in  every  possible  order.  How  many  of  these  numbers  are  greater 
than  23000  ? 

21.  In  a certain  town  there  are  five  letter  boxes.  In  how  many 
ways  can  a person  post  three  letters  ? 

22.  How  many  different  sums  could  be  made  with  2 pennies, 
3 shillings  and  4 sovei’eigns  ? 

23.  How  many  different  sums  could  be  made  with  4 pennies, 
6 shillings  and  5 sovereigns  ? 

24.  Shew  that  n + -2^r  + l = n(^r  + l + ‘^  n(^r+  n^r-V 

25.  Shew  that  in  the  number  of  combinations  in  which  a 
particular  thing  occurs  is  equal  to  the  number  in  which  it  does  not 
occur. 

26.  Shew  that  in  the  number  of  combinations  in  which  a 
particular  thing  occurs  is  one-third  of  the  whole  number  of  the  com- 
binations. 

27.  Shew  that  in  g,^G,^  the  number  of  the  combinations  in  which 
a particular  thing  occurs  is  one-third  of  the  whole  number  of  the 
combinations. 


310 


PERMUTATIONS  AND  COMBINATIONS. 


28.  There  are  ten  candidates  for  6 vacancies  in  a committee  : in 
how  many  ways  can  a person  vote  for  6 of  the  candidates  ? 

29.  At  an  election  there  are  five  candidates  and  three  members 
to  be  elected,  and  an  elector  may  give  one  vote  to  each  of  not  more 
than  three  candidates,  in  how  many  ways  can  an  elector  vote  ? 

30.  In  bow  many  ways  can  a picket  of  3 men  and  an  officer  be 
chosen  out  of  a company  of  80  men  and  3 officers. 

31.  In  how  many  ways  can  a cricket  eleven  be  chosen  out  of 
30  players ; and  in  how  many  different  ways  could  two  elevens  be 
chosen  to  play  a match  with  one  another  ? 

32.  Out  of  9 children,  of  whom  5 are  boys  and  4 girls,  in  how 
many  ways  can  4 be  chosen,  2 being  boys  and  2 girls  ? 

33.  In  bow  many  ways  can  2 ladies  and  2 gentlemen  be  chosen 
to  make  a set  at  lawn  tennis  from  a party  of  4 ladies  and  6 gentle- 
men ? 

31.  In  how  many  ways  can  8 children  form  a ring? 

35.  There  are  n points  in  a plane,  no  three  of  which  are  in  the 
same  straight  line  ; and  the  points  are  joined  in  pairs  by  straight 
lines  which  are  produced  indefinitely.  How  many  straight  lines  are 
there,  and  how  many  triangles  are  formed  by  them  ? 

36.  There  are  30  stations  on  a railway,  find  the  number  of 
different  tickets  which  must  be  printed  to  provide  for  all  the  possible 
journeys. 

37.  A purse  contains  a sovereign,  a half-sovereign,  a half-crown, 
a florin,  a shilling,  a threepenny  piece  and  a penny.  How  many 
different  sums  of  money  can  be  obtained  by  taking  out  four  of  the 
coins? 

If  two  sovereigns  were  added  to  the  contents  of  the  purse,  how 
many  different  sums  could  then  be  obtained  by  taking  out  four  coins? 

38.  There  are  2n  letters,  of  which  2 are  a,  2 are  b,  and  so  on ; 
find  how  many  different  algebraical  products  of  three  dimensions 
which  can  be  formed,  disregarding  the  order  of  the  letters. 

39.  II  there  are  4 flags  of  each  of  6 different  colours,  prove  that 
4 flags  may  be  hoisted  into  a vertical  line  in  1296  different  ways. 

40.  Shew  that,  if  n men  are  to  stand  in  a row,  and  neither  of 
two  specified  men  is  to  be  at  either  end  of  the  row,  the  number  of 
possible  arrangements  will  be  {n  - 2)  {n  - 3)  x - 2. 


CHAPTER  XXVI. 


THE  BINOMIAL  THEOREM. 

241.  We  have  already  proved  that  the  product  of  any 
two  multinomial  expressions  is  the  sum  of  all  the  partial 
products  obtained  by  multiplying  any  term  of  one  expression 
by  any  term  of  the  other. 

To  find  the  continued  product  of  three  expressions  we 
must  multiply  each  of  the  terms  in  the  product  of  the  first 
two  expressions  by  each  of  the  terms  in  the  third  ; hence 
the  continued  product  is  the  sum  of  all  the  partial  products 
which  can  be  obtained  by  multiplying  together  any  term 
of  tlie  first,  any  term  of  the  second  and  any  term  of  the 
third. 

And  similarly,  tlie  continued  product  of  any  number  of 
expressions  is  the  sum  of  all  the  partial  products  which  can 
be  obtained  by  multiplying  together  any  term  of  the  first, 
any  term  of  the  second,  any  term  of  the  third,  etc. 

For  example,  if  we  take  a letter  from  each  of  the  factors  of 
{a  + b)  {a  + h)  (a+  b), 

and  multiply  the  three  together,  we  shall  obtain  a term  of  the 
continued  product ; and  if  we  do  this  in  every  possible  way  we 
shall  obtain  all  the  terms  of  the  continued  product. 

We  can  take  a every  time,  and  we  can  do  this  in  only  one  way, 
hence  a®  is  a term  of  the  continued  product. 
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We  can  take  a twice  and  h once,  and  we  can  do  this  in  three 
ways,  for  the  h can  be  taken  from  either  of  the  three  binomial 
factors ; hence  we  have 

We  can  take  a once  and  h twice,  and  we  can  do  this  also  in 
three  ways  ; hence  we  have  %ah^. 

Finally,  we  can  take  h every  time,  and  this  can  be  done  in 
only  one  way ; hence  we  have  lA. 

Thus  the  continued  pi’odnct  is 
a-'  + ‘ia%  + 3a 

so  that  (a  + h)^=a^  + ?>a%  + 3a?/’  + ?/k 

242,  Binomial  Theorem.  Suppose  we  have  n factors 
eacli  of  which  is  a + h.  If  we  take  a letter  from  each  of 
the  factors  of 

[a  h)  [a  + h)  {a  + h) 

and  multiply  them  all  together,  Ave  shall  obtain  a term  of 
the  cojitinued  product ; and  if  we  do  this  in  every  possible 
Avay  we  shall  obtain  all  the  terms  of  the  continued  product. 

Now  we  can  take  the  letter  a every  time,  and  this  can 
be  done  in  only  one  way  : hence  is  a term  of  the  product. 

The  letter  h can  be  taken  once,  and  a the  remaining 
(7i-  1)  times,  and  the  number  of  ways  in  which  one  h can 
be  taken  is  the  number  of  ways  of  taking  1 out  of  n things, 
so  that  the  number  is  ,^0-^  : hence  we  haA^e 

Again,  the  letter  h can  be  taken  tAvice,  and  a the  re- 
maining (n-  2)  times,  and  the  number  of  ways  in  which 
two  i’s  can  be  taken  is  the  iiAimber  of  ways  of  taking  2 
out  of  n things,  so  that  the  number  is  „(7o ; hence  we  have 

And,  in  general,  h can  be  taken  r times  (where  r is  any 
positive  integer  not  greater  than  n)  and  a the  remaining 
{n  - t)  times,  and  the  number  of  Avays  in  Avhich  r 6’s  can 
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be  taken  is  the  number  of  ways  of  taking  r out  of  n things, 
so  that  the  number  is  „(7,. : hence  we  have 

The  letter  h can  be  taken  every  time  in  only  one  way ; 
hence  we  have  the  term  6%  which  agrees  with  the  result 
obtained  by  puttijig  r=  n in  If,  since  — 1. 

Thus  {a  + h)  (a  + h)  [a  + 6) . . .to  n factors 
= cf  + b + „(7., f + ...  + b'\ 

Hence,  when  n is  any  positive  integer,  we  have 
(a  + by  = cf  + b + ^^67  . b~  + ... 

+ b'+  ... -I  If. 

The  above  formula  is  called  the  Binomial  Theorem. 

The  series  on  the  right  is  called  the  expansion  of 

{a  + 6)“. 

If  we  substitute  the  known  values  [Art.  237]  of 
&c.  in  the  series  on  the  right  we  obtain  the  form  in 
which  the  theorem  is  usually  written,  namely 

{a  + bY  - b A ''  b^+--- 


213,  General  term.  Any  term  of  the  expansion  of 
(a  + bY  will  be  found  by  giving  a suitable  value  to  r in 
n [n-  1 ) (n  — 2) . . .(n  - r + 1) 

On  this  account,  the  above  is  called  the  general  term  of 
the  expansion.  It  should  be  noticed  that  the  term  is  the 
(r+  l)th  from  the  beginning. 
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244.  If  weput?i  = 2 in  the  formula  for  the  expansion  of  a 
binomial,  we  have 

(a  + fc)^  = a2  + 2a6  + 

If  we  put  n = 3,  we  have 

(a  + h)^  = a?  + ^a%  + ^^ah‘  + lA 

= + 3tt^b  + 3ab^  + lA. 

If  we  put  n = 4,  we  have 

(a  + h)^  = a*  + "^a^b  + ^ ‘ ^ ^ afts  f,i 

= a*  + Aa^h  + &a?lP  + 4ab®  + b‘*. 

If  we  put  2.r  for  a,  and  - 3t/  for  b,  and  ?i  = 5,  we  have 

(2:r  - + 5 (2a;)4  ( - 3//)  + (2x)3  ( - 

+ OtI  ^ ~ + ( - 3y)-^ 

= 32a;5  - 2M)x^y  + 720a;‘’y2  _ 1080x V + 810.r;/4  - 2I?>yK 


245,  Proof  by  Induction.  The  Binomial  Theorem  may 
also  be  proved  in  the  following  manner. 

We  have  to  prove  that,  when  n is  any  positive  integer, 

(a  + hy^  = a”  + nal^  ^ 


or  that 


\r  \n  - r 


b\ 


(a  + by^  = a”  + cG  ^b  + (G~‘^  5“  + ... 

+ ,fir-Y  &’■+...+ 

Now  if  we  assume  that  the  theorem  is  true  when  the 
index  is  n,  and  multiply  by  another  factor  a + b,  we  shall 
have,  when  the  terms  in  the  product  which  contain  the 
same  powers  of  a and  b are  collected, 

{a  + bf^^  = + (1  + „(7i)  a%  + („Ci  + b^+  ... 

+ (.a-i  + nCr)  b^^...+ 
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Now 

nC, 


+ „C n — n -\- 


l+„(7,=  l+7^  = „,A, 

(7^  - 1)  {n+\)n 


and,  for  any  value  of  r, 

+ = [Art.  239.] 

Hence  {a  + 6)’*'+^  = . a%  + ,j+i(7o . + ... 

+ «+l^r  • + ...  + 

1'hus,  ?y  the  tlieorem  be  true  for  any  value  of  it  will  be 
true  for  the  next  greater  value. 

Now  the  theorem  is  obviously  true  when  n = 1.  Hence 
it  must  be  true  when  = 2 ; and  being  true  when  n = 2,  it 
must  be  true  when  ; and  so  on  indefinitely.  The  theo- 
rem is  therefore  true  for  all  positive  integral  values  of  n. 

The  above  method  of  proof  is  frequently  employed  in 
Algebra,  and  is  called  the  method  of  Induction. 


246.  In  the  expansion  of  (a-i-i)”by  the  binomial  theorem, 
the  (r  4-  l)th  term  from  the  beginning  and  the  [r  + l)th  term 
from  the  end  are  respectively 
and 

But  = for  all  values  of  r.  [Art.  238.] 

Hence  in  the  expansion  of  (a  + by\  the  coefficient.^  of 
any  two  terms  equidistant  from  the  beginning  and  the  end 
are  the  same,  so  that  the  coefficients  in  order  are  the  same 
when  read  backwards  as  when  read  forioards. 


247.  If  in  the  formula  of  Art.  242  we  put  a=l  and 
b — x we  have 


/I  \«  1 nln-\)  . 

(1  4-  £«)”  = 1 + nx  4-  — ~ x^ 


\r  \n  - 


* In  writing  out  a proof  of  the  Binomial  Theorem  it  would  be  well 
to  insert  Art.  239  at  this  stage.  This  is  the  fundamental  point  in  the 
proof  of  the  Binomial  Theorem,  but  it  is  frequently  omitted  altogether. 
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Tills  is  the  most  convenient  form  of  the  Binomial  Theorem, 
and  the  one  whicli  is  generally  employed. 

It  should  be  noticed  that  the  above  form  of  the  Binomial 
Theorem  includes  all  cases  ; if,  for  example,  we  want  to 
find  («  + &)”,  we  have 


= b + &c. 


248.  Greatest  term.  In  the  expansion  of  (l+a’^^by 
the  binomial  theorem,  the  (r  + l)th  term  is  formed  from  the 

9‘th  by  multiplying  by  ^ ^ ^ x. 


Now 


r 

n - 7’  + 1 /n  + 1 

.^■  = — - - 

r \ r 


1 1 X,  and  clearly  dimi- 


nishes as  r increases  : hence  diminishes  as  r is 


increased.  If ^ ^ - a*  be  less  than  1 for  any  value  of  r, 

the  (7--i-l)th  term  will  be  less  than  the  7'tli.  In  order 
therefore  tliat  tlie  7’th  term  of  the  expansion  may  be  tlie 
greatest  we  must  have 

7i  - 7-  + 1 , , 71  - 7-  - 1 + 1 

X < i and  a;>  1. 

7-  r — 1 

(7^+l)^c  IuaI)x 

Hence  r > ' ^ , and  ' — h 1. 

x+\  X + \ 

(7^-f  l)a;  n-r+l  , 

It  r=  ^ — , then a’=  1,  and  there  is  no  one 

a:  -1-  1 r 

term  which  is  the  greatest,  but  the  rth  and  (r  + l)th  terms 
are  equal  and  are  greater  than  any  other  terms. 

The  absolute  values  of  the  terms  in  tlie  expansion  of 


THE  BINOMIAL  THEOREM. 


317 


(1  + jc)"  will  not  be  altered  by  changing  the  sign  of  x ; and 
hence  the  rth  term  of  (1  - will  be  greatest  when  the  rth 
term  of  (1  +xY  is  greatest. 

Ex.  1.  Find  the  greatest  term  in  the  expansion  of  (1  + x)^^, 
when 

The  7’th  term  is  the  greatest,  if  and  + Hence 

the  third  term  is  the  greatest. 

Ex.  2.  Find  the  greatest  term  in  the  expansion  of  (2  + 
when  x — 


Hence  the  r term  is  the  greatest  if  and  + Hence 

the  sixth  term  is  the  greatest. 

The  greatest  coefficient  of  a binomial  expansion  has 
already  been  found  in  Art.  240. 


7.  Find  the  third  term  of  [a  - 

8.  Find  the  fifth  term  of  (2x  - 

9.  Find  the  sixth  term  of  (2a  - 

10.  Find  the  seventh  term  of  (1 

11.  Find  the  eighteenth  term  of  ( I + 

12.  Find  the  twenty-first  term  of  (1  - x)-^. 

13.  Expand  (a + 

14.  Expand  (a-;y/6)6. 

15.  Expand  {a  -t-  -i-  {a  - ^b)^. 

16.  Find  the  middle  term  of  (1  -(-a;)®. 

17.  Find  the  middle  term  of  (1  -t-  a;)i®. 

18.  Find  the  middle  term  of  (2a;  - 3v/)®. 

19.  Shew  that,  in  the  expansion  of  (1 -f  a;)’''’+’S  the  coefficients  of 
and  x”'  are  equal. 


(2  -f  ^ 2 (1  -t- -|a:)}i2  = 212  (i 


EXAMPLES.  LXXI. 


Write  out  the  following  expansions: 
1.  {x  + a)^.  2.  (l-.r2)5. 

4.  (2a-f3a2)i.  5.  (2a;2  - 1)«. 


3.  (Bx-2y)*. 

6. 
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20.  Expand  + • 

/ 1 

21.  Find  the  11th  term  in  the  expansion  of  ^4a:  - j 

[ 1\20 

22.  Find  the  17th  term  in  the  expansion  of  ( — ) . 


23.  Find  the  coefficient  of  in  the  expansion  of 


24  Write  down  the  two  middle  terms  in  the  expansion  of 

25.  Find  the  term  in  the  expansion  of  {a  + x)^  which  has  the 
greatest  coefficient. 


26.  Find  the  terms  in  the  expansion  of  {a  + xY  which  have  the 
greatest  coefficients. 

27.  Find  the  greatest  term  in  the  expansion  of  (1  + 2a:)-®  when 

x = h 

28.  Find  the  greatest  term  in  the  expansion  of  (l  + Sa;)^®  when 
x — -?. 

29.  Find  the  greatest  term  in  the  expansion  of  (3  + ix^'^  when 

30.  There  are  two  consecutive  terms  in  the  expansion  of  (5a: -f  7)^-^ 
which  have  the  same  coefficient  : which  are  they  ? 


31.  Write  down  the  coefficient  of  a:*"  in  the  expansion  of  {ax  - 5)”. 

32.  Shew  that  the  coefficient  of  a:”  in  the  expansion  of  (1  + a:)-’*  is 
double  the  coefficient  of  a:”  in  the  expansion  of  (1  -a:)2”~^. 

33.  Shew  that  the  middle  term  of  (1  -1-  a:)^”  is  2V. 

in 

34.  Employ  the  binomial  theojem  to  find  99^  and  999®. 


249.  Properties  of  the  CoefB.cients.  We  now 

to  consider  some  properties  of  the  coefficients  of  a binomial 
expansion. 

It  is  often  convenient  to  write  the  binomial  theorem  in 
the  following  form  : 

(1  -f  £f)”'  - Cg  -f  C^X  -i-  C.JX^  -f  . . . -t-  + . . . -f- 
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where 

\n 

^0  ~ ~ ^ ~ ^n-1  ~ — (^n-r  ~ * 

I.  Put  £c  = 1 in  the  above  formula  ; and  we  have 

2”'  = Cq  + Cj  + C2  + ...  + + ...  c,^. 

Thus  the  sum  of  the  coeficients  in  th,e  eximnsion  of  {\  Ax)'"' 
is 

II.  Again,  put  x — and  we  have 

(1  - l)«=c„-Ci  + C2-C3+  ...  ; 

0 = (Cq  + Cg  + C4  + ...)  - (Cj  + C3  + Cg  + ...). 

Thus  the  sum  of  the  coefficients  of  the  odd  terms  of  a bino- 
mial expansion  is  equal  to  the  sum  of  the  coefficients  of  the 
even  terms. 

III.  Since  c^  = c„_j.,  [Art.  246]  we  may  write  the 
binomial  theorem  in  either  of  the  following  ways  : 

(1  + xf  = Cq  + cpc  + cffi^  + . . . + cffi^  + . ..cffi^, 
or  (1  + xY  = Cn  + Cn-iX  + C^-^x"  + . . . C^-rX^  + . . . + + C^x"'. 

The  coefficient  of  x”  in  the  product  of  the  two  series  on 
the  right  is  equal  to 

Co^  + + C2"  + . . . + cf. 

Hence*  c^^  + c^  + ...  + cp  + ...  cf  is  equal  to  the  coefficient 
of  x^  in  (1  + a:)”' X (1  4- a-)”,  that  is  in  (1+a;)-”^,  and  this 
Vln 

coefficient  is  . 

\n  \n 

Hence  the  sum  of  the  squares  of  the  coefficients  in  the 

1 

expansion  of  (1  + xY  is  equal  to  , — r ■ . 

mm 

* See  Art.  272. 
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Ex.  1.  Shew  that 

+ 2c2  "t"  Sf’g  + . . . + /’Cj.  + . . . + nc^  = !i2”' 
+ 2c2  + 3cg  + . . . + j’Cj,  + . . . + JtCjj 

-n  + 2.  ^ ^ +6.  +...+? 


— n |l  + {u  - 1)  + ■ 

+ !)«-! 

=.n2>‘-h 


I?’ 

n-1 

+ ...  + 1 


|r  - 1 I'/t  - r 


Ex.  2.  Shew  that 


71+1  77  + 1 ’ 


1 1 1 

h + r/,-l 

1 1 77  (77  - 1)  1 77  . 77  - 1 . 77  - 2 


2’'''3  1.2 


4 1.2.3  +•••  + ( ^^'‘77  + 1 


1 

77  + 1 


= J__  +_  |i_,„  + i)  + (”+J)_»_.. 

77  + 1 77  + 1 i 1.2  J 


'i-nTl'l-*'"" 


77  + 

1 

77+  1 ' 


250.  1^0  Jind  the  continued  ‘product  of  n binomial  factors 

of  the  form  a;  + «,  jc  + 6,  xA  c,  &c. 

It  will  be  convenient  to  use  the  following  notation  : 

/S'j  is  written  for  a Ah  + c + . . .,  the  sum  of  all  the  letters 
taken  one  at  a time.  is  written  for  ah  a ac  Abe  + . . .,  the 
sum  of  all  the  products  which  can  be  obtained  by  taking 
the  letters  tuco  at  a time.  And,  in  general,  S^.  is  written 
for  the  sum  of  all  the  products  which  can  be  obtained  by 
taking  the  letters  r at  a time. 
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Now  if  we  take  a letter  from  each  of  the  binomial 
factors  of 

{x  + a){x+  h)  (x  + c)  (x  + d)..., 

and  multiply  them  all  together,  we  shall  obtain  a term  of 
the  continued  product ; and,  if  we  do  this  in  every  possible 
way,  we  shall  obtain  all  the  terms  of  the  continued  pro- 
duct. 

We  can  take  x every  time,  and  this  can  be  done  in  only 
one  way ; hence  x”-  is  a term  of  the  continued  product. 

We  can  take  any  one  of  the  letters  a,  b,  c, ...,  and  x 
from  all  the  remaining  n — 1 binomial  factors ; we  thus 
have  the  terms  ax”'~^,  hx”'~\  cx^~\  and  on  the  whole 
S, . x^-\ 

Again,  we  can  take  any  two  of  the  letters  a,  h,  c, ...,  and 
X from  all  the  remaining  w - 2 binomial  factors ; we  thus 
have  the  terms  abx^~^,  acx^~^,  etc.,  and  on  the  whole 
/S'g . x^ 

And,  in  general,  we  can  take  any  r of  the  letters  a,  b, 
c, . . . , and  x from  all  the  remaining  n — r binomial  factors ; 
and  we  thus  have 

Hence  (x  + a)  (x  + b)  (x  + c)  (x  + d).., 

= x^  + Si-  x^~^  + S2 . x^~^  + ...  + Sr.  x^~'^  + . . ., 
the  last  term  being  abed...,  the  product  of  all  the  letters 
a,  b,  c,  d,  etc. 

By  changing  the  signs  of  a,  b,  c,  etc.  the  signs  of  S^,  S^, 
S^,  etc.  will  be  changed,  but  the  signs  of  S^,  S,,  etc. 

will  be  unaltered.  Hence  we  have 
(x  — a){x  — b){x—c){x  — d)... 

= £C”  — /S'!  . X^~~^  + S2  . x^~^  — S3  . X^~^  + . . . 

+ ( - 1 )'■ /S',. . x^~'^  Vf  abed.... 


ALG. 


21 
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251.  The  Multinomial  Theorem.  The  expansion  of 
{a  + h-¥G+  can  be  found  by  the  method  of  Art.  242. 
We  know  that  the  continued  product 

{o/  + & + c + . . . ) (cti  + 6 + c + • • • ) + 5 + C+ 

is  the  sum  of  all  the  partial  products  which  can  be  obtained 
by  multiplying  any  term  from  the  first  multinomial  factor, 
any  term  from  the  second,  any  term  from  the  third,  etc. 
If  there  are  n of  the  multinomial  factors  every  term  of  the 
required  expansion  must  be  of  the  nth.  degree,  and  therefore 
all  the  terms  must  be  of  the  form  where  each  of 

r,  s,  t,  etc.  is  zero  or  a positive  integer,  and  r + s + t+...  = n. 

Now  the  term  will  be  obtained  by  taking  a 

from  any  r of  the  multinomial  factors,  which  can  be  done 
in  difierent  ways ; then  taking  h from  any  s of  the 
remaining  n — r factors,  which  can  be  done  in  different 

ways  \ then  taking  c from  any  t of  the  remaining  n — r — s 
factors,  which  can  be  done  in  different  ways ; and 

so  on.  Hence  the  total  number  of  ways  in  which  the  term 
a/6^c*...will  be  obtained,  that  is  the  coefficient  of  the  term 
in  the  required  expansion,  must  be 

n^r  ^ n-r^s  ^ X ..., 

that  is 

\n  — r \n—r—s  ^ 

[rp  — r |s  j'?^  — r — s j^j7^  — r — s— ^ jrjsj^... 

Hence  the  general  term  in  the  expansion  of 
(a  + 5 + c + is 


where  each  of  r,  s,  t,  etc.  is  zero  or  a positive  integer  and 
r A s + t A ...=n. 
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Ex.  1.  Find  the  coefficient  of  ahc  in  (a  + 6 + 

Here  n = 3,  r = s = t = l.  Hence  the  required  coefficient  is 

Ex.  2.  Find  the  coefficients  of  o3b,  and  a%'^c 
in  {a  + b + cf. 

We  have  the  terms 

15  15  |5 

Hence  the  required  coefficients  are  respectively  5,  10  and  30. 


EXAMPLES.  LXXII. 


In  the  following  examples  c„,  c^,  C2,  are  the  coefficients  of  a;®,  x\ 
x^...  in  the  expansion  of  (1  + a;)’^. 

1 . Prove  that  - 2c2  + 3C3  - . . . + ( - 1)  = 0. 

2.  Prove  that  Cq-  2cj  + 3c2 - l)”'(?i  + l)c„=0. 

« T.  . 1 1 1 2*^+1 -1 

3.  Prove  tiat  c. + 2 0.  + j c,  + . . . + ■ 

4.  Prove  that  — + 2 — + 3 — +...-l-n ^ n (n  + 1). 

Co  Cl  C2  c„_i  2 

5.  Provethat  -®  + -^  + J + - + ...=^  . 

6.  Prove  that 

Co  + c^x  + 2c2.x^  + . . . + rc^’’. . . + = 1 + 7ia;  (1  + 

\2n 

7.  Prove  that  CqC^  + c^Cg  + CgC,  + . . . + c„.c„  = 1== 

w + 1 n - 1 


8.  Prove  that  C0C2  + c^Cg  + C2C4  + . . . + c^ 


\n-2' 

9.  Prove  that  Co^-Ci^  + Cg^- ... + (- l)«c„2  is  equal  to  0 if  n 


odd,  and  to 


n 


if  n be  even. 


21—2 
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10.  Prove  that 


Co2  + 2Ci2  + 3C22+...+(»+1)c„2=  


11.  Prove  that 


|2n-  1 


12.  Prove  that 
1 1 


13.  Prove  that 


- - + (-ir 


x + n X [x  + Vj  {x  + 2)...[x  + n)' 


14.  Shew  that,  if  there  be  a middle  term  in  the  expansion  of 
(1  + x)^,  its  coefficient  will  be  even. 

THE  BINOMIAL  THEOREM.  ANY  INDEX. 

252.  It  was  proved  in  Art.  247  that,  when  n is  any 
positive  integer, 


The  above  result  holds  good  for  all  values  of  w,  pro- 
vided only  that  x is  less  than  1. 

When  is  a positive  integer  the  series  on  the  right 
stops  at  the  {n+  l)th  term;  but,  when  n is  not  a positive 
integer,  the  series  is  endless,  for  no  one  of  the  factors  n, 
n—l,n—2,  etc.  can  in  that  case  be  zero. 

253.  Before  proceeding  to  give  a proof  of  the  Binomial 
Theorem  when  the  index  is  not  a positive  integer,  we  give 
some  examples  of  its  application. 


x^+  ... 


^n(n-  l)...(n  — r+  1) 


|r 


x^+  ... 
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Ex.  1.  Expand  (l+a:)~i  by  the  binomial  theorem.  Put 
71  = - 1 in  the  formula,  and  we  have 

Ir 

= l-x-\-s?-x^  + 1)V+ .... 

Ex.  2.  Expand  (l  + a;)”^. 

We  have 

(1  + x)--^  = 1 + ( - 2)  a;  + ^2  + ( 7.  + 

^ (-2)(-3)(-4)..,(-7--1)  ^ 

= 1 - 2x  + 3x^  - 4x^ -{- ...  + ( - 1)'’  (r  + 1)  a;’'+  .... 

Ex.  3.  Expand  (1  + x)~^. 


(-3)(-4)(-5)...(-r-2) 


ir 


a;»-+... 


= ^{1.2-2.3x  + 3.4.x^--4:.5x^+... 

+ (-!)»•  (r  + l)(r  + 2)rr'*+...}. 

Ex.  4.  Expand  (1  - x)~^. 

(i-x)-^=i  + (-i)(-»)  + <::iMjLi>  (-»)»+< 

, 1 1.3  , 1.3.5  , 

= ' + 2*+ 274*  +27476'^+- 

1.3.5.,.(2r-l) 

^ 2. 4. 6.. .27-  "*^  +•••• 

254.  Euler’s  proof  of  the  Binomial  Theorem.  Kepre- 
sent  for  shortness  any  series  of  the  same  form  as  the 
binomial  series,  that  is  any  series  of  the  form 
ri  (7^  — 1 ) 


\+nx  + 


1 . 2 


a;2+  ...,  by/(n). 


326 


THE  BINOMIAL  THEOREM. 


nn  y/  \ i 2 

Ihus  /(n)  = l +nx-\ + 

y/  \ 1 m(m-l) 

f{m)  = 1 + mx  + — ^ 


and 

/{in  + n)  — 1 + (m  + n)  X + 


(m  + n){m  + n—l) 

IT2 


..(ii), 

.(iii). 


Now,  if  the  series  on  the  right  of  (i)  and  (ii)  be  multi- 
plied, and  the  product  be  arranged  according  to  ascending 
powers  of  x,  the  result  must  involve  m and  n in  the  same 
manner  whatever  their  values  may  be.  But,  when  m and 
n are  positive  integers,  we  know  that  / (m)  is  (1  -i-£c)™  and 
that  f {n)  is  (1  -i-a:)”',  and  the  product  of  f{ni)  and  f{n)  is 
therefore  in  this  case  (1  which  again,  as  m +7^  is  a 

positive  integer,  is  f{m^r  n).  Hence  when  m and  n are 
positive  integers  the  product  f (m)  x is  f{m  + n)-,  and  as 
the  form  of  the  product  is  the  same  for  all  values  of  rn 
and  n,  it  follows*  that 

f{m)  x/(ri)  =^/{m  + n) (a), 

for  all  values  of  m and  n. 

By  continued  application  of  (a),  we  have 

f{m)  xf{n)  xf{p)  X ...  =/{m+n)  x/(/j)  x ... 

-f{m  + n +p  -1-  ...). 


Now  let  m = n—p=  ...  =-,  where  r and  s are  positive 
integers  ; then,  taking  s factors,  we  have 
f (^0  ^ ^ factors  + ~ + • • • ^ 


* Provided,  however,  that  / (m)  and  / (n)  are  absolutely  convergent 
series.  [See  Treatise  on  Algebra,  Art.  280.] 


THE  BINOMIAL  THEOREM. 


S27 


But  since  r is  a positive  integer,  y(r)  = (1  + xy. 

■■■ 

This  proves  the  Binomial  Theorem  for  any  positive  frac- 
tional exponent. 

Next,  assuming  that  the  binomial  theorem  is  true  for 
any  positive  index,  it  can  be  proved  to  be  true  also  for  any 
negative  index. 

For,  from  (a), 

/(-  n)  x/(7^)  =/(-  n + n)  =/{0). 

Hence,  as  /(O)  is  clearly  1,  we  have 

/■(-  7i)  = ^ — 7-,  since  n is  positive, 

^ /{n}  {l  + xy’  ^ 

-(1  +a-p. 

Thus  (1 -f  =y  (- 7^),  which  proves  the  theorem  for 
any  negative  index. 


Ex.  1.  Shew  that  the  coefficients  of  in  the  expansions 
of  and  + are  equal,  n being  any  positive 

integer. 

The  coefficients  are 


(-n)  (-n-l)...(-n-n  + 2)  |2/i-2 

The  forme.=  « (.+1)...(2»- 2)^.,.^ 

|n-  1 |n-l  |?i-  1 


Ex.  2.  Find  ,^101  by  the  binomial  theorem. 

VlOl  100  (1  + } = 10  (1  + 

= 10  ii + ^ X -01 + X -0001  -f  X -000001  + . . . i 

\ Z i , z 1.2,0  ’ 

= 10  {1  + -005  - -0000125  + -0000000625}  = 10-04987562. . . . 
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Ex.  2.  Find  the  coefficient  of  in  the  expansion  of 
(l-2x  + 4a:2)-2 

according  to  ascending  powers  of  x. 

{l-2x  + 4a;2)-2  = { 1 - 2a:  (1  - 2a;)  }~2 


= l + (-2)  {-2a:(l-2a;)}  + ^— {-2a:(l-2:r)}2 


(-2)(-3)(-4) 

1.2.3 


{-2a:(l-2a:)}3+... 


= 1 + 4a:  (1  - 2x)  + 12a;2  (1  - 2a;)"  + 32a;3  (1  - 2a:)3  + . . . 
= l + 4a:  + 4a:3-  16a:3+ .... 


Ex.  3.  Shew  that,  if  (1 x + a?  + x^)~^  be  expanded  in  a 
series  of  ascending  powers  of  x,  the  coefficients  of  x^  and  a;^  will 
be  zero. 

(l  + a:  + a:2  + a:3)-2=^i^ 

= (1  - 2a:  + a;3)  (1  + 2x^  + 3a;®  + 4a:^2 

255.  The  Exponential  Theorem.  The  Exponential 
Theorem  is  the  theorem  by  means  of  which  can  be  ex- 
panded in  a series  of  ascending  powers  of  x. 

T ^ \ 1 1.  j-n  • T m 7)f 

Let  / (m)  denote  the  series  1+  — + — + + .... 

[1  [2  Ir 

Then  /(!)  = l+jX+|2  + |I + ]!  + ••• 

The  important  series  on  the  right  is  always  denoted  by 
e.  It  is  easily  seen  that  the  value  of  e lies  between  2 and 
3,  for  e is  obviously  greater  than  2 and  is  less  than 

1 + 1+  ^+  ^+  ^ + ^+  ...,  that  is  less  than  3.  The  actual 

value  of  e can  be  found  to  be  2-71828.... 

Consider  the  three  series  : 


= (l-a:)2(l-a;V 
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and 


/•/  \ 1 / \ {-m  + nf  {m  + 7iY 

fim  + n)  = l + {on  + oi)  + — + • • • + ^ + ■ • • • 

The  coefficient  of  'mloi^  in  f{m)  x fin)  is  clearly  ^ ^ and 

(m  + 

in  fim  A n)  the  term  wToi^  can  only  occur  in  ^ — , and 

by  the  binomial  theorem  for  a positive  integral  index,  its 

1 .1 

coefficient  will  be  ^ . , that  is  . — r- . 

[r  + g |r  p [r  {s 


Hence,  whatever  m and  n may  be,  the  coefficients  of 
in  f im)  x f {n)  and  in  f im  + rt)  are  the  same  for  all 
values  of  r and  g,  and  f{m),  f{oi)  are  convergent  for  all 
values  of  m and  n ; it  therefore  follows  that 

f{m)  o<f(n)  =f{m  + n) (a), 

for  all  values  of  m and  n. 

By  continued  application  of  (a),  we  have 


f(m)  xf{n)  >^f{p)  X ...=f{m  + n)  x/(^)  x ... 

=f{m  + n+p  + ...). 

Hence,  if  x be  any  positive  integer., 

/(I)  ^ /(I)  ^ /(I)  X •••  to  a;  factors 

=/(l  + l + l + ...  to£c  terms) ; 

\f{W=fiY) (i), 

that  is  e^=f  {x). 


. V 

Next  let  x be  a positive  fraction  -,  where  p and  q 
positive  integers ; then 
■'*'(?)  ? factors 


=-^(: 


p p p 

to  <7  terms 

q q q 
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= since  p is  a positive  integer  ; 


Hence  (x)  for  all  positive  values  of  x. 

Lastly,  let  x be  negative  and  equal  to  - y. 
Then,  from  (a),  /(-  y)  ^f{y)  =/(0), 
and  f{0)  is  clearly  equal  to  1. 


Hence 


A~y)  = 


1 1 
f{y)  ~ ’ 


since  y is  positive 


Hence,  whatever  x may  be, 

e^  —f{x^  = l+  cr+|2  + |3'*' 
Now  let  a — e^-,  thena®=/*; 

, ■ . Ct  = 1 + x\  H — h 


where  A is  such  that  a = e . 


EXAMPLES.  LXXIII. 

1.  Expand  (1  - x)~‘^  to  5 terms. 

2.  Expand  {l  + 2x)~^  to  5 terms. 

3.  Expand  (2  - x)~^  to  6 terms. 

4.  Expand  (1  - Sx)~i  to  5 terms. 

5.  Expand  (1  - 5x)i  to  5 terms. 

Find  the  general  term  in  the  expansion  of  each  of  the  following : 

6.  7.  8.  (1-a:)-^,  9.  {l+x)i, 

10.  (1  + ^r^,  11.  (l-2zri  12.  (1  + 3*)-^. 
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13. 


Find  the  coefficient  of  in  the  expansion  of 


a 

v/(a2  - x‘^) 


according  to  ascending  powers  of  x. 

14.  Expand  (1  - 3a;)^  to  5 terms,  and  write  down  the  general  term 
in  its  simplest  form. 

15.  Find  the  coefficients  of  and  x^  in  the  expansion  of 


(l-2x  + 3x2)-i. 

16.  Find  the  coefficients  of  x®  and  x*  in  the  expansion  of 

(1  - X + 3x^)“  2 . 

17.  Find  the  first  negative  term  of  (l  + 3x)^. 

18.  Find  the  first  negative  term  of  (1  + 3x)^*. 

19.  Find  each  of  the  following  to  four  places  of  decimals  by 
means  of  the  binomial  theorem : 


(i)  4/110,  (ii)  4/130,  (hi)  4/630. 

20.  Find  the  coefficients  of  x®  and  x®  in  the  expansion  of 

(l  + x + x^  + x®)®. 

21.  Shew  that  in  the  expansion  of  (l  + x + x^)-!  in  a series  of 
ascending  powers  of  x,  the  coefficients  of  x^  and  x®  are  zero. 

22.  Shew  that  in  the  expansion  of  (1  + x + x-  + x-  + x®  + x^)“  ® in  a 
series  of  ascending  powers  of  x,  the  coefficients  of  x'*  and  x^  are  zero. 

23.  Write  down  the  first  negative  term  in  the  expansion  of 
(1  + x)^'^  by  the  Binomial  Theorem,  x being  less  than  unity. 


24.  Shew  that  there  are  two  terms  in  the  expansion  of  (1  - x)“3 

15 

greater  than  all  the  others,  when  x = . 

25.  If  ^ — greatest  term  in  the  expansion  of  (1  - x)~^^. 

26.  Shew  that  only  two  terms  in  the  expansion  of  (1  -x)'V'  have 
a positive  sign. 


27.  Find  the  greatest  term  in  the  expansion  of  (1  - x)~^  when 
12 
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28.  After  what  term  will  the  expansion  of  (1  - x)~~^  begin  to  con- 

22 

verge  when  a:  = — ? 

29.  Find  by  the  binomial  theorem  the  cube  root  of  128  to  7 
places  of  decimals,  and  the  fifth  root  of  33  to  5 places  of  decimals. 

30.  How  many  terms  are  there  in  the  expansion  of  {a  + b + c + d)^, 
and  what  is  the  coefficient  of  abed‘s 

31.  Find  the  coefficient  of  in  the  expansion  of  (x-y  - z)^. 

32.  Find  the  coefficient  of  x^  in  the  expansion  of  (1  + x + x^y. 

33.  Find  the  coefficient  of  a;®  in  the  expansion  of  (1 

34.  Find  the  coefficient  of  x^  in  the  expansion  of  (1  - ‘2,x  + x’^)~^> 

35.  Find  the  coefficient  of  x^  in  the  expansion  of  [l  + 2x  + 2x^y. 

36.  Find  the  coefficient  of  x^  in  the  expansion  of  (1 -t-x-i-a:®)®. 

37.  Find  the  coefficient  of  x‘^  in  the  expansion  of 

(1  + x+x^  + x^y. 

38.  Shew  that  the  general  term  in  the  expansion  of  (l-4a;)“^ 

may  be  written  in  the  form  — ; — ; — as’’,  where 
r!rl 

n\=n.{n-l){n-2)...3 .2 .1. 

39.  Shew  that  the  coefficient  of  x”'  in  the  expansion  of  (1  - 4a;)i 

2 (2n  - 2)  1 

can  be  written  in  the  form . 

nl  (n- 1)1 

40.  If  n^r  denote  the  number  of  combinations  of  n different 
things  r together,  prove  that 

A A + . „C7,+  ...  + 1 . (2»  - 1). 

41.  If  {l  + x)^  = Cf^JrC^xAc^x^-l-  ...Ac^x'^,  where  n is  any  positive 
integer,  prove  that 

42.  Shew  that,  if  a;<l. 


and  that,  if  a;  >2, 


^{x^  + 4)-J{x‘^  + l)  = 


2x 


^ 4x2 


8x^ 


&c.  y 
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43.  Shew  that,  if 

(1  - (1  - x^)-P  (1  - a;3)-3  {l-x^)-^  = l + x + 2px^  + 2qx^  + 2rx^  +..., 

then  p = -q=-r  = l. 

44.  Shew  that  the  coefficient  of  x^  in  the  expansion  of  (1  - Ax)~^ 

, ...  . ,,  „ (r  + 1)  (r  + 2)  ...  2r 

can  be  written  in  the  form  — ^ . 

45.  If  be  the  coefficient  of  a;*' in  the  expansion  of  (l  + a;)”'by 
the  binomial  theorem,  n being  a positive  integer,  find  the  value  of 

Cl  ^ c,  „ Co  a„ 

2-^+3^+.. .+re-^. 

Cq  Cj  C2  ^n—l 

46.  Shew  that 

3 3.5  3.5.7  3. 5. 7. 9 

■'■4  4 . 8 4 . 8 . 12  4 . 8 . 12 . 16^ 

to  infinity  is  2^/2. 


47.  Shew  that  three  consecutive  terms  of  the  expansion  of 
(1  + a;)”  can  be  in  continued  proportion  only  when  re + 1 = 0. 

48.  Expand  ^ in  a series  of  ascending  powers  of  x,  and 

(1  - X) 

find  the  coefficient  of  x^->^. 


49.  Shew  that 

,1  1.3  1.3.5  /3 

1 + 6 + 6712  + 67T27T8+  - \/2 ■ 

50.  Find  the  coefficient  of  x’’  in  the  expansion  of 

51.  Find  the  coefficient  of  a:”  in  the  expansion  of 

52.  Shew  that 

, 3 3.12  3.12.21  , . ^ 

^ + 10  + 1^  + 10.20.30  + ■ ■ to  '-fl-ity  = 4/10. 


53.  Find  the  value  of  the  infinite  series 

3 3.9  3 . 9 . 15 

■'■8'^  8. 16  ■’'8. 16.24'^  •••' 

54.  Shew  that,  if  I*®  expanded  in  ascending  powers  of 

^ , the  coefficients  of  the  (2r  - l)th  and  2rth  terms  will  be  equal. 
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LOGARITHMS. 

256,  Definition.  The  index  of  the  power  to  which  one 
number  must  be  raised  to  produce  a second  number  is 
called  the  logarithm  of  the  second  number  with  respect  to 
the  first  as  base.  Thus  if  d^  = y,  then  x is  called  the 
logarithm  of  y to  the  base  a,  and  this  is  expressed  by  the 
notation  x = log^  y. 

We  proceed  to  investigate  the  fundamental  properties 
of  logarithms,  and  to  shew  how  logarithms  can  be  found, 
and  how  they  can  be  employed  to  shorten  certain  approxi- 
mate calculations. 

257.  Properties  of  Logarithms.  The  following  are  the 
fundamental  properties  of  logarithms. 

I.  Since  1,  for  all  values  of  a,  it  follows  that 
log.l  = 0. 

Thus  the  logarithm  oflisO,  whatever  the  base  may  he. 

II.  If  log^a3=^,  and  \ogaV  = q‘, 

then  x = aP  and  y=a^^] 

x^y^aP^a^  = oP^^-, 
log^  {xy)  --^p  + q = log«  a;  + log«  y. 

Similarly  it  can  be  proved  that 

loga  • • • ) = loga  + loga  V + loga  2^  + • • • • 

Thus  the  logarithm  of  a product  is  the  sum  of  the  loga- 
rithms of  its  factors. 
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III.  If  \og^x=p  and  log^y^q', 
then  x = a^  and  y = 

X ^ y — ^ 

•'•  loga(^-2/)=i?-^  = log«a^-log«2/- 

Thus  the  logarithm  of  a quotient  is  the  algebraic  difference 
of  the  logarithms  of  the  dividend  and  the  divisor. 

lY.  If  x — a^;  then  x^  = for  all  values  of  m. 

Hence  log^j  x^  = log^a^  = p xm  = log^^  x x m. 

Thus  the  logarithm  of  any  power  of  a number  is  the 
product  of  the  logarithm  of  the  number  by  the  index  of  the 
power. 

Y.  Let  \og^x=p,  and  log^  a3  = g-. 

Then  x = and  x = 6'^. 

Hence  = 5^^,  and  therefore 

q p 

a - IP  and  b = ad. 

Hence  logi,  a = - , and  log„  b — -\ 

^ p q 

:.  log,,«  X log^6=^  X = 1. 

Again,  from  q=p\og^a, 

we  have  log;,  x = log^j  x x log;,  a. 

Hence  the  logarithm  of  any  number  to  the  base  b will  be 
found  by  multiplying  the  logarithm  of  that  number  to  the 
base  a by  the  constant  multiplier  log^  a. 

Ex.  1.  FindloggS,  logg2,  log  1000  and  logjo  ,^100. 

8 = 23,  2 = 84,  1000=103  and  4/100  = 10^. 

Hence  log2  8 = 3,  logg2  = J,  logi„1000  = 3 and  logj(,4/t00  = §. 
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Ex.  2.  Having  given  log^o  2 = 'SOIOSOO  and  log^,,  3 = •4771213, 
find  logio  6,  login  40,  logm  12,  logm  15  and  logm  4/2880. 
login  6 = login  x 3)  = logm  2 + logm  3 

= -3010300  + -4771213  = -7781513. 
login  40  = login  (4  x 10)  = logm  2^  + logic  lO 

= 2 X -3010300 + 1 = 1-6020600. 
login  12  = login  (2'  x 3)  = 2 logm  2 + logm  3 

= 2 X -3010300  + -4771213 
= 1-0791813. 

login  13  = logic  = logio  10  + logio  3 - logm  2 

= 1 + -4771213- -3010300 
= 1-1760913. 

login  V2880  = i logic  2880=^  logm  (10  x 2^  x 32) 

= i (logic  10  + 5 login  2 + 2 logm  3) 

= i (1  + 1-5051500  + -9542426)  = 1-1531308. 


Find 
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logic  1- 
logic  '001. 
log2  32. 
log4  8;^2. 


2. 

5. 

8. 

11. 


login  16000. 
logic  v^'Ol- 
log4  32. 

logg  3/y/3. 


12. 


3.  log] 

6.  log; 

9- 

log4  4/64. 


,-01. 

,4/100. 


Having  given  logm  2 = -3010300  logm  3= -4771213, 
login  00,  login  1300  and  logm  v^25. 


1. 

4. 

7. 

10. 

13. 
logic  §5 

14.  Having  given  logm  3= -4771213  and  logm  5 = -6989700,  0^^ 

33  X 53 

logic  3-75,  logic  1‘28  and  logm  • 

15.  Having  given  logm  5 = -6989700  logm  6= -7781513, 
login  324,  logic  1*458  ^^^<1  logm '00432. 

16.  Having  given  logm  5 = -6989700  and  logm  7 = -8450980,  find 

22  X 7^ 

logm  1-25,  logic  1*28  and  logm  ~ p— • 


17.  Given  logm  12  = 1-0791813  and  logm  18  = 1-2552726, 
logm  8 and  logm  9. 

18.  Having  given  logm  24  = 1-3802113  and  logm  36  = 1-5563026, 
find  login  72  and  logm  4/432. 
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258.  The  logarithmic  series.  Let  a = e^,  so  that 


A = loge  a. 


Hence,  from  Art.  255,  we  have 


Now  put  «=!+?/;  then  we  have 


Now,  i^rovided  j he  numerically  less  than  unity,  (1  +yY 
can  be  expanded  by  the  Binomial  Theorem  ; Av^e  then  have 


Equate  the  coefficients  of  x on  the  tAvo  sides  of  the  last 
equation.  AVe  thus  obtain 


This  is  called  the  logarithmic  series. 

259.  In  order  to  diminish  the  labour  of  finding  the 
approximate  A-alue  of  the  logarithm  of  any  number,  more 
rapidly  converging  series  are  obtained  from  the  fundamental 
logarithmic  series. 

Changing  the  sign  of  y in  the  logarithmic  series 


...(ii). 


S.  ALG. 
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Hence  loge  = log,  {I +y)~  log,  (1  - y) 


^23  4 


[Art.  257  III.] 


.•.  lo£ 


y + \ + \ + 


4^ 


...(iii). 


Put  — for  ^ , and  therefore  ^ ^ for  y : then  we 

n 1—2/  m+^^ 


have  from  (iii) 


^m  — n 

1 

(m  — n\ 

® 1 /m  — 1 

\m  + n 

3 

\m  + nj 

5 \m  + n)  "j 

We  are  now  able  to  calculate  logarithms  to  base  e 
without  much  labour. 


Put  m = 2,  n = l,  in  formula  (iv)  ; then 

fl  1 


log.2  = 2 ]5  + 


3 3 


ill 

33+5-  35+" 


from  which  it  is  easy  to  obtain  the  value 
log,  2 = •693147.... 

Having  found  log,  2,  we  have  from  (iv) 
1111 


log, ,,-2  + g.  g3  + g . gg 


.-.  log,  3 -log, 2 = -405465.... 

Hence  log,  3 = log,  2 + -405465 .. . 

= -693147...  + -405465...  = 1-09861.... 

Proceeding  in  this  way  the  logarithm  to  base  e of  any  number 
can  be  found  to  any  requisite  degree  of  approximation. 


260.  Logarithms  to  base  e are  called  Napierian  loga- 
rithms. 

The  logarithms  used  in  all  theoretical  investigations  are 
Napierian  logarithms ; but  when  approximate  numerical 
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calculations  are  made  by  means  of  logarithms,  the  logarithms 
used  are  always  those  to  base  10,  for  reasons  which  will 
shortly  appear;  on  this  account  logarithms  to  base  10  are 
called  Common  logarithms. 

We  have  shewn  how  logarithms  to  base  e can  be  found; 
and  having  found  logarithms  to  base  e,  the  logarithms  to 
base  10  are  obtained  by  multiplying  by  the  constant 


factor  logioS  or  by 


loge  10 

is  called  the  Modulus  : its  value  is  -43429 


[Art.  257,  V.].  This  constant  factor 


COMMON  LOGAEITHMS. 

261.  In  what  follows  the  logarithms  must  always  be 
supposed  to  be  common  logarithms,  and  the  base  10  need 
not  be  written. 

If  two  numbers  have  the  same  figures,  and  therefore 
difier  only  in  the  position  of  the  decimal  point,  the  one 
must  be  the  product  of  the  other  and  some  integral  power 
of  10,  and  hence  from  Art.  257,  II.,  the  logarithms  of  the 
numbers  will  differ  by  an  integer. 

Thus  log  421 -5  = log  4-215  + log  100  = 2 + log  4-215. 

Again,  knowing  that  log  2 = -30103,  we  have 
log  -02=log(3--100)  = -30103-2. 

On  account  of  the  above  property,  common  logarithms 
are  always  written  with  the  decimal  part  positive.  Thus 
log -02  is  not  written  in  the  form  — 1-69897  but  2-30103, 
the  minus  sign  referring  only  to  the  integral  portion  of  the 
logarithm  and  being  written  above  the  figure  to  which  it 
refers. 

Definition.  When  a logarithm  is  so  written  that  its 
decimal  part  is  positive,  the  decimal  part  of  the  logarithm 
is  called  the  Mantissa  and  the  integral  part  the  Character- 
istic. 
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262.  The  characteristic  of  the  logarithm  of  any  number 
can  he  written  down  hy  inspection. 

First  let  the  number  be  greater  than  1,  and  let  n be  the 
number  of  figures  in  its  integral  part ; then  the  number  is 
clearly  less  than  10^  but  not  less  than  The  logarithm 

of  the  number  is  therefore  between  n and  n—\-,  thus  the 
logarithm  is  equal  to  w - 1 + a decimal. 

Thus  the  characteristic  of  the  logarithm  of  any  number 
greater  than  unity  is  one  less  than  the  number  of  figures  in  its 
integral  part. 

For  example  235  is  greater  than  10^  but  less  than  10*.  Hence 
log  235  = 2 + a decimal,  so  that  the  characteristic  is  2. 

Next,  let  the  number  be  less  than  1.  Express  the 
number  as  a decimal,  and  let  n be  the  number  of  ciphers 
before  its  first  significant  figure.  Then  the  number  is 
less  than  and  not  less  than  10“^“^ 

Hence,  as  the  decimal  part  of  the  logarithm  must  be 
positive,  the  logarithm  of  the  number  will  be  — (n  + 1)  + a 
decimal  fraction,  the  characteristic  being  —{n+  1). 

Thus,  if  a number  less  than  unity  be  expressed  as  a 
decimal,  the  characteristic  of  its  logarithm  is  negative  and 
greater  by  one  than  the  number  of  ciphers  before  the  first 
significant  figure. 

For  example,  ‘02  is  greater  than  10~*  but  less  than  10~^  ; 
hence  log  ’02  is  -2  + a decimal,  the  characteristic  being  -2. 
Also  -00042  is  greater  than  10“^  but  less  than  10“*;  hence  log 
•00042  is  - 4 + a decimal,  the  characteristic  being  - 4. 

263.  Conversely,  if  we  know  the  characteristic  of  the 
logarithm  of  any  number  whose  digits  form  a certain  sequence 
of  figures,  we  know  where  to  place  the  decimal  point. 

For  example,  knowing  that  log  1-1467  = -0594498  we  know 
that  the  number  whose  logarithm  is  3-0594498  is  1146-7,  and  that 
the  number  whose  logarithm  is  4-0594498  is  -00011467. 
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264.  Tables  are  published  which  give  the  logarithms  of 
all  numbers  from  1 to  99999  calculated  to  seven  places  of 
decimals:  these  are  called  ‘seven-figure’  logaidthms.  For 
many  purposes  it  is  however  sufficient  to  use  five-figure 
logarithms. 

In  all  Tables  of  logarithms  the  mantissae  only  are  given, 
for  the  characteristics  can  always,  as  we  have  seen,  be 
written  down  by  inspection. 

In  making  use  of  Tables  of  logarithms  we  have,  I.  to 
find  the  logarithm  of  a given  number,  and  II.  to  filnd  the 
number  which  has  a given  logarithm. 

I.  To  find  the  logarithm  of  a given  number. 

If  the  number  have  no  more  than  five  significant  figures, 
its  logarithm  will  be  given  in  the  tables.  But,  if  the 
number  have  more  significant  figures  than  are  given  in  the 
tables,  use  must  be  made  of  the  principle  that  when  the 
diflFerence  of  two  numbers  is  small  compared  with  either  of 
them,  the  difference  of  the  numbers  is  approximately  pro- 
portional to  the  difference  of  their  logarithms. 

An  example  will  shew  how  the  above  principle,  called 
the  Principle  of  Proportional  Differences,  is  utilised. 

Ex.  1.  To  find  the  logarithm  of  1T4673. 

From  the  tables  we  find  that  log  1T467  = ’0594498,  and  that 
log  1-1468  = -0594877,  and  the  difference  of  these  logarithms  is 
-0000379.  Now  the  difference  between  1-14673  and  1-1467  is 
3;Vths  the  difference  between  1-1468  and  1-1467.  Hence  to  find 
log  1-14673  we  must  add  to  log  1-1467  three-tenths  the  difference 
between  log  1-1467  and  1-1468,  that  is  we  must  add 
-0000379  = -0000113. 

Hence  log  1 -14673  = -0594498  -h  -0000113  = -0594611. 

II.  To  find  the  number  which  has  a given  logarithm. 

For  example,  to  find  the  number  whose  logarithm  is  2-0594611. 
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We  find  from  the  tables  that  log  1*1467  = •0594498  and  that  log 
1*1468  = -0594877,  the  mantissa  of  the  given  logarithm  falling 
between  these  two. 

Now  the  difference  between  -0594498  and  the  given  logarithm 
is  -0000113,  and  the  difference  between  the  logarithms  of  1-1467 
and  1-1468  is  -0000379.  Hence,  by  the  principle  of  proportional 
differences,  the  number  whose  logarithm  is  -0594611  is 
1-1467 +mx -0001  = 1-1467 +-00003  = 1-14673. 

[N.B.  The  approximation  can  only  he  relied  upon  for  07ie 
figure.] 

Thus  -0594611  is  log  1-14673,  and  therefore  2-0594611  is  log 
114-673. 

Ex.  Find  /^lOO  having  given  log  4-6415  = *6666584  and 
log  4-6416  = -6666677. 
log  4/100  = i log  100  = 1= -6666666. 

Now  log  4-6416  = *6666677, 

log  4-6415  = -6666584. 

Hence  log  4/IOO  - log  4 6415  = -0000082, 

and  log  4-6416 -log  4-6415  = *0000093. 

Hence  4/100  = 4-6415 + f|  of  -0001  = 4*64159. 

COMPOUND  INTEREST  AND  ANNUITIES. 

265.  The  approximate  calculation  of  Compound 
Interest  for  a long  period,  and  also  of  the  value  of  an 
annuity,  can  be  readily  found  by  means  of  logarithms. 

All  problems  of  this  kind  depend  upon  the  three  follow- 
ing. [The  student  is  supposed  to  be  acquainted  with  the 
arithmetical  treatment  of  interest  and  present  worth.] 

I.  To  find  the  amount  of  a given  sum  at  Compound  In- 

terest., in  a given  number  of  years  and  at  a given  rate  per  cent. 

Let  P denote  the  principal,  n the  number  of  years,  £r 
the  interest  of  <£1  for  1 year,  and  A the  required  amount. 

Then  the  interest  of  P for  1 year  will  be  Pr,  and  there- 
fore the  amount  of  principal  and  interest  at  the  end  of  the 
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first  year  will  be  P (1  + r).  This  last  sum  is  the  capital  on 
which  interest  is  to  be  paid  for  the  second  year;  and  there- 
fore the  amount  at  the  end  of  the  second  year  will  be 
[P  (1  -1-  r)]  (1  + r)  = P(1  + ry.  Similarly  the  amount  at  the 
end  of  3 years  will  be  P (1  + r)^,  and  at  the  end  of  n years 
will  be  P (1  + r)”. 

Thus  ^ = P(l+rf. 

Cor.  If  the  interest  be  paid  and  capitalised  half  yearly, 
it  can  be  easily  seen  that  the  amount  at  the  end  of  n years 

' / 2?l 

willbePn-f--j  . 


Ex.  Find  the  amount  of  £100  in  25  years  at  6 per  cent, 
per  annum. 

Since  the  interest  on  £100  is  £5,  the  interest  on  £1  is  £^^. 
Hence  the  amount  of  £1  at  the  end  of  the  first  year  will  he 
£(1  +^),  and  at  the  end  of  25  years  will  be  £(1  + 

Hence  £A,  the  amount  required,  will  be  £100  (1 

Hence  log  A = log  100  + 25  log 

From  the  tables  we  find  that 

log  21  = 1-3222193,  and  log  20  = 1-3010300. 

Hence  log  ^ = 2 + 25  (1-3222193  - 1-3010300) 

= 2-5297325. 

Now  from  the  tables  we  find  log  338-63  = 2-6297254 
and  log  338-64  = 2-5297383. 

Hence  log  A - log  338-63  = -0000071, 

and  log  338-64  - log  338-63  = -0000129. 

Hence  A = 338-63  + of  -01 

= 338-63 + -005  = 338 -635. 

Hence  the  amount  required  is  £338-635. 


II.  To  find  the  present  value  of  a sum  ofi  money  which  is 
to  he  paid  at  the  end  of  a given  time. 

Let  A be  the  sum  payable  at  the  end  of  n years,  and 
let  P be  its  present  worth,  the  interest  on  £1  being  £r  per 
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annum.  Then  the  amount  of  P in  n years  must  be  just 
equal  to  A. 

Hence,  from  I.  P — A(l  +r)“”. 

Ex.  What  is  the  present  worth  of  £1000  payable  at  the  end 
of  100  years,  interest  being  at  the  rate  of  5 per  cent,  per  annum? 
P=1000  (l+^\)-io«  = 1000 
Hence  log  P = log  1000  - 100  (log  21  - log  20) 

= 3-100  (1-3222193  - 1-3010300) 

= 3 -2-11893= -88107. 

Now  from  the  tables  log  7-6045  = -8810707. 

Hence  the  required  present  worth  is  £7-6045  = £7.  12s.  Id. 

III.  To  find  the  present  value  of  an  annuity  of  £A 
payable  at  the  end  of  each  of  n successive  years. 

If  the  interest  on  .£1  be  £r  ; then  from  II. 
the  present  value  of  the  first  payment  is  j4  (1 


second ^ (1  + r) 

. . . nth .4(1+  r)~”. 


Hence  the  present  value  of  the  whole  is 

.4  {(1  + + (1  +r)“^  + ...  + (1  +r)~'^] 

= 0 + + ■ = 7 0 - (1  + 

Ex.  Find  the  present  value  of  an  annuity  of  £100  to  be  paid 
for  30  years,  reckoning  interest  at  4 per  cent. 

The  interest  on  £1  is  therefore  l + r=l'04. 

Hence  ^ ^ {1  - (l-04)-30} 

= 2500  {l-(l-04)-30}. 

Now  log  (l-04)-3o  = - 30  log  (1-04)  = - 30  x -0170333 
= --510999  = 1-489001. 

From  the  tables  log  3-0832  = -4890017,  hence  1-489001  is  log 

-.30832. 

Hence  P = 2500  (1  - -30832)  = 2500  x -69168 

^£1729-2. 
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EXAMPLES.  LXXV. 


1.  Write  down  the  numbers  whose  logarithms  are  6'3010300  and 

5-3010300  respectively,  knowing  that  log  2 = -3010300.  ' 

2.  Write  down  the  numbers  whose  logarithms  are  3 -2990931  and 
4-2990931  respectively,  knowing  that  log  1-9911  = -2990931. 

3.  Having  given  log  46854  = 4-6707467  and  log  46855  = 4-6707559, 
find  log  -0468546. 

4.  Having  given  log  58961  = 4-7705648  and  58-962  = 1-7705722, 
find  log  -00589614. 

5.  Find  4/29,  having  given  log  29  = 1-4623980, 

log  19611  = 4-2924776,  and  log  19612  = 4-2924997. 

6.  Find  4/100.  having  given  log  19307  = -2857148,  and 

log  19308  = -2857373. 

7.  Having  given  log  2 = -3010300,  log  3 = -4771213, 

log  17187  = 4-2352001  and  log  17188  = 4-2352253, 
find  4/15  to  5 places  of  decimals. 


8.  Having  given  log  3-4277  = -5350028,  log  32483  = 4-5116561  and 
log  32484  = 4-5116695,  find  4/ ‘034277  to  6 places  of  decimals. 

9.  Find  the  amount  of  £1  in  100  years  at  5 per  cent,  compound 
interest,  having  given  log  1-05  = -0211893,  log  1-3150  = -1189258,  and 
log  1-3151  = -1189588. 

10.  Shew  that  a sum  of  money  will  be  more  than  doubled  in  18 
years  at  4 per  cent,  compound  interest,  having  given  log  1-04  = -0170333 
and  log  2 = -3010300. 

11.  Find  the  amount  of  £500  in  10  years  at  4 per  cent,  compound 
interest,  the  interest  being  payable  half-yearly.  Given 

log  1-02  = -0086002,  log  1-4859  = -1719896  and  log  1 4860  = -1720188. 


12.  What  is  the  present  value  of  £1000  which  is  to  be  paid  at 
the  end  of  15  years,  reckoning  compound  interest  at  3 per  cent.  ? Given 
log  1-03  = -0128372,  log  64186  = 4-8074403  and  log  64187  = 4-8074471. 


13.  Find  the  value  of 


3 log  1728 


1 -t-i  log  -36 log  8 
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14,  Find,  correct  to  3 places  of  decimals,  the  value  of  x which 
satisfies  the  equation  2®  =125,  having  given  log  2 = -3010300. 


15. 


Prove  that 


loge3-l  + g 22  + 5.24  + 


1 

7.26+"-’ 


16.  If  log  2 = -3010300  and  log  3 = -4771213,  find  the  logarithm 
of  4^(-00072  X 2-7)  and  the  number  of  cyphers  between  the  decimal 
point  and  the  first  significant  figure  of 


17.  Simplify  the  expression 

log  -06  + log  (-6)2  - log  4 - log  54  + 5. 

18.  Find  log  -003125  in  terms  of  log  2,  and  calculate  the  seventh 
root  of  the  fifth  power  of  |,  having  given 

log  2 = -3010300,  log  8 -1425  = -9107578, 
log  3 = -4771213,  log  8-1426  = -9107631. 

19.  Prove  that 

log  20  + 7 log  If  + 5 log  If  + 3 log  If = 1. 


20.  Solve  the  equation 

32®-5x3®  + 6 = 0, 

having  given  log  2 = -3010300,  log  3 = -4771213, 

21.  Having  given 

log  5 = -6989700,  log  7 = -8450980  and  log  11  = 1-0413927, 
find  the  logarithms  of  385  and  and  solve  approximately,  to  two 
places  of  decimals,  the  equation 

5*.  7*-i^llx+2. 


22.  What  is  the  smallest  number  of  terms  of  the  geometrical 

progression  4,  6,  9, which  must  be  taken  in  order  that  the  sum 

may  exceed  8000?  [Log  2 = -3010300,  log  3 = -4771213.] 

23.  Prove  that  the  coefficient  of  x'^  in  the  expansion  of 

logg  (l  + a:  + a;2+ ...  +x)’”-i 

is  either  - ^ ^ or  i according  as  n is,  or  is  not,  a multiple  of  m. 
n n 


24.  What  would  be  the  logarithm  of  180  if  the  base  were  12? 
Given  log^o  2 = -3010300,  log^o  3 = -4771213. 
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25.  Having  given  log  2= -3010300  and  log  103  = 2-0128372,  find 
how  many  years  will  elapse  before  a sum  of  money  doubles  itself  at 
3 per  cent,  per  annum  compound  interest. 

26.  Having  given  log  2 =-3010300,  log  3 =-4771213,  find  to 
3 places  of  decimals  the  value  of  x which  satisfies  2^=81. 

27.  Find  the  amount  of  £100  at  the  end  of  10  years,  allowing 
5 per  cent,  compound  interest.  Given  log  1-05  = -0211893,  and 
log  1-6289  = -21189. 

28.  Find  A^SIO,  having  given 

log  1-7  = -2304489,  log  7-9895  = -9025196, 
log  3 = -4771213,  log  7-9896  = -9025250. 

29.  Having  given 

log  8-75  = -9420081,  log  2 = -3010300  and  log  1-05  = -0211893, 
shew  that  the  logarithms  of  all  the  numbers  of  one  digit  can  be 
found. 

30.  Find  log  7,  having  given 

log  4-2 
log  -012 

and  log -0441 

31.  Find  the  value  of 

101ogf  + 7logA  + 41og  M- 

32.  Find  (1-467799)^  having  given 

log  14677=4-1666373, 
and  log  14678  = 4-1666669. 

33.  Find  the  value,  to  two  places  of  decimals,  of  (277-83)^'^®, 
having  given 

log  3 = -4771213,  log  1-1342  = -0546896, 
log  7 = -8450980,  log  1-1343  = -0547279. 

34.  Find  the  compound  interest  on  £200  at  4 per  cent,  payable 
annually  for  50  years,  having  given 

log  1-04  = -017033339,  log  14213  = 4-1526858, 
log  2 = -3010300,  log  14214  = 4-15-27163. 


= -6232493, 
= 2-0791813, 
= 2-6444386. 


CHAPTER  XXVIII. 


MISCELLANEOUS  THEOREMS  AND  EXAMPLES.  CUBE  ROOT. 

266.  Theorem.  The  expression  x'"’  — a‘^  is  divisible  by 
x — a for  all  positive  integral  values  of  n. 

It  is  known  that  x — a^v^  — od  and  a?  — cd  are  all  divisible 
by  X — a. 

We  have  x^  — a^  = x^  — ax^~^  + ax^~^  — d^ 

= x^~^  (x  — a)  + a — a”'~^). 

Now,  if  x — a divides  x^~'^—a^~'^  it  will  also  divide 
x^~^  (x  — a)  + a (x'^-^  — a^'^f 
that  is,  it  will  divide  x'^  — a”. 

Hence,  ifx-a  divides  it  will  also  divide  x^- oT'. 

But  we  know  that  x — a divides  a?  - a?  •,  it  will  therefore 
also  divide  x‘^  - a^.  And,  since  x - a divides  x^  - it  will 
also  divide  a?®  - (d.  And  so  on  indefinitely. 

Hence  x^  — aT  is  divisible  by  x — a^  when  n is  any  positive 
integer. 

Since  OiT  + a^  — x^  - a^  + 2a%  it  follows  that  when  x^  + d^ 
is  divided  hj  x — a the  remainder  is  2a”  so  that  x^  + a”  is 
never  divisible  by  x — a. 

If  we  change  a into  — a,  x — a becomes  x — {—a)  — x + a] 
also  x^  — a”  becomes  £c”  — (—  a)”,  and  £c”  — (—  a)”  is  x^  + a”  or 
x^  — dP'  according  as  n is  odd  or  even. 
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Hence,  when  it  is  odd 

+ aP  is  divisible  by  a:  + a, 
and  when  n is  even 

— cc^  is  divisible  by  x + a. 

Thus,  when  -u-  is  a positive  integer 

X — a divides  x^  — d^  always, 

X - a x^  + d^  never, 

x + a x^  — d^  when  71  is  even, 

and  x + a x^  + a^  odd. 

We  have  in  the  above  shewn  that  the  four  cases  are  all 
included  in  the  first : we  leave  it  as  an  exercise  for  the  student 
to  prove  each  case  separately. 

The  above  results  may  be  written  so  as  to  shew  the 
quotients  ; thus 

=:  x^-~^  + 03”'“^  a + x^-^  d^  + ...  + 

X — a 


± d^ 
X+a 


= x^~  — x^~^  a + x^ 


the  upper  or  lower  signs  being  taken  on  each  side  of  the 


EXAMPLES.  LXXVI. 

1.  Find  the  factors  of  - x + 1. 

2.  Find  the  factors  of  x^- x^^-x^  + 1. 

3.  Find  the  factors  of  1 -03- + 

4.  Find  the  factors  of  1 - 

5.  Find  the  factors  of  x'^-y^-  2ax  - 2hy  + a'^~  b^. 

6.  Find  the  factors  of  x^  - y^  - ^x  - y + 2. 

7.  Find  the  factors  of  x^  - 2xy  - 8y^  -2x+  20y  ~ 8. 


350  MISCELLANEOUS  THEOREMS  AND  EXAMPLES. 


8.  Find  the  factors  of  - b^  + c^-p- 2ac  - 26/. 

9.  Write  down  the  quotient  in  each  of  the  following  divisions : 

(i)  (x^-y5)^(x-y),  (ii)  (x'^ + y'^)-^{x  + y),  (iii)  {x» -y^)-^{x  + y). 

10.  Shew  that,  if  n is  any  positive  integer,  7”-  1 is  divisible  by  6; 

shew  also  that  + l is  divisible  by  36. 

11.  Shew  without  actual  division  that 

(3a;2  - 2a;  + 1)3  - {2x^  + Sx-  5)3 
is  divisible  by  x‘^-5x  + 6. 

12.  Write  down  the  result  of  dividing  (2a + 36)3+ (3a + 26)3 
5a + 56. 

13.  Write  doion  the  result  of  dividing  (2a  + 46  - 4c)3  + (a  - 6 + 7c)3 
by  a + 6 + c. 

14.  Shew  that  (1  - a;)^  is  a factor  of  1 - a;  - a;®  + 

15.  Shew  that  (1  -a;)^  is  a factor  of  1 -a:-a;”'  + a3”+^,  n being  any 
positive  integer. 

16.  Shew  that  (a:-!)^  is  a factor  of  wa;”+i  - (a  + 1)  a;”  + 1,  and 
also  of  a;”  - na;  + « - 1,  n being  any  positive  integer. 

267.  We  now  prove  the  following  important  proposition  : 

Theorem.  If  any  rational  and  integral  expression  which 
contains  x vanish  when  f is  put  for  x,  then  will  x—f  he  a 
factor  of  the  expression. 

Let  the  expression,  arranged  according  to  powers  of  £c,  be 
ax^  + hx^~^  + cx^~‘^  + . . . 

Then,  by  supposition, 

af'^  + + cf^~^  + . . . = 0. 

Hence  axl^  + hx^~~^  + cx^~‘^  + . . . 

= ax^  + hx^-'^  + + . . . - (a/^  + + cf'^~’^  + . . . ) 

= a if'-  — + b — f^~^)  + c {x^~^  — + . . . 

But,  by  the  last  Article,  x^  — x^~'^ 

&c.  are  all  divisible  by  x—f 

Hence  also  ax^  + hx^~^  + cx^~“^  + ...  is  divisible  by  x —f. 
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268.  The  proposition  proved  in  the  preceding  Article 
can  also  be  proved  in  the  following  manner  : 

Divide  the  expression  ax^  + + cx^~^  + . . . by  cc  —/, 

continuing  the  process  until  the  remainder,  if  there  be  any 
remainder,  does  not  contain  x ; and  let  Q be  the  quotient 
and  E the  remainder. 

Then,  by  the  nature  of  division, 

ax”'  + bx”~^  + cx”~^  + ...  =Q  (x—f)  + R, 
and  the  two  members  of  this  equation  are  identical. 

hlow  since  R does  not  contain  x,  no  change  will  be 
made  in  R by  changiug  the  value  of  x\  put  then  x—f  and 
we  have 

af”Abr-^  + cf”-^+..  =Q{/-/)  + R = R. 

Hence  if  any  rational  and  integral  expression  which 
contains  x be  divided  by  x—f.,  the  remainder  is  equal  to  the 
result  obtained  by  2'>utting  f in  the  place  of  x in  the  exp>ression. 
This  is  called  the  Remainder  Theorem. 

The  Remainder  Theorem  includes  as  a particular  case 
the  proposition  that  cc  — y is  a factor  of  any  expression 
which  vanishes  when  f is  put  for  x. 

Ex.  1.  Find  the  remainder  when  - 4x‘^  + 2x  + 1 is  divided 
by  a:  - 3. 

The  remainder  is  3^  - 4 . 3^  + 2 . 3 + 1 - 2. 

Ex.  2.  Shew  that  a;  - 2 is  a factor  of  x^  - 3a;^  + 2a;  - 8. 

The  condition  is  2“* - 3. 2^  + 2. 2-8  = 0;  and  this  condition  is 
satisfied. 

Ex.  3.  Find  the  l.c.m.  of 

.a;2  - 3a:  + 2,  and  - 13a;  + 12. 

The  factors  of  x^-3x  + 2 are  obviously  a;  - 1 and  a:  - 2 ; and 
of  these  a:  - 1 does,  and  a;  - 2 does  not  satisfy  the  above  condition 
of  being  a factor  of  - 13x  + 12.  Thus  the  l.  c.  m.  is 
(a; -2)  (x^-13x  + 12). 
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Ex.  4.  Shew  that  any  rational  and  integral  expression  is 
divisible  by  a;  - 1 if  the  sum  of  the  coefficients  of  the  different 
powers  of  x is  zero. 

For  if  the  sum  of  the  coefficients  is  zero,  the  expression  will 
vanish  when  we  put  x = l,  and  therefore  re  - 1 is  a factor. 

269.  We  have  proved  that  x — a is  a factor  of  the 
expression  ax^ + hx^~^  + + ....^  provided  that  the  ex- 

pression vanishes  when  a is  put  for  x. 

If  the  division  were  actually  performed  it  is  clear  that 
the  first  term  of  the  quotient,  which  is  the  term  of  the 
highest  degree  in  x,  would  be  ax^~''-. 

Hence  the  given  expression  is  equivalent  to 
{x  — a)  {ax^~^  -t-&c.). 

How  suppose  that  the  given  expression  also  vanishes 
when  x = j3 ; then  the  product  of  aj  — a and  ax^~^  + &c.  will 
vanish  when  x = ^ ; and,  since  x-a  does  not  vanish  when 
X — /3,  it  follows  that  ax^~^  -t-  &c.  must  vanish  when  x = 
Hence  x — j3  is  a,  factor  of  ax^~^  + &c. ; and,  if  the  division 
were  performed,  it  is  clear  that  the  first  term  of  the  quotient 
would  be  ax^~^. 

Hence  the  original  expression  is  equivalent  to 
{x  ~a){x  — jS)  {ax^~‘^  -f  &c. . . .) 

Similarly,  if  the  original  expression  vanishes  also  for  the 
values  7;  S,  (fee.  of  a;,  it  is  equivalent  to 

{x  — a)  {x  — {x  — y)  {x-h)... {ax^~‘^  + (fee.), 
where  r is  equal  to  the  number  of  the  factors  x — a, 
x-jB,  (fee. 

If  therefore  the  given  expression  vanishes  for  n values 
a,  P,  y,  (fee.,  there  are  n factors  such  as  x-a,  and  the 
remaining  factor,  ax^~'^  + &lg.,  will  reduce  to  a]  and  hence 
the  given  expression  is  equivalent  to 

a {x  - a)  {x  - /3)  {x  - y) 
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270.  Theorem.  An  expression  of  the  degree  in  x 
cannot  vanish  for  more  than  n values  of  x. 

For,  if  the  expression 

ax^  + + cx^~^  + . . . 

vanish  for  the  n values  a,  y...,  it  must  be  equivalent  to 
a{x-a){x  — p)  {x  — y). . .. 

If  now  we  substitute  any  other  value,  k suppose,  dif- 
ferent from  each  of  the  n values  a,  /3,  y,  <fec.  j then,  since  no 
one  of  the  factors  k — a,  k — &c.  is  zero,  their  continued 

product  cannot  be  zero,  and  therefore  the  given  expression 
cannot  vanish  for  the  value  x = k,  except  a itself  is  zero. 

But,  if  a is  zero,  the  original  expression  reduces  to 
hx^~^  + cx^~^  + ...,  and  is  of  the  (n—  1)*^  degree;  and  hence 
it  can  only  vanish  for  n — \ values  of  x,  except  h is  zero. 
And  so  on. 

Hence  an  expression  of  the  degree  in  x cannot  vanish 

for  more  than  n values  of  x,  except  the  coefficients  of  all  the 
powers  of  x are  zero ; and  when  all  these  coefficients  are 
zero,  the  expression  will  clearly  vanish  for  any  value  what- 
ever of  X. 

271.  The  values  of  x for  which  the  expressioft, 

ax^  + hx"'~^  -f-  -1-  . . . 

is  equal  to  zero,  are  the  roots  of  the  equation 
ax^  -t-  hx^~'^  4-  4-  . . . = 0. 

Hence,  by  Art.  270,  an  equation  of  the  n^^  degree  cannot 
have  more  than  n roots,  except  the  coefficients  of  all  the 
different  powers  of  the  unknown  quantity  are  zero,  in  which 
case  any  value  of  x satisfies  the  equation. 

272.  If  the  two  expressions  of  the  degi’ee 

ax^  + hx^~^  4-  cx^~"^  4-  . . ., 
and  px^  4-  qx'^~'^  4-  rx^~’^  4-  . . ., 
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be  equal  to  one  another  for  more  than  n values  of  x,  it 
follows  that  the  equation 

-r  + cx^~-  + . . . =p.x^  -i-  -f-  rx*”~-  -f  . . 

that  is,  the  equation 

(rt  —]}) a,-"  + (6  - q)  + (c  — r)  x”~-  + ...  =0 

has  more  than  ?i  roots. 

Hence,  by  Art.  271,  the  coefficients  of  all  the  different 
powers  of  x must  be  equal  to  zero. 

Thus  (I  =p,  ^ = c— «tc. 

Hence,  if  two  expressions  of  the  degree  in  x are  equal 
to  one  another  for  more  than  n values  of  x.  the  coefficient  of 
any  power  of  x in  one  expression  is  equal  to  the  coefficient  of 
the  same  power  of  x in  the  other  expression. 

273.  When  any  two  expressions,  which  have  a limited 
number  of  terms,  are  equal  to  one  another  for  all  values^ 
the  condition  of  the  last  Article  is  clearly  satisfied,  for  the 
number  of  values  must  l>e  greater  than  the  index  of  the 
highest  power  of  any  contained  letter. 

Hence  v:hen  any  two  expressions,  vjhich  have  a limited 
number  of  terms,  are  equal  to  one  another  for  all  values  of 
the  letters  involved  in  them,  ice  may  equate  the  coefficients  of 
the  diffierent  powers  of  any  letter. 

We  may  remark  that  the  above  proposition  is  true  of 
two  expressions  which  have  an  infinite  number  of  terms, 
but  the  consideration  of  such  expressions  is  beyond  the  range 
of  this  book. 

273*.  Partial  Fractions.  The  results  obtained  in  the 
preceding  Articles  will  enable  us  to  find  a number  of 
fractions,  called  pjartial  fractions,  whose  denominators  are 
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the  factors  of  the  denominator  of  a given  fraction  and 
whose  algebraic  sum  is  equal  to  the  given  fraction. 

"We  may  always  suppose  that  the  numerator  of  any 
fraction  which  is  to  be  expressed  in  partial  fractions  is 
of  lower  dimensions  than  the  denominator.  For,  if  this 
be  not  the  case  to  begin  with,  the  numerator  can  be 
divided  by  the  denominator  until  the  remainder  is  of 
lower  dimensions  : the  given  fraction  vdll  then  be  expressed 
as  the  sum  of  an  integral  expression  and  a fraction  whose 
numerator  is  of  lower  dimensions  than  its  denominator. 

Let  the  denominator  of  any  given  fraction  be  the 
product  of  the  n factors  x — a,  x — b,  x — c,  >kc. ; and  let 
the  numerator,  which  may,  as  we  have  seen,  be  supposed 
to  be  of  the  {u-  l)th  degi'ee  at  most,  be  denoted  by  F {x). 
Then  the  given  fraction  will  be  equal  to  n partial  fractions 

of  the  form  — — , provided  that 
X — a 

F{x)  _ A B C 

(x— a)  {x  — b)  [x  ~ c)...  ~ X — a x — b x — c " ’ 

or,  after  multiplying  by  {x  - a)  (x  - b)  (x  —c)  , 

F (x)  = A (x  — b)  (x  — e)  ...  -r  B (x  — a)  (x  — c)  ... 

+ C(x-a)  (x-b)  (i). 

In  order  that  (i)  may  really  be  an  identity  it  is  neces- 
sary and  sufficient  that  the  coefficients  of  like  powers  on 
the  two  sides  should  be  equal.  Now  F(x)  is  of  the  («— l)th 
degree  at  most,  and  the  terms  on  the  right  of  (i)  are  all 
of  the  (?i  — l)th  degree;  hence,  by  equating  the  coefficients 
of  x^\  X,  ...  , 0,-"“^  on  the  two  sides  of  (i),  we  have  n 
equations  from  which  to  determine  the  n quantities 
A,  B,  C 
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The  values  of  A,  B,  C,  ...  can,  however,  be  obtained 
separately  in  the  following  manner.  Since  (i)  is  to  be  true 
for  all  values  of  a?,  it  must  be  true  when  x — a \ and  putting 
x = a,  we  have  F (a)  = A {a  — h)  {a  — c)  ...  ; and  therefore 
A-  F {a)j(a  -b)  {a- c) ...  . Similarly  we  have 
B = F{b)j{b-a)  (b-c)  ...  ■ 
and  so  for  C,  F,  ...  . 

We  have  thus  found  values  of  A,  B,  C,  ...  which  make 
the  relation  (i)  true  for  n values  a,  b,  c,...  of  x;  and  as 
the  expressions  on  the  two  sides  of  (i)  are  of  not  higher 
degree  than  the  (?z  — l)th,  it  follows  [Art.  272]  that  the 
relation  is  true  for  all  values  of  x. 


Thus 

r(x)  ^ F(a)  1 , __ 

(x  — a)  (x-b)  (x  — c)  ...  (a — b)  {a— c)  ...  ' X— a 


Ex.  1. 


Resolve 


2x 

(o;-l)  (a; -3) 


into  partial  fractions. 


Assume 


then 


2x  _ ^ , R , 

{x  -l){x-  3)  ^x-1  x^  ’ 

2x  = A{x-S)+B(x-l). 


In  this  identity  put  x = l;  then  2 = A (-2).  Nowputa;  = 3; 
then  6 = 5 . 2. 

Thus  = -' L 

(o:-l)(:r-3)  ;r-3  x-1' 

Or,  by  equating  the  coefficients  of  the  different  powers  of  a?,  we  have 


2 = ^+5,  and  0 = - 3 J - 5 ; 
whence,  as  before,  A=  - 1,  5 = 3. 


Ex.  2.  Find  the  coefficient  of  x’’  in  the  expansion  of 
according  to  ascending  powers  of  x. 


2x 

x^-4x  + 3 


MISCELLANEOUS  THEOREMS  AND  EXAMPLES.  357 


By  Ex.  1, 


2x 


- 4a;  + 3 (a;  - 1)  (a;  - 3)  a:  - 3 a;  - 1 

= l + x + x^+  + ... 


3^3^ 


X' 


Hence  the  required  coefficient  of  a;’’  is  1 - 


3r- 


4a; + 7 

Ex.  3.  Eesolve  7 777-7 77  into  partial  fractions. 


(a;-3)  (a;-4) 


Am. 


23 

a;  -4  X- 


19 


Ex.  4.  Eesolve 


05+  1 


{x  - 2)  (x  - 3)  {x  - 4) 
Am. 


- into  partial  fractions. 


2 (x  - 2)  X - 3 2 (x  - 4)  ’ 

Ex.  5.  Find  the  coefficient  of  in  the  expansion  of 

X 


1 - (a  + &)  X + abx^  ‘ 


Am.  

a-h  ’ 


Ex.  6.  Find  the  coefficient  of  x^”“^  in  the  expansion  of 
x + 5 


(x2-l)  (x  + 2)' 


1-^- 


Ex.  7.  Shew  that  the  coefficient  of  x*"  in  the  expansion  of 
(6  - 7x  + 2x2)-i  in  ascending  powers  of  x is  2’’+i  3-»—i  _ 


274.  Symmetrical  expressions.  An  expression  is  said 
to  be  symmetrical  with  respect  to  any  two  letters  when  the 
expression  is  unaltered  by  interchanging  the  two  letters. 
Thus  a-vh  and  are  symmetrical  with  respect  to 
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a and  b,  for  neither  expression  would  be  altered  by  changing 
a into  b and  b into  a. 

Also  a + b + c and  + b^  + — dabc  are  symmetrical 

with  respect  to  any  two  of  the  three  letters  a,  b,  c. 

It  is  clear  that  the  only  expression  of  the  first  degree 
which  is  symmetrical  with  respect  to  the  three  letters  a,  b,  c 
\spa+pb+pc,  where  is  some  numerical  coefficient. 

275.  Cyclical  order.  It  is  of  importance  at  this  stage 
for  the  student  to  attend  to  the  way  in  which  expressions 
are  usually  arranged.  Consider,  for  example,  the  arrange- 
ment of  the  expression  bc  + ca-v  ab.  The  term  which  does 
not  contain  the  letter  a is  put  first,  and  the  other  terms 
can  be  obtained  in  succession  by  a cyclical  change  of  the 
letters.,  that  is  by  changing  a into  b,  b into  c and  c into  a. 
In  the  expression  c?  [b  — c)  + ¥ (c  — a)  -f-  {a  - b)  the  same 
arrangement  is  observed ; for  by  making  a cyclical  change 
in  the  letters  of  a®  (b  — c)  we  obtain  ¥ (c  — a),  and  another 
cyclical  change  will  give  (a  — b).  So  also  the  second  and 
third  factors  of  (b  — c)  (c  — a)  (a  — b)  are  obtained  from  the 
first  by  cyclical  changes. 

276.  We  now  proceed  to  consider  some  examples 
which  will  illustrate  the  theorems  proved  in  the  preceding 
articles. 

Ex.  1.  Shew  that 

{b  — c)®  +{c-  a)®  + [a-  fo)® 
is  divisible  by  [h  - c)  [c  - a)  (a-h). 

If  we  put  6 = c in  the  expression 

(&  - c)®  -b  (c  - of  + (a  - 
the  result  is  (c  - a)®  -b  (a  - c)®, 

which  is  zero. 

Hence  (b-c)  is  a factor,  and  we  can  prove  in  a similar 
manner  that  c-a  and  a-b  are  factors. 
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Ex.  2.  Shew  that 

(a+b  + c)^-  {b  + c - a)'^  - {c  + a-b)^  - {a  + b - c)®  = 24a&c. 

If  we  put  a=:0  in  the  expression 

{a  + b + cf  - {b  + c ~ a)'^  - {c  + a - b)^  - {a  + b - cY (i) , 

it  is  easy  to  see  that  the  result  will  vanish  for  all  values  of 
b and  c. 

Hence  a is  a factor  of  (i). 

So  also  b and  c are  factors  of  (i). 

Now  (i)  is  an  expression  of  the  third  degree ; it  can  therefore 
only  have  three  factors.  Hence  it  is  either  equal  to  abc,  or  is 
equal  to  abc  multiplied  by  some  number. 

Thus 

{a  + b + cY  ~ {b  + c-  aY  - {c  + a-bY  - {a  + b - cY  = Labc...{i\), 
where  L is  some  number  which  is  always  the  same  whatever  a,  b 
and  c may  be. 

We  can  find  the  value  of  L by  giving  particular  values  to  a,  b, 
and  c. 

Thus,  let  a — b = c — l.  Then  (ii)  becomes 

33_13_13_13  = p^  . 

.-.  H = 24. 


We  can  also  find  the  value  of  L by  actually  finding  the 
coefficient  of  abc  in  the  left  member  of  (ii).  By  Art.  251  the 


coefficient  of  abc  in  {a  + b + cY  is 


lilill 


= 6, 


and  similarly  the 


coefficient  of  abc  in  each  of  the  other  cubes  is  - 6 ; thus  the 
whole  coefficient  is  24.  The  coefficient  on  the  right  is  L ; hence, 
as  before,  H = 24. 


Ex.  3.  Find  the  factors  of 

a^  {b  - c)  + b^  {c-  a)  + c^  (a-b). 

If  we  put  6 = c in  the  expression 

a^  {b-c)  + b^  (c  - a)  + c®  (a  - b), 
the  result  is  c^  {c  - a) + c^  {a  - c), 

which  is  clearly  zero. 

Hence  b~c  is  a factor  of  the  given  expression  ; and  we  can 
prove  in  a similar  manner  that  c-a  and  a-b  are  also  factors. 
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Now  the  given  expression  is  of  the  fourth  degree;  hence, 
besides  the  three  factors  we  have  found,  there  must  be  one  other 
factor  of  the  first  degree,  and  as  this  factor  must  be  symmetrical 
in  a,  b,  c it  must  be  a + 6 + c. 

Hence  the  given  expression  must  be  equal  to 
L{b-c)  (c-a)  (a-b)  (a  + b + c), 
where  H is  a number. 

We  can  find  L by  giving  particular  values  to  a,  b,  and  c ; or, 
by  comparing  the  coefficients  of  a®,  we  have  at  once 
b-c  = -L{b-c). 

Hence  L = - 1. 

Thus 

{b-c)  + b^  (c-a)  + c^  {a-b)=:  - {b-c){c-a)(a-b)  {a  + b + c). 
Ex.  4.  Simplify 

p2  ^2  ^2 

(a  - fc)  (a  - c)  (b  -c)(b-a)^  {c-  a)  {c-b)‘ 

The  L.c.M.  of  the  denominators  is  (6  - c)  (c  - a)  {a  - b). 

Hence  the  given  expression  is  equal  to 

-g2(fc_g)_^2(c_a)-c2  (a-b) 

{b  -c){c-  a)  {a-b) 

Now  we  naturally  test  whether  either  of  the  factors  of  the 
denominator  is  also  a factor  of  the  numerator  : we  are  thus  led 
to  find  that  the  numerator  is  the  same  as  the  denominator,  so 
that  the  given  expression  is  equal  to  unity. 

277.  The  following  is  an  important  identity  : 

+ W + (^  — 2>abc  = {a  + h + c)  io?  + 11^  + — he  — ca  — ah). 

It  should  be  noticed  that 

— he  — ca  — ah  = ^ {{h  — c)^  + {c  — ay  +(a  — hf). 
Since  a + 6 + c is  a factor  of  of  + h^  + c®  — ?>ahc,  it  follows 
that  + h^  + — %ahc  = 0ifa  + 5 + c-0. 

Hence  a?  + h^  + = 2>ahc  for  all  values  of  a,  h and  c,  pro- 

vided only  that  a + h + c^O. 

That  is,  the  sum  of  the  cubes  of  any  three  quantities  is 
equal  to  three  times  their  product^  provided  that  the  sum  of  the 
three  quantities  is  zero. 
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For  example, 

(6-c)^  + (c-a)®+(a-6)^  = 3 {h-c)  [c-a)  {a  - bj, 

(b  + c-  2a)^  + {c  + a-  26)^  + {a  + b-  2c)® 

= 3 (&  + C - 2a)  (c  + a - 26)  (a  + 6 - 2c)  ; 

also,  since 

{x-a)  {b-c)  + {x-  b)  (c  - a)  + (x-c)  {a  - b)  — 0, 

-we  have 

{x  - a)®  (6  - c)®  + {x-  6)®  (c  - a)®  -h  (a;  - c)®  (a  - 6)® 

= 3 {x  - a)  {x  - b)  {x  - c)  (6  - c)  (c  - a)  {a  - 6). 

278.  We  have  seen  that  we  must  have  more  than  one 
equation  in  order  to  determine  the  values  of  two  or  more 
unknown  quantities.  This  however  is  by  no  means  always 
the  case  when  the  values  of  the  unknown  quantities  are  in 
any  way  restricted. 

For  example,  if  we  have  the  single  equation  3a: + 4?/  — 10,  and 
restrict  both  x and  y to  positive  integral  values,  the  equation  can 
only  be  satisfied  by  one  set  of  values,  namely  by  the  values  x — 2, 
y = l. 

Again,  from  the  relation 

{x  - af  + {y-  bf  - 0, 

with  the  restriction  that  all  the  quantities  must  be  real,  we 
can  conclude  both  that  x — a and  that  y — h)  for  the  squares 
of  real  quantities  must  be  positive,  and  the  sum  of  two 
positive  quantities  cannot  be  zero  unless  they  are  both  zero. 
An  important  example  is  considered  in  Art.  190. 

Ex.  Shew  that,  if  a,  6,  c,  d are  all  real  and 

(a  4-  6)®  + (6  + c)®  + (c  + d)® = 4 (a6  + 6c  + cd), 
then  will  a — b = c = d. 

We  must  write  the  expression 

(a  + 6)®  + (6  + c)®  + (c  + d)®  - 4 (a6  + 6c  + cd) 
as  the  sum  of  two  or  more  squares : we  then  have 
(a-6)2  + (6-y)2  + (c-d)2=0. 

Then,  since  a - 6,  6 ~ c,  and  c-  d,  are  all  real,  we  must  have 
a = 6,  b = c,  and  c = d. 
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279.  The  following  are  important  examples. 

Ex.  1.  Find  the  greatest  value  of  the  product  of  two 
positive  quantities  whose  sum  is  given. 

Let  the  given  sum  be  2a.  Then,  if  one  of  the  quantities 
be  a + x,  the  other  will  be  a-x\  also  the  product  will 
be  — o(?. 

Now,  since  a is  fixed,  — x^  has  its  greatest  value  when 
x~0,  and  in  that  case  the  two  quantities  are  equal  to  one 
another. 

Thus,  i/  the  sum  of  two  positive  quantities  is  given,  their 
product  is  greatest  when  they  are  eqtial  to  one  another. 

Ex.  2.  Find  the  least  value  of  the  sum  of  two  positive 
quantities  whose  product  is  given. 

Since  {x  + = ixy  + [x  — y^,  we  see  that  {x  + yY  is  never 

less  than  ^xy,  and  that  {x  + yY  is  equal  to  ^xy  when  x = y. 

Hence,  if  the  product  of  two  positive  quantities  is  given, 
their  sum  is  least  when  they  are  equal  to  one  another. 

Ex.  3.  The  arithmetic  mean  of  any  two  positive  quan- 
tities is  greater  than  their  geometric  mean. 

Let  the  two  quantities  be  a and  h. 

The  arithmetic  mean  is  {a  + h),  and  the  geometric  mean 

is  Jab. 

We  have  therefore  to  prove  that 

I (a  -(-  6)  > Jab, 

or  that  (a  + bY  > 

or  that  [a  — bY  > 0, 

which  is  the  case,  since  {a  — bY  is  necessarily  positive. 

CUBE  ROOT. 

280.  We  now  shew  how  to  find  the  cube  root  of  any 
algebraical  expression. 


CUBE  ROOT. 
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We  know  that 

(a  + bf  = a?  + Za^h  + Zah’^  + h\ 

Thus  the  cube  of  a binomial  expression  has  four  terms ; 
also,  when  the  cube  is  arranged  according  to  powers  of  some 
letter,  the  cube  roots  of  its  extreme  terms  are  the  terms  of 
the  original  binomial. 

Conversely,  if  an  expression  which  is  a perfect  cube 
contains  four  terms  arranged  according  to  powers  of  some 
letter,  its  cube  root  is  the  sum  of  the  cube  roots  of  the 
extreme  terms. 

Thus  the  cube  root  of  any  perfect  cube  which  has  only 
four  terms  can  be  written  down  by  inspection. 

For  example,  to  find  the  cube  root  of 
27a«  - 54a^6  + 36a^6“  - 

The  cube  roots  of  the  extreme  terms  are  Zo^  and  - ^ah. 
Hence  the  required  cube  root  is  Za?  — 2ah. 

Again,  the  cube  root  of  a®  — + 12a^b^  — 86®  is  a®  — 26^. 

281.  When  an  expression  which  contains  only  three 
different  powers  of  a particular  letter  is  arranged  according 
to  powers  of  that  letter,  there  will  only  be  four  terms.  For 
example,  the  expression 

a®  + 6®  + c®  + 3a^6  + Za^c  + 3<x6^  + 3ac^  + 6abc  + Zb^c  + Zbc% 
which  contains  only  three  different  powers  of  a,  namely  a, 
a?  and  a®,  when  arranged  according  to  powers  of  a,  is 
a®  + Zc?  (6  + c)  + Za  + 26c)  + (6®  + c®  + 36^c  + 36c^), 
that  is  a®  + Za^  (6  + c)  + Za  (6  + c)^  + (6  + c)®. 

This  expression  therefore  comes  under  the  case  considered 
in  the  previous  Article ; and  its  cube  root  is  at  once  seen 
to  be  a + 6 + c. 

282.  We  will  now  consider  the  most  general  case. 

Suppose  we  have  to  find  the  cube  root  of  (A  + A)®,  where 
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A stands  for  any  number  of  terms  of  the  root,  and  £ for  the 
rest;  the  terms  in  A and  £ being  arranged  according  to 
descending  (or  ascending)  powers  of  some  letter,  so  that 
every  term  in  A is  of  higher  (or  lower)  degree  in  that  letter 
than  any  term  in  £. 

Also  suppose  that  the  terms  in  A are  known,  and  that 
we  have  to  find  the  terms  in  £. 

Subtracting  A^  from  (A  + £'/,  we  have  the  remainder 
(3A^  + 3A£  + £^)  £. 

Now  from  the  mode  of  arrangement  it  follows  that  the 
term  of  the  highest  (or  lowest)  degree  in  the  remainder  is 
3 X square  of  the  first  term  of  x first  term  of  £. 

Hence  to  obtain  the  next  term  of  the  required  root,  that 
is,  to  obtain  the  highest  (or  lowest)  term  of  A,  we  subtract 
from  the  whole  expression  the  cube  of  that  part  of  the  root 
which  is  already  found,  and  divide  the  first  term  of  the 
remainder  by  three  times  the  square  of  the  first  term  of  the 
root. 

This  gives  a method  of  finding  the  successive  terms  of 
the  root  after  the  first;  and  the  first  term  of  the  root  is 
clearly  the  cube  root  of  the  first  term  of  the  given  expression. 

Find  the  cube  root  of 

.r®  - 6x®?/  + - 54x^®  + 27^®. 

X®  - 6x®?/  + 21x^®  - 44x^1/®  + 63x^?/^-  54x^®  + 27y®. 
(x^)3=x® 

- 2xy)^  = X®  - 6x®y  + 12x^2  _ 

(x^  - 2xy + 3?/2)®  = x®  - Qx^y  + 21x^y^  - 44x^i/3  + 63x2^^-54xj/®+27t/®. 

We  first  take  the  cube  root  of  the  first  term  of  the  given 
expression  : we  thus  obtain  x^,  the  Jirst  term  of  the  required 
root. 

We  then  subtract  the  cube  of  x^  from  the  given  expression, 
and  divide  the  first  term  of  the  remainder,  namely  - Qxhj,  by 
3 X (x^)^ : we  thus  obtain  - 2xy,  the  second  term  of  the  root. 
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We  then  subtract  the  cube  of  - 2xy  from  the  given  expression, 
and  divide  the  first  term  of  the  remainder,  namely  by 

3 X {x^)^ : we  thus  obtain  3y^,  the  third  term  of  the  root. 

Now  subtract  the  cube  of  x^-2xy  + Sy^  from  the  given  ex- 
pression and  there  is  no  remainder.  Hence  the  given  expression 
is  (x^  - 2xy  -I-  Sy^)^,  so  that  the  required  root  is  x^  - 2xy  + 3y®. 

The  cubes  of  a;®,  x^  — 2xy,  &c.  are  placed  under  the  given  ex- 
pression, like  terms  being  placed  in  the  same  column  : the  re- 
mainder left  after  taking  away  any  cube  is  then  obvious. 

It  should  be  remarked  that  instead  of  finding  each  cube  in- 
dependently some  labour  can  be  saved  by  making  use  of  the 
previous  cube  ; the  saving  of  labour  is  not  however  sufficiently 
great  to  make  this  a matter  of  much  importance. 

283.  The  fourth  root  of  an  expression  can  be  obtained 
by  taking  the  square  root  of  its  square  root ; also  the  sixth 
root  by  taking  the  square  root  of  its  cube  root. 

There  is  no  difficulty  in  finding  any  assigned  root  of  an 
algebraical  expression. 

The  following  rule,  which  depends  upon  the  Binomial 
Theorem,  may  be  given  for  finding  the  ?ith  root  of  any 
expression  : — 

Arrange  the  expression  according  to  descending  powers 
of  some  letter,  and  take  the  nth  root  of  the  first  term : this 
gives  the  first  term  of  the  required  root. 

Also,  having  found  any  number  of  terms  of  the  root, 
subtract  from  the  given  expression  the  nth  power  of  that 
part  of  the  root  which  is  already  found,  and  divide  the  first 
term  of  the  remainder  by  times  the  {n—  l)th  power  of  the 
first  term  of  the  root : this  gives  the  next  term  of  the  root. 

Note.  Boots  higher  than  the  second  are  very  rarely 
required  except  such  as  can  easily  be  seen  by  inspection. 
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EXAMPLES.  LXXVII. 

1.  Shew  that  {b- c) + b^  (c  - a) + c^  (a-h) 

= bc  {b-c)  + ca  {c-a)  + ab  {a- b)=  - {b  - c)  (c  -a)  (a-  b). 

2.  Shew  that  (b  - c) + b“^  (c  - a) + c^  (a  - b) 

= - (b- c)  (c  - a)  (a-  b)  (a^  + b^  + + be  + ca  + ab). 

3.  Shew  that  (b  - c)^  + (c  - a)®  + {a-  bf 

— 5{b-c){c-a){a-  b)  (a^  + b'^  + c^-  bc-ca-  ab). 

4.  Shew  that 

(a  + b + c)'^-  (b  + c)-^  - (c  + a)'*  - (a  + b)^  + a‘^  + b‘’‘  + c‘^  = 12abc  (a  + b + c). 

5.  Shew  that  a (6  - c)^  + ft(c  - a)^  + c (a  - 6)^ 

= (b-c)  (c-a)  (a  - b)  (a+b  + c). 

6.  Shew  that  b^c^  (b-c)  + {c  — a)  + {a  - b) 

--  -(b-c)  (c-  a)  (a  - b)  {be  + ca  + ab). 

7.  Shew  that 

{b^  - c^)  + b^  (c^  - a^)  + c®  (a^  -b^)—  - (b  - c)  (c  -a)  (a  - b)  (be  +ca  + ab). 

8.  Shew  that  a^  (b‘^  - c^)  + b‘*  (c^  - a^)  + (a^  - b^) 

= - (b  + c)  (c  + a)  (a  + b)  (b  - c)  (c  - a)  (a  - b). 

9.  Find  the  factors  of  be  {b^  - e^)  + ca  (c^  - a^)  + ab  [a?  - b^). 

10.  Find  the  factors  of  a [b  + e - a)^^  + b [e  + a-b^  + e {a-\-b  - e)^ 

+ [b  + e-a)  {e  + a-b){a  + b-e). 

11.  Find  the  factors  of 

a'^{h-\-e-a)  + b^(cA-a-b)  + e^{apb-e)~{b  + e-a)[e  + a-b){a  + b-e). 

12.  Find  the  factors  of  a {b  + e)  {b‘^ + e^  - a-) 

+ b (e  + a)  (c®  + a^-b^)+e{a  + b)  {a^  + b^  - e^). 

13.  Shew  that  + + _^2n+i  jg  (Jiyisibie  by 

(y  + z)  (z  + x)  (x  + y),  and  find  the  quotient  when  n = l,  and  when  n = 2. 

14.  Shew  that  {x  + y)^  - x^-y^  — ‘6xy  {x  + y),  and  that 

{x  + yf  - x®  -y^  = 5xy  {x  + y)  (x^  + xy  + y^). 

15-  (a  - bf(a  ---)  + (&  - cH5  - a)  + (c  - afie  - Z>)  ‘ 

16.  Simplify  _b)(a~  e)  (b-e)(b-a)  {e-a)(e-b)  ’ 

17.  Simplify  ^ + c (c  - a)  (c  - bj  ' 
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18.  Simplify 

19,  Simplify 


a^{a-h){a~c)  b^{b-c){b-a)  c^(c-a){c-h) 

b+c  c+a  a+h 

[a  -b){a-c)  (ft  - c)  (ft  - a)  (c  - a)  (c  - ft)  ' 


o,-  T.;  ^ + <5  . + « « + ^ 

20.  Simplify  + tt; T71 : + 


21.  Shew  that 


22.  Shew  that 


23.  Shew  that 


(a  - ft)  (a  - c)  ft  (ft  - c)  (ft  - a)  c (c  - a)  (c  - ft)  ‘ 
1 1 


{a-h){a-c){x  + a)  {b  - c)(b  ~ a)(x+b) 

1 1 


(c-a)  {c~b)  {x  + c)  (as  + a)  (a;  + ft)  (a;  + c)  ' 
a ft 


[a-b){a-c){x  + a)  (ft  - c)  (ft  - a)  (a;  + ft) 
c -X 


(c- a)  (c  - b)  [x  + c)  [x+ a)  [x  + b)  [x  + c) 
ft2 


(a- ft)  (a  - c)  (ac  + a)  (ft  - c)  (ft  - a)  (a;  + ft) 
c2 


24.  Simplify 


[c  -a)[c-  ft)  [x  + c)  [x  + a)  [x  + b)[x  + c)' 

(&2  _ ^2)3  + (g2  _ q2)3  + (^2  _ fc2)3 

(ft  - c)'^  + (c  - a)3  + (a  - ft)® 


25.  Prove  the  following : 

ft2 

(l)  a + ft  = r + j 

' a-b  b-a 


(ii)  a + b + c = - 


ft® 


[a-b)[a-c)  [b-c)[b-a)  [c-a)[c-b)' 

(ill)  a + ft  + c + ct  = 


(a  -b)  [a-  c)  [a  -d)  (ft  - c)  (ft  -d)  [b-  a) 
c*  d^ 


26.  Shew  that 


27.  Shew  that 


[c-d)[c-a)[c-b)  [d-a)[d-b)  [d-c)‘ 

a®  ft® 


(a-ft)(a-c)(a-rf)  (ft  - c)  (ft  - d)  (ft  - a) 
c®  d® 


(c  - d)  (c  - a)  (c  - ft)  [d- a)  [d- b)  [d~  c) 
bed  ^ eda 

(a-ft)(a-c)  (a-d)'*'  (ft-c)  (ft-d)  (6-a) 
dab  abc 


= 1. 


(c  - d)  (c  - a)  (c  - ft)  (d  - a)  (d  -b)[d-  c) 
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28.  Shew  that 


he 


(a  -h){a-  c) 


{x  - af  + 


(6-c)  (h-a) 
ah 


{x-hf 


[x  - cY  = X^ 


(c  - a)  (c  - h) 

29.  Prove  that  {h  + c)^  + (c  + a)^  + (a  + h^  - (c  + a)  (a  + h) 

~{a  + h)  (&  + c)  - (6  + c)  {e  + a)  = a?  + h‘^  + c‘^  - he  - ca  - ah. 

30.  Shew  that  {h  + c)®  + (c  + a)®  + (a  + 6)®  - 3 (6  + c)  (c  + a){a  + h) 

= 2 (a3  + 63  + c3-3a6c). 

31.  Shew  that  (&  + c - a)^  + (c  + a - h)^ 

+ (a  + & - c)®  - 3 (6  + c — a)  (c  + a-  &)  (a  + & - c)  = 4 (a®  + + - 3a5c). 

32.  Shew  that  (a;^  + 2yzY  + [y^  + 2zx)^ 

+ {z^  + 2xyY  - 3 (a;2  + 2yz)  [y‘^  + ^zx)  {z^  + 2 xy)  — [x^  + y‘^  + z^-  Sxyz  )^, 

33 . Shew  that,  if  x^  + y^  + z^=  [yz  + zx  + xy) , then  x=y  — z. 

34.  Prove  the  following  : 

(i)  if  2 (a^  + h!^)  = {a  + h)^,  then  a = h ; 

(ii)  if  S (a^  + h-  + c^)  = {a  + h + c)^,  then  a=&  = c; 

(hi)  if  4:  {a^  + h‘^  + c^  + d^)  = {a  + h + c + d)^,  then  a = h = c — d; 

and  (iv)  ii  n{a?  + h'^  + c^+  ...)  = {a  + h + c+  then  o.=  &=:c= .... 

n being  the  number  of  the  letters. 

1 

35.  Shew  that  the  least  value  of  a;  + - is  2,  the  least  value  of  a;  + - 

X i 

9 

is  4,  and  the  least  value  of  a;  + - is  6,  x being  real  and  positive. 


36.  Shew  that 


3x  + 4 


cannot  be  greater  than  7 nor  less  than 


a;2  + 3a:  + 4 
I,  for  real  values  of  x, 

37.  If  the  sum  of  a given  number  of  positive  quantities  is  fixed, 
their  continued  product  will  be  greatest  when  they  are  all  equal. 

38.  If  the  continued  product  of  a given  number  of  positive  quan- 
tities is  fixed,  their  sum  will  be  least  when  they  are  all  equal. 


39.  Prove  that,  if  = 

y+z 


equal  to 


xy- 


x + y ’ 


z-^x 

and  also  equal  to  x + y + z. 


, then  will  each  fraction  be 
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40. 


If 


ad  - be 
a-b-c+d 


ac  - bd 
a — b — d c 


then  will 


a=b,  or  c = d,  or 


a b — ’ c d, 

41.  Shew  that,  ii  x,  y,  z he  determined  by  the  equations  : 
{a  - a)^x  + {a-  + (a  - yYz  = (a  - 5)^, 

{b  - a)^x  + {b-  ^fy  + (6  - 7)%  = (&  - bf, 

[c  - a)^x  + (c  - jSYy  + {c  - y)^z  —{c-  d)^  ; 
then  will  {d  - a)^x  + (d  - j3)-y  + {d-  y)H  — {d-  5)^, 

where  d has  any  value  whatever. 


42.  If  the  equation  — ^ — 1 — ^ ~ — 1 — have  a pair  of 
x + a x + b x + c x + d 

equal  roots,  then  either  one  of  the  quantities  a or  6 is  equal  to  one  of 

the  quantities  c or  d,  or  else  - + ^ ^ . Prove  also  that  the  roots 

abed 


are  then  -a,  - a,  0 : - 5,  - 6,  0 ; or  0,  0, . 

a + b 

43.  If  2 {x^  + x'^-xx')  {y^  + y''^ -yy')—x-y^  + x'hj'‘^,  then  will  a;  = a;' 
and  y = ]l'. 

44.  Shew  that  a {a  + d)  {a  + 2d)  {a  + 3d)  + d^  is  a perfect  square. 

45.  Find  the  cube  root  of  each  of  the  following  expressions  : 

(i)  x^  - 24:x^y  + 192xy'^  - 512'^^ 

(ii)  l-\-9x+hx‘^  + lx^  + hx^  + 9x°  + x^. 

(iii)  as®  - 9a;5  + 33a:^  - 63x^  + 66a;2  - 36a;  + 8. 

(iv)  8a:®  - 36a;®  + 102a;^  - 171a;®  + 204a;®  - 144a;  + 64. 

46.  Shew  that 

[y  + z]  (z  + x)  {x  + y)  + xyz^xyz{x  + y + z)  ’^-+~+^^  . 

47.  If  a,  b,  e,  X are  all  real  quantities,  and 

(a®+  &®)  a;®-2&  (a  + e)  x + b‘^  + c^  — 0, 

then  a,b,e  are  in  geometrical  progression  and  x is  their  common  ratio. 

1 - a;®” 

48.  Shew  that  (1  + a:)  (1  + a:®)  (1  + a;^)...  to  n factors  = ^ . 

49.  If  s = a + & + c,  prove  that 

{as  + be)  {bs  + ea)  (cs  + ab)  = (ft  + c)®  (c  + a)‘^  {a  + &)®. 

50.  Ifa  + & + c + d = 0 ; then  will 

(a®  + &®  + c®  + d®)®  = 9 (bed  + eda  + dab  + «6c)® 

= 9 (be  - ad)  {ea  - bd)  {ab  - cd) 

-9  (6  + c)2  (c  + a)®(«  + &)®. 


S.  ALG 


24 


CHAPTER  XXIX. 

SCALES  OF  NOTATION. 

284.  In  arithmetic  any  number  whatever  is  represented 
by  one  or  more  of  the  symbols  0,  1,  2,  3,  4,  5,  6,  7,  8,  9, 
called  figures  or  digits,  by  means  of  the  convention  that 
every  figure  placed  to  the  left  of  another  represents  ten 
times  as  much  as  if  it  were  in  the  place  of  that  other.  The 
cipher  0,  which  stands  for  nothing,  is  necessary  because  one 
or  more  of  the  denominations  units,  tens,  hundreds,  ifec., 
may  be  wanting. 

The  above  mode  of  representing  numbers  is  called  the 
common  scale  of  notation^  and  10  is  called  the  radix  or  base. 

285.  In.stead  of  ten  any  other  number  might  be  used 
as  the  base  of  a system  of  numeration,  that  is  of  a system 
by  which  numbers  are  named  according  to  some  definite 
plan,  and  of  the  corresponding  scale  of  notation,  that  is  of  a 
system  by  which  numbers  are  represented  by  a few  signs 
according  to  some  definite  plan. 

Thus  4235  is  said  to  be  written  in  the  scale  of  seven,  if 
3 stands  for  3 x 7,  2 for  2x7x7,  and  4 for  4 x 7 x 7 x 7,  so 
that  every  figure  placed  to  the  left  of  another  represents 
seven  times  as  much  as  if  it  were  in  the  place  of  that  other. 

In  general,  any  number  N,  is  expressed  in  the  scale  of 
r,  when  it  is  written  in  the  form  . . where  each  of 


SCALES  OF  NOTATION. 


371 


the  digits  d^,  d^,  d^...  is  zero  or  a positive  integer  less 
than  r,  and  where  d^  stands  for  d^  units,  stands  for  d^  x r, 
c?2  stands  for  x r x r,  and  so  on.  Thus 
N=dQ  + d{T  + d^r^  + . . .. 

286.  Any  positive  integer  can  he  expressed  in  any  scale 
of  notation. 

Let  N be  the  number  and  let  r be  the  radix  of  the 
required  scale. 

Divide  N by  r,  and  let  be  the  quotient  and  d^  the 
remainder. 

Then  if  = + r x 

Now  divide  by  r,  and  let  Q-2  be  the  quotient  and  d-^ 
the  remainder. 

Then  Q■^  = d-^^  + rxQ^',  F - d^  + rd^  + r^Q^. 

By  proceeding  in  this  way  we  must  sooner  or  later 
come  to  a quotient  which  is  less  than  r ; let  this  be  after  n 
divisions  by  r.  The  process  is  now  complete  and  we  have 
if  = o?o  + + . . . + d^r'^, 

so  that  the  number  would  in  the  scale  of  r be  written 
d^, . .dydfL-fj^. 

Each  of  the  digits  d^,  d^,  d^,...  is  a positive  integer  less 
than  r,  and  any  one  or  more  of  them,  except  the  last,  d,^, 
may  be  zero. 

Ex.  1.  Express  1062  in  the  scale  of  7. 

The  quotients  and  remainders  of  the  successive  divisions  by  7 

are  as  under : 

7 1 1062 

7 1 151  remainder  5 = 

4 = dj 

3 0 = ^2 

Thus  1062  vrhen  expressed  in  the  scale  of  7 is  3045. 
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Ex.  2.  Change  2645  from  the  scale  of  8 to  the  scale  of  10. 
Since  2645  = 2x83  + 6x82  + 4x8  + 5 
= {(2x8  + 6)8  + 4}8  + 5}, 

the  required  result  may  be  obtained  as  follows  : — Multiply  2 by 
8 aTid  add  6 ; multiply  this  result  by  8 and  add  4 ; then  multiply 
again  by  8 and  add  5.  This  process  is  clearly  applicable  in  all 
cases. 

Ex.  3.  Express  2156  in  the  scale  of  5.  Ans.  32111. 

Ex.  4.  Express  34239  in  the  scale  of  11. 

Ans.  231  tl,  where  t is  put  for  10. 
Ex.  5.  Express  ^ as  a fraction  in  the  scale  of  4.  Ans. 

Ex.  6.  Change  31426  from  the  scale  of  8 to  the  scale  of  4. 

Ans.  3030112. 

We  may  first  express  31426  in  the  scale  of  10,  as  in  Ex.  1, 
and  reduce  the  result  to  the  scale  of  4,  as  in  Ex.  2.  The 
result  may  however  be  obtained  by  one  process  as  under. 

4 1 31426 

4 1 6305  remainder  2 


4 1 1401  1 

4 1 314  1 

4j^  0 

4|14  3 

3 0 


Thus  the  number  required  is  3030112. 

Explanation.  We  first  divide  3 eights  plus  1 by  four,  giving 
quotient  6 and  remainder  1 ; we  then  divide  1 eight  plus  4 by 
four,  giving  quotient  3 and  remainder  0 ; and  so  on. 

287.  It  would  be  a good  exercise  to  perform  all  the 
ordinary  rules  of  arithmetic  with  numbers  expressed  in 
various  scales. 

Ex.  1.  Add  2345,  6127  and  1503.  [Scale  8.] 

Ex.  2.  Subtract  3154  from  4021.  [Scale  6.] 

Ex.  3.  Multiply  234  by  456.  [Scale  7.] 

Ex.  4.  Divide  22326  by  315.  [Scale  8.] 

Answers  12177,  423,  150663,  56. 
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288.  Eadix  Fractions.  Radix  fractions  in  any  scale 
correspond  to  decimal  fractions  in  the  ordinary  scale ; 
thus  'ahc...,  in  the  scale  of  r,  stands  for 
a h c 


To  shew  that  any  given  fraction  may  he  expressed  hy  a 
series  of  radix  fractions  in  any  proposed  scale. 

Let  F be  the  given  fraction ; and  suppose  that,  when 
expressed  by  radix  fractions  in  the  scale  of  r,  we  have 

F=  ‘ahc...,  that  is  ^ = + — „ + 

T r-  F 

where  each  of  a,  h,  c, ...  is  zero  or  a positive  integer  less 
than  r. 

Multiply  by  r ; then 


Fxr  = a + -+  -„+.... 

Hence  a must  be  equal  to  the  integral  part,  and 
h c 

- + — 2 + ...  must  be  equal  to  the  fractional  part  oi  F x r. 

Let  be  the  fractional  part  of  Fr ; then 

Fi  — --i ^ + 

r IT 

Multiply  by  r again,  then  as  before  h must  be  equal  to 
the  integral  part  of  F^  x r. 

Thus  a,  h,  c,...  can  be  found  in  succession. 


Ex.  1.  Express  by  a series  of  radix  fractions  in  the  scale 
of  6. 

— ^ + — 0 + Jx6=:2. 

Hence  -302  is  the  required  result. 

Ex.  2.  Change  431-45  from  the  scale  of  10  to  the  scale  of  4. 
The  integral  and  fractional  parts  must  be  done  hy  separate 
processes. 
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4|431 

•45 

4|107  ... 
4|26  ... 

...  3 
...  3 

4 

4 

4[6  ... 

...  2 

3-2 

1 ... 

...  2 

4 

0-8 

Thus  the  required  result  is  12233-130. 

289.  Theorem.  An^  number  expressed  in  the  scale  of 
Y is  divisible  by  r — 1 if  the  sum  of  its  digits  is  divisible 
by  T — 1. 

Let  N be  the  number,  S the  sum  of  the  digits,  and  let 
the  digits  be  d^,  d^,  d^,  etc. 

Then  c?o  + + ^2^^  + . . . + d^r'^, 

and  S ~df)  + d^  +d^  + ...  + d^^. 

Hence  F - dfr -\)  + d^{7^ -1)  + ...  + d^{r^  ~l). 

Now  each  of  the  terms  on  the  right  is  divisible  by  r — 1 
[Art.  266]. 

Hence  F — S is,  divisible  by  r — \,  and  therefore  when 
S is  divisible  by  r — 1 so  also  is  F. 

As  a particular  case  of  the  above,  any  number  expressed 
in  the  ordinary  scale  is  divisible  by  9 when  the  sum  of  its 
digits  is  divisible  by  9. 

290.  Theorem.  Any  member  expressed  in  the  scale 
of  Y is  divisible  by  y + \ when  the  difference  between  the  sum 
of  the  odd  digits  and  the  sum  of  the  even  digits  is  divisible 

r + 1. 

Let  F =d^-v  d^r -\r  dff dff -v  ...^ 

and  i)  = + c?2  — c?3  + ... 

Then  A-Z>  = (^i(r+l)+(f,(r2-l)  + (73(r2+l)+  ... 

Now  each  of  the  terms  on  the  right  is  divisible  by  r + 1 
[Art.  266]. 
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Hence  iV  — is  always  divisible  by  r + 1,  and  therefore 
when  D is  divisible  by  r + 1 so  also  is  N. 

As  a particular  case,  any  number  expressed  in  the 
ordinary  scale  is  divisible  by  11  when  the  difierence  be- 
tween the  sum  of  the  odd  and  the  sum  of  tlie  even  digits  is 
divisible  by  11. 


EXAMPLES.  LXXVIII. 

1.  Express  2156,  7213  and  192457  in  the  scale  of  6. 

2.  Change  the  following  numbers  from  the  scale  of  7 to  the 
ordinary  scale : 2135,  4210,  30012,  123456. 

3.  Change  3152  and  23678  from  the  scale  of  9 to  the  scale  of  12. 

4.  Express  23-42  and  123-45  in  the  scale  of  5. 

5.  Multiply  2'3i  by  1-25,  the  numbers  being  expressed  in  the 
scale  of  6. 

6.  Shew  that  the  numbers  represented  in  any  scale  by  121, 
12321,  and  1234321  are  perfect  squares. 

7.  Find  the  values  of  a and  5 in  order  that  215al463  may  be 
divisible  by  9 and  by  11. 

8.  Find  the  values  of  a and  6 in  order  that  516a72455  may  be 
divisible  by  99. 

9.  Find  the  scale  in  which  314  is  represented  by  626. 

10.  Find  a number  of  two  digits  in  the  scale  of  5 which  is 
doubled  by  reversing  its  digits. 

11.  Find  a number  of  two  digits  in  the  scale  of  8 which  is 
doubled  by  reversing  its  digits. 

12.  Find  a number  of  two  digits  in  the  scale  of  7 which  is  trebled 
by  reversing  the  digits. 
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GRAPHICAL  EEPRESENTATION  OF  FUNCTIONS. 

291.  Co-ordinates.  Let  two  straight  lines  AOX',  TOT' 
be  drawn  in  a plane  at  right  angles  to  one  another,  and 
through  any  point  P in  the  plane  let  the  straight  lines 
PM,  PM  be  drawn  parallel  to  OX,  0 Y respect! velj;^  to  meet 
OY,  OX  respectively  in  M and  N.  Then  it  is  easily  seen 
that  the  position  of  the  point  P in  the  plane  XOY  can  be 
found  when  the  lines  OX,  OM  are  given.  The  lines  OX 
and  OM,  or  OiVand  XP,  which  thus  define  the  position  of 
any  point  P with  reference  to  the  fixed  lines  OX,  OY  are 
called  the  co-ordinates  of  the  point  P with  reference  to 
the  axes  OX,  OY.  The  point  of  intersection  of  the  axes 
is  called  the  origin.  ‘ 

The  co-ordinate  which  is  measured  along  the  axis  OX 
is  denoted  by  x,  and  that  measured  along  the  axis  OT  is 
denoted  by  y. 

The  point  for  which  x — a and  y = b is  called  the  point 

(a,  h). 

When  the  co-ordinates  of  different  points  are  given, 
the  positions  of  the  points  with  reference  to  the  axes  can 
be  marked  in  a diagram.  This  is  called  plotting  the  points. 

In  order  to  determine  the  position  of  a point  we  must 
know  not  merely  the  lengths  of  the  lines  OX,  OM  but  also 
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the  directions  in  which  they  are  drawn.  Now,  if  a length 
measured  in  one  direction  be  taken  as  positive,  the  same 


length  measured  in  the  opposite  direction  must  be  taken 
as  negative.  Thus,  for  example,  if  ON  is  positive,  iVO  is 
negative,  and  conversely. 

OX  and  OY  are  always  taken  as  the  positive  directions, 
and  0X\  OY'  are  therefore  drawn  in  negative  directions. 

By  using  paper  ruled  with  two  sets  of  equidistant 
parallel  lines,  as  in  the  figure,  the  position  of  points  whose 
co-ordinates  are  given  can  he  readily  plotted. 

Thus  the  points  P,  Q,  P,  8 in  the  figure  are  the  points 
(12,  8),  (—9,  10),  (-  9,  -5),  (15,  -6)  respectively. 
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292.  The  Graph  of  a Function.  If  any  function  of  x 
(that  is,  any  algebraical  expression  which  contains  x)  be 
taken,  and  different  values  of  x be  set  off  along  the  line 
OX,  and  the  corresponding  values  of  the  function  be  set 
off  in  a perpendicular  direction,  the  curve  through  the 
series  of  points  so  obtained  is  called  the  Graph  of  the 
Function. 

For  example,  to  find  the  graph  of  2x  + 6.  Put 

2/  = 2x  + 6. 

Then,  if  = 0,  6;  if  £c  = 1,  y = 8;  ii  x = 2, 2/=  10;  and 

so  on. 

Now,  if  the  points  (0,  6),  (1,  8),  (2,  10)  be  plotted  on 
squared  paper,  it  will  be  found  that  these  three  points  lie 
on  a straight  line;  and  it  will  also  be  found  that  the 


points  corresponding  to  any  other  values  of  x,  for  example 
the  points  (—  1,  4),  and  (—  2,  2),  will  lie  on  the  line  through 
the  first  two  points. 

Thus  the  graph  of  y ==  2x  + 6 is  a straight  line. 


GRAPHICAL  REPRESENTATION  OF  FUNCTIONS.  379 


It  will  similarly  be  found  that  the  graphs  of  y = 6a;  — 1 1 ^ 
2/  = 1^  — Lx,  2^  = — -Lx  — 7 are  straight  lines. 

[The  above  are  special  cases  of  the  following  general 
theorem  ; — 

The  graph  of  y = ax  + h,  where  a and  b are  any  given 
numbers,  is  a straight  line. 

To  prove  this,  it  is  only  necessary  to  point  out  that  it 
follows  from  the  properties  of  similar  triangles  that  the 
graph  of  2/  = (Zcc  is  a straight  line  through  the  origin ) and 
that,  if  we  increase  the  y co-ordinates  of  points  qtx  y — ax 
by  the  same  quantity  b,  we  shall  obtain  points  on  a straight 
line  parallel  to  that  determined  by  y = ax.^ 

Ex.  1.  Draw  the  graphs  of  ?/  = 3a;  -F  7 and  3?/  = 4a;  + 6,  and  find 
their  point  of  intersection. 

Ex.  2.  Solve  hy  graphical  constructions  the  simultaneous 
equations  ?/  = 2a;-16,  — 1 - Ax. 

Ex.  3.  Draw  the  graphs  of  ^x  + 2y  = 12  and  6a;  -f  4?/  = 36,  and 
shew  that  they  do  not  intersect  at  a finite  distance  from  the 
origin. 

Ex.  4.  Plot  the  two  lines  given  by 

5a;-f-2y  = 10,  10a;-l-4y  = 15, 
and  show  that  the  two  lines  are  parallel. 

Ex.  5.  Plot  the  two  lines  given  by 

5x-t-y  = ll,  2a;-3?/=:18, 
and  find  their  point  of  intersection. 

Ex.  6.  Draw  the  graph  of  3a;  - 4?/  = 6,  and  hence  find  solutions 
of  the  equation  in  positive  integers. 

Ex.  7.  Find  positive  integral  values  of  x and  y which  satisfy 
the  equation  2x-f?/  = ll. 

[See  Chapter  VII.  for  other  examples,  if  any  more  are  needed.] 
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293.  To  find  the  graph  of  hy  — x^. 

The  following  are  corresponding  values  of  x and  y. 


0 

1 

2 

3 

4 

5 

-1 

-2 

0 

•2 

•8 

1-8 

3-2 

5 

•2 

•8 

Mark  these  points  on  squared  paper,  and  draw  a curve 
til  rough  them. 

It  will  easily  be  seen  that  y is  the  same  for  any  two 
values  of  x which  differ  only  in  sign,  so  that  the  graph  is 
symmetrical  about  the  axis  of  y. 


Ex.  1.  Find  the  graphs  of  5?/ =- and  5y=  - x^  + 5. 
Ex.  2.  Find  the  graphs  of  ?/=  ,y 5a:  and  y=^5x  + l. 
294.  To  find  the  graph  of  lOy-  2cc^  — 8a;  + 5. 
Corresponding  values  of  x and  y are  : 


X 

0 

1 

2 

3 

4 

5 

- 1 

y 

•5 

- -1 

-•3 

-T 

'5 

1-5 

1-5 
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Since  y is  positive  when  x = 0 and  is  negative  when  x=l, 
the  graph  cuts  the  axis  of  x between  0 and  1. 

To  find  more  exactly  where  the  graph  cuts  the  axis  of  x 
(which  will  give  the  value  of  the  roots  of  the  equation 
- 8a?  + 5 = 0),  we  find  in  succession  the  following  series 
of  corresponding  values : 


X 

•5 

•6 

•7 

•8 

y 

•15 

•09 

•038 

-•012 

Hence  x is  between  '7  and  *8  and  very  nearly  divides  the 
interval  in  the  ratio  38  : 12  [for  the  curve  from  a?=  *7  to 
a?  = ’8  is  nearly  a straight  line].  Thus  the  root  is  -776  nearly, 
and  this  agrees  with  the  value  determined  directly  from 
the  equation.  [See  Ex.  3,  p.  160.]  The  other  root  can  be 
found  in  a similar  manner. 
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The  graph  of  a quadratic  function  will  shew  roughly 
its  least  or  greatest  value. 

Thus,  in  the  figure  on  the  previous  page,  the  least  value 
of  2x^—8x  + 5 appears  to  be  — 10  x *3,  and  it  has  this  least 
value  when  x=2.  It  should  be  noticed  that  2x“^  — 8cc  + 5 
has  its  least  value  for  that  value  of  x which  is  midway 
between  the  roots  of  2x^  — 8ic  + 5 = 0,  or  midway  between 
any  two  values  for  which  2x^  — 8a?  + 5 has  the  same  value. 
This  is  true  for  all  quadratic  functions. 

[These  results  can  be  obtained  at  once  by  Algebra,  as 
we  have  already  shewn.  For  2a?  — 8cc  + 5 = 2 (cr  — 2)^  — 3 ; 
and,  since  2 (cc  - 2)^  is  positive  for  all  real  values  of  x,  it  is 
obvious  that  — 3 is  the  least  value  of  2a?  — 8a?  + 5 and  that 
a?  is  2 when  the  expression  is  least.] 

We  can  also  find  the  value  of  y for  which  the  roots  of 
2a?^  - 8a?  + 5 = 2/  are  equal.  [The  condition  for  equal  roots 
of  2a?^  — 8a?  + 5 — 2/  = 0 is  8^  = 4 x 2 x (5  — ?/),  whence  2/  = 3.] 

If  these  results  are  obtained  from  the  graph  they  should 
always  be  checked  by  Algebra. 

295.  Approximations  to  the  roots  of  a quadratic  equa- 
tion may  also  be  obtained  in  the  following  manner. 

Consider,  for  example,  the  equation  2a?^  — 8a?  + 5 = 0,  or 
a?^  — - 4a?  + 2*5  ==  0,  whose  roots  have  just  been  found. 
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Draw  the  graphs  of  lOy  = x^,  and  lOy  - 4:X  + 2-5  = 0,  as 
in  the  figure. 

Then  where  these  two  graphs  intersect  we  shall  have 
= lOy  = 4a? - 2-5,  so  that  — 4a;  + 2-5  = 0. 

Hence  the  roots  of  the  equation  are  the  two  values  of 
X at  the  points  of  intersection  of  the  graphs,  and  these  are 
seen  to  be  approximately  *7  and  3 ‘3. 

N.B.  If  the  graph  of  lOy  — a:;^  has  been  drawn  on 
squared  paper  very  accurately  and  on  a large  scale,  the 
second  method  would  enable  any  one  to  find  the  approxi- 
mate roots  of  a quadratic  equation  without  great  waste  of 
time.  Eor  any  quadratic  equation  can  be  reduced  to  the 
form  x"^  + ax  + h — 0,  and  the  roots  required  are  the  values 
of  X where  the  graph  of  10y  = a;^  is  cut  by  the  straight  line 
\0y  + ax  + h = 0 ] and  having  found  two  points  on  the 
straight  line,  a ruler  can  be  placed  along  it  and  the  values 
of  X can  be  read  off  without  actually  drawing  the  graph  of 
the  straight  line,  so  that  the  graph  of  10y=:cc^  could  be 
used  over  and  over  again.  Except  for  this  advantage,  this 
second  method  is  inferior  to  the  former,  for  in  the  first 
method  the  roots  can  be  found  to  any  required  degree  of 
accuracy,  by  successive  approximations,  as  shewn  in  Art.  294. 

Graphical  methods  are,  however,  after  all  only  methods 
of  getting  rough  approximations  by  those  who  know  no 
Algebra. 

EXAMPLES.  LXXIX. 

1.  Calculate  the  values  of  y for  a;  = 0,  0’5,  1,  1'5,  2,  2 ‘5,  3, 
(i)  when  ^ = 2-5  + 0‘7a;;  and  (ii)  when  y — 5-OSx. 

Draw  the  graph  of  y in  each  case  using  the  same  lines  of  reference 
for  the  two  graphs.  Find  by  calculation,  the  values  of  x and  y which 
will  satisfy  the  two  equations  simultaneously,  and  check  the  result  by 
considering  the  point  of  intersection  of  the  two  graphs. 
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2.  Calculate  the  values  of  (x  -1)  (x-  3)  for  the  following  values 
of  x:  -1,0, 1,  2,  3,  4,  5.  Plot  these  values  on  squared  paper  and  draw 
through  them  a curve  to  shew  how  the  expression  varies  for  different 
values  of  x. 

Find  from  your  curve  the  values  of  x when  the  expression  is  equal 
to  5,  and  verify  the  result  by  calculating  the  roots  of  the  equation 
(a;  - 1)  (a:  - 3)  = 5 to  two  places  of  decimals. 

3.  Draw  the  graph  of  lOv/  = (a;  - 4)  (a;  - 6)  between  the  values 
x=  -2  and  a;  = 9,  and  use  the  graph  to  determine  when  (a;  — 4)  {x  - 6) 
is  equal  to  5.  Verify  by  calculation, 

4.  Draw  the  graph  of  V)y  = x'^-'^x  between  the  values  a;  = -4 
and  a:  = 5,  and  use  the  graph  to  determine  when  a;^-  3a;  is  equal  to  5. 
Shew  that  a:^  - 3a;  has  its  least  value  when  x is  midway  between  the 
values  just  found,  and  find  the  least  value. 

5.  Draw  the  graph  of  lOy  = 10  + 4a;  - a;^  between  the  values  a;  = - 3 
and  x = l,  and  use  the  graph  to  find  the  roots  of  the  equation 
10  + 4.r  - a;2  = 0j  and  also  to  find  the  greatest  value  of  10  + 4a;-a;'^. 
Verify  the  results  by  calculation. 

6.  Draw  the  graph  of  ?/  = 18  - 6a;  — a;^,  and  shew  that  y is  greatest 
for  the  value  of  x midway  between  the  two  values  for  which  ?/  = 2. 

7.  Calculate  the  values  of  a;^-3*4a;  + 4 for  the  values  0,  0'5,  1, 
1'5,  2,  2 -5,  3 of  x.  Plot  these  values  on  squared  paper,  and  draw  a 
smooth  curve  to  shew  how  the  expression  varies  for  different  values  of  x. 

From  your  diagram,  determine  (i)  the  least  value  of  the  expression, 
(ii)  the  value  of  x for  which  the  expression  is  least. 

8.  Draw  the  graph  of  y = x'^-f>x  + l,  and  hence  shew  that  the 
smaller  root  of  the  equation  x"^  -f>x  + \ = 0 is  approximately  0-17. 

9.  Draw  the  graph  of  y=x^  - 4,x  + 2,  and  find  the  smallest  value 
of  y for  real  values  of  x.  Find  also  the  values  of  x for  which  y = l 
and  for  which  y = 2S. 

10.  Draw  the  graph  of  ?/  = 15  + 3a;  - x^.  For  what  values  of  x will 
X and  y be  equal? 
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11.  Draw  on  the  same  scale  and  with  the  same  lines  of  reference 
the  graphs  of  the  following  functions  from  a;=0  to  a;  = 5: 

(i)  y = x-2,  (ii)  y = {x-2){x-^). 

Find  two  values  of  x,  each  of  which  gives  the  same  value  of  y in 
both  graphs. 

12.  Plot  the  graphs  of  lQy=x^  and  10?/ - 5a:  + 2 = 0,  and  find 
their  points  of  intersection,  and  so  find  approximately  the  roots  of 
a:’^- 5a; + 2=0.  Compare  the  result  with  the  algebraical  solution. 

13.  Plot  the  graphs  of  y = x'^  and  of  y = 5x-5,  and  hence  write 
down  the  approximate  roots  of  the  equation  x'^  - 5x  + 5 = 0.  Verify 
the  results  by  Algebra. 

14.  Plot  (i)  the  graph  of  y = x^ -3x  + l-5,  and  (ii)  the  graphs 
of  10?/  = a;^and  10?/ - 3a:  + 1-5  = 0.  Find  the  roots  of  a:^- 3a; + 1-5  = 0 
by  means  of  the  graphs  and  compare  the  results. 

15.  Find  where  the  graph  of  y = x^-3x  + 4is  cut  by  the  graph  of 
y—mx,  (i)  when  m = 2,  (ii)  when  m=3,  and  (iii)  when  m=  -7.  Find 
also  the  value  of  m in  order  that  the  two  points  may  coincide. 

16.  Find  where  the  graph  of  y = a;2-4a;  + 9 is  cut  by  the  graph  of 
y = Qx.  Find  also  the  values  of  m if  the  graph  of  y = x^  — 4:X  + 9 is 
touched  by  the  graph  of  y = mx, 

17.  Trace  the  graph  in  x and  y given  by  the  equations  x = F-l, 

y — from  the  values  « = - 3 to  t = 3.  Find  from  the  graph  the 

value  of  X when  ?/=  - and  verify  by  Algebra. 

18.  Trace  the  graph  in  a;  and  y given  by  the  equations  x = F + t + l, 
y = F-\-2t  + 2 from  the  values  t=  - 3 to  / = 3.  Find  by  means  of  the 
gi'aph  the  least  values  of  x and  y,  and  verify  by  Algebra. 


S.  ALG. 


25 
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296.  To  find  the  graph  oi  y ^ {x-l){x+T) ' 
Corresponding  values  of  x and  y are : 


X 

0 

•25 

•5 

•75 

1 

1-5 

2 

5 1 00 

y 

0 

•8 

-5-14 

so 

3-6 

2 

•625  j 0 

When  X is  very  little  less  than  1,  3/  is  negative  and  very 
great,  when  x=\,  y is  infinite,  and  when  x is  very  little 
greater  than  1,  y rs,  jyo&itive  and  very  great. 

Thus  as  X passes  through  the  value  1,  y becomes  infinite 
and  changes  sign. 

So  also  when  x passes  through  the  value  —\,y  becomes 
infinite  and  changes  sign. 

[It  is  important  to  notice  that,  in  general,  a function 
changes  sign  whenever  it  passes  through  the  value  zero  or 
infinity ; this  is  not,  however,  the  case  when  the  factor 
which  by  itself  vanishing  makes  the  function  vanish  if  it 
is  in  the  numerator,  or  become  infinite  if  it  is  in  the  de- 
nominator, is  of  an  even  power.  For  example,  the  function 

^ vanishes  but  does  not  change  sign  as  x passes  through 

the  value  0 : also  the  function  becomes  infinite  but 

{x-Xf 

does  not  change  sign  as  x passes  through  the  value  1.  ] 

By  changing  x into  — cc,  it  will  be  seen  that  y is  changed 
into  - y.  Hence  the  required  graph  is  as  in  the  figure. 
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Ex.  1 . Draw  the  graph  of  y = . 

Corresponding  values  of  x and  y are 
X 1 0 I *5  I 1 I 1-5  I 2 1 2-5  I 3 I 3-5  I 4 I 5 | 6 | oo  I 

^ I 1-5  I 2-14  I 00  I - -6  I 0 I -11  I 0 I - -6  I 00  I 1-5  I 1-2  | 1 | 

- -5  1-11  -2  1-00  I 
1-3 1 1-2  1 1-11 1 1 r 

The  graph  cuts  the  axis  of  x when  x = 2 and  when  x = 3,  it 
changes  from  + oo  to  - oo  as  x passes  through  the  value  1,  and  it 

changes  from  - oo  to  + oo  as  x passes  through  the  value  4.  Thus 

the  graph  is  as  shewn  below. 


It  will  be  seen  that  y does  not  in  this  case,  as  in  the 
preceding,  pass  through  all  values  as  x increases  from  - oo 
to  + 00 . The  actual  limits  to  the  possible  values  of  y can  be 
found  in  the  following  manner. 

_ (x  - 2)  (x  — 3)  ^ 


We  have 


x2(l- 


' (x-l)(x-4)’ 

• j/)  - 5x  (1  - 1/)  + 6 ■ 


•4i/  = 0. 


This  quadratic  will  give  the  two  values  of  x which  cor- 
respond to  any  assigned  value  of  y.  [For  example,  the  two 


GRAPHICAL  REPRESENTATION  OF  FUNCTIONS.  389 


values  of  x when  y-2  are  the  roots  of  -x^-\-5x  - 2 = 0,  which 
will  be  found  to  be  '44  and  4-56  nearly.] 

Now  the  values  of  x corresponding  to  any  possible  assigned 
value  of  y must  be  real,  the  condition  for  which  is  that 

25(1-?/)2-4(1-?/)(6-42/)>0,  [Art.  147 

i.e.  (9y-l)(]!/-l)>0. 

From  which  it  follows  that  no  real  values  of  x correspond 
to  values  of  y between  ^ and  1,  but  that  real  values  of  x cor- 
respond to  any  value  of  y which  is  less  than  J or  greater  than  1. 

When  y = l it  will  be  found  that  both  values  of  x are  2-5; 
and  when  y = l both  values  of  x are  infinite. 


EXAMPLES.  LXXX. 

1.  Plot  the  graph  of  y — x + ^ for  the  following  values  of  x\ 
•1,  -2,  -5,  1,  1-5,  2,  4,  10,  20. 

Find  from  the  graph  the  least  value  of  y,  and  verify  by  calculation. 
1 9 

2.  Plot  the  graph  of  2/  — j ^ ~ ^or  the  following  values  of  x : 


1,  1-5,  2,  3,  5,  8,  10,  15,  20. 

Find  from  the  graph  the  least  value  of  y,  and  verify  by  calculation. 
1 2 

3.  Plot  the  graph  of  y = - a;  -t-  - for  values  of  x between  0-3  and  10. 
Also  find,  from  the  graph,  the  value  of  m for  which  the  quadratic 
= m has  equal  roots. 

2 X 


X 3 

4.  Plot  the  graph  2/  = 3 + ~ from  a;  = -5  to  a;  = 5. 

Find  from  the  graph  the  value  of  m for  which  the  line  y — m cuts 
the  graph  in  coincident  points. 


shew  from  the  graph 
that  y is  not  greater  than  3 nor  less  than  Verify  by  calculation. 

X 


5.  Draw  the  graph  oi  y = 
it  y is  not  greater  than  3 noi 

6.  Draw  the  graph  of  y — 


of  y is 


{x-iy 


:,  and  shew  that  the  least  value 
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7.  Draw  the  graphs  o£  xy  — 10  and  a;  + 8,  and  hence  write  down 

the  solutions  of  the  simultaneous  equations.  Verify  by  Algebra. 

8.  Draw  the  graphs  of  y — ^^^  and  2y  = l-.c,  and  write  down 
the  solutions  of  the  simultaneous  equations. 

297.  Approximate  solutions  of  equations  with  numerical 
coefficients. 

Approximate  solutions  of  numerical  equations  can  be 
found  in  the  following  manner. 

Consider,  for  example,  the  equation  + l = 

Put  y = x^-  ‘dx  + 1 ; then  corresponding  values  of  x and  y are 

xj  0 I 1 I 2 I 3 I -1  I -2  I -B  ! 

^111-113  119  1 3 1 -11  -17  i 
Now,  since  y does  not  become  infinite  for  any  finite  value 
of  X,  the  graph  must  cut  the  axis  of  x between  - 2 and  - 1, 
between  0 and  1,  and  again  between  1 and  2. 


Thus  the  graph  of  y - 3a;  + 1 is  as  in  the  figure  below. 
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To  find  closer  approximations  to  the  points  where  y = 0,  that 
is  to  the  required  roots,  we  have 


a:|  -3  1 -4  | 

1-5  1 

1-6  1 

-1-9  1 

-1-8  1 

y 1 -127  1- -136  1 

-•125  1 

•296  1 

- -159  1 

•57 

If  the  points  are  all  plotted  and  a curve  be  drawn  through 
them  freehand  we  shall  obtain  approximations  to  the  roots  near 
enough  for  most  practical  purposes. 

If  the  points  (-3,  T27)  and  ('4,  - T36)  are  joined  by  a straight 
line,  this  line  will  cut  the  axis  between  ‘3  and  '4  in  the  ratio 

127 

•127  to  *136,  and  for  this  point  y = -3  + -l  x ^gg  = ‘348.  The 

actual  value  of  this  root  found  by  Horner’s  Method  [see  Treatise 
on  Algebra,  p.  592]  is  •347...;  but,  from  the  slope  of  the  graph  in 
this  neighbourhood,  it  will  be  seen  that  the  actual  root  is  slightly 
less  than  that  given  by  the  straight  line. 

We  find  in  a similar  manner  that  1-529  and  - 1-878  are  close 
approximations  to  the  other  two  roots ; and  here  again  we  see 
from  the  graph  that  1-529  is  less  than  the  actual  value,  which 
will  be  found  by  Horner’s  Method  to  be  1-532...  ; also  - 1-878  is 
greater  than  the  true  value,  namely  - 1-879.... 

Turning  values.  It  appears  from  the  graph  that  the  value  of 

- 3a:  + 1 increases  from  x—  - 3 to  x=  -1,  and  that  it  then  begins 
to  diminish  ; also  that  it  goes  on  diminishing  until  a:=  - 1,  after 
which  -3x  + l increases  continuously. 

These  points  are  called  the  turning  points  of  the  function 
x^  — 3x+ 1. 

It  will  also  be  seen  that  at  the  turning  points,  namely  when 
x=  -1  ora;  = +1,  the  tangent  line  to  the  graph  is  parallel  to  the 
axis  XOX'. 

The  position  of  the  turning  points  can  always  be  determined, 
roughly  at  any  rate,  from  the  graph. 


392  GRAPHICAL  REPRESENTATION  OF  FUNCTIONS. 


To  determine  the  turning  values  by  Algebra,  we  have  to  find  the 
values  of  k for  which  the  line  y — k cuts  y = x^-'&xAl  in  coincident 
points.  Hence  we  have  to  find  the  values  of  k for  which  two  of 
the  roots  oix^  -^x  + l = k are  equal,  and  this  method  is  applicable 
whatever  may  be  the  degree  of  the  function. 

To  find  the  condition  that  an  equation  may  have  equal  roots 
see  Treatise  on  Algebra,  Art.  453. 

The  roots  of  the  above  cubic  could  be  found,  as  in  Art.  295, 
by  drawing  the  graphs  oiy^x^  and  y - 3jc  + 1 = 0,  when  the  values 
of  X at  the  intersections  of  the  two  graphs  would  give  the 
required  roots.  Unless,  however,  the  graph  of  y~x^  is  drawn 
very  accurately  and  on  a very  large  scale  the  results  will  not  be  of 
much  value. 


EXAMPLES.  LXXXI. 

1.  Find  approximate  values  of  the  real  roots  of  the  following 
equations : 

(i)  x^- Ax + 2 = 0. 

(ii)  x^-llx-5  — 0. 

(iii)  -0x-l  = 0. 

(iv)  x^  -x  + 0 = 0. 

(v)  x^-0x‘^  + 2x-l=.0. 

(vi)  x^ -^x‘^  + Ax-l=0. 

(vii)  x‘^-0x^  + lx‘^  + 0x-l=Q, 

(viii)  x^-l)x  + l = 0. 


2.  Draw  the  graph  of 

y ^X'^  -12x  + 2 from  x=  - A to  ;r=+4. 

Find  the  values  of  x for  which  the  value  of  y reaches  a turning 
point,  and  obtain  the  corresponding  values  of  y (i)  by  measurement, 
(ii)  by  calculation. 
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3.  Draw  the  graph  oS  y=x^~  5x^  + 3x  + 2. 

Find  the  approximate  values  of  the  roots  of  the  equation 
a;^-5fl!:“4-3a;  + 2 = 0, 

and  find  the  values  of  x for  which  - 5x'^  + 3a;  + 2 reaches  a turning 

value. 

4.  Draw  the  graph  of  y = x^-  3a:,  and  find  from  the  graph  the 
values  of  m for  which  two  of  the  roots  of  the  equation 

x^  - 3a;  + ?;i  = 0 

are  equal. 

5.  Draw  the  graph  of  y — 2x^-3x“  + A,  and  find  from  the  graph 
the  values  of  m for  which  two  of  the  roots  of  the  equation 

2a;3  -3a;-+m=0 

are  equal. 

6.  Draw  the  graph  of  20?/= a;  (a;2-36),  from  a;  = -8  to  a;  = 8. 

Find  from  the  curve  for  what  approximate  values  of  x the  value  of 

y reaches  a turning  point,  and  obtain  the  corresponding  values  of  y 
(i)  by  measurement,  (ii)  by  calculation. 
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298.  In  Scientific  investigations  when  a series  of  cor- 
responding values  of  two  different  quantities  have  been 
obtained  by  experiment  or  observation,  a series  of  points 
are  plotted  so  that  the  co-ordinates  of  each  point  represent 
corresponding  values  of  the  two  different  quantities.  It  is 
then  sometimes  possible  to  determine  the  law  connecting 
the  magnitudes  of  the  two  different  quantities.  For  ex- 
ample, if  the  points  lie  very  nearly  on  a straight  line,  it 
may  be  taken  as  probable  that  the  points  would  all  lie 
exactly  on  a straight  line  if  the  observations  or  experi- 
ments were  quite  free  from  errors,  which  can  however 
never  be  actually  realised ; moreover,  by  drawing  the 
straight  line  which  lies  above  some  of  the  points  and 
below  others  but  which  on  the  whole  appears  to  pass  most 
evenly  amongst  the  points,  we  should  reduce  the  effect  due 
to  errors  of  observation  to  a minimum. 

Curves  of  this  kind  which  shew  at  a glance  the  con- 
nection between  two  variable  quantities  are  very  often 
employed  even  when  there  is  no  expectation  of  finding  any 
law  connecting  the  two  quantities ; for  example,  curves  are 
given  in  the  newspapers  to  shew  the  time  variation  in  the 
height  of  the  barometer  or  of  the  thermometer. 

If  the  two  quantities  whose  corresponding  values  are 
to  be  plotted  are  both  of  the  same  kind,  the  scales  on  which 
they  are  represented  should  generally  be  the  same.  If,  how- 
ever, the  quantities  are  of  different  kinds  there  can  be  no 
connection  between  the  scales  on  which  they  are  repre- 
sented— for  example,  one  centimetre  along  the  axis  of  x 
may  represent  a pressure  of  one  pound,  and  one  millimetre 
along  the  axis  of  y may  represent  one  cubic  foot,  or  any 
other  number  of  cubic  feet  which  may  be  most  convenient 
for  the  diagram. 
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It  should  be  noticed  that  when  a number  of  correspond- 
ing values  of  two  different  quantities  have  been  found,  and 
these  results  are  plotted  and  a curve  drawn  freehand 
through  them,  the  best  approximation  to  corresponding 
values  intermediate  to  those  given  can  be  found  from  the 
curve  so  drawn.  It  should  also  be  noticed  that  the  slope 
of  the  graph  at  any  point  gives  us  a means  of  comparing 
the  rates  of  increase  of  the  two  quantities  at  that  point. 


EXAMPLES.  LXXXn. 

1,  Find  the  values  of  x and  y which  satisfy  the  equations 
y=£C  + 2,  y — hx  + ^.  Draw  the  graphs  of  the  equations  on  squared 
paper  and  indicate  the  values  of  x and  y which  satisfy  both  equations, 
(i)  when  5 — 0-7;  (ii)  when  6 = 0‘8;  (hi)  when  6;=0*9.  Is  it  possible 
to  find  values  of  x and  y which  satisfy  both  equations  when  i = 

2,  For  a certain  book  it  costs  the  publisher  £100  to  prepare  the 
type  and  2s.  to  print  each  copy.  Find  an  expression  for  the  total 
cost  in  pounds  of  x copies. 

Also  make  a diagram  on  the  scale  of  1 inch  to  1000  copies  and 
1 inch  to  £100,  to  shew  the  total  cost  of  any  number  of  copies  up 
to  5000.  Bead  off  the  cost  of  2500  copies,  and  the  number  of  copies 
costing  £525. 

3,  The  mean  temperature  on  the  first  day  of  each  month  shewed 
on  an  average  of  50  years  the  following  values : 


January 

37° 

May 

50° 

September 

59^ 

February 

38 

June 

57 

October 

54 

March 

40 

July 

73 

November 

46 

April 

45 

August 

62 

December 

41 

Represent  these  variations  by  means  of  a curve,  neglecting  the 
difference  of  length  of  different  months. 
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4.  A manufacturer  has  priced  certain  lathes ; the  largest  sells  at 
£175,  and  the  smallest  at  £40.  He  wishes  to  increase  his  prices  so 
that  the  largest  will  sell  at  £200  and  the  smallest  at  £50.  Assuming 
that  the  new  price  (P)  and  the  old  price  (Q)  are  connected  by  the 
relation  Q~a  + bP,  find  the  values  of  a and  b ; and,  to  the  nearest 
pohnd,  the  new  prices  of  lathes  originally  valued  at  £130,  £125.  10s., 
and  at  £76. 


5.  From  the  following  numbers,  obtained  on  determining  the 
solubility  of  saltpetre  in  water,  plot  a curve  on  squared  paper : 


Temperature  

Grams  of  saltpetre  dissolved) 
per  100  grams  of  water  j 


0° 

1— i 

o 

20° 

30° 

o 

50° 

13 

21 

31 

45 

64 

CO 

00 

State  the  inferences  you  draw  from  the  curve,  and  also  find  from 
it  the  approximate  weight  of  saltpetre  which  100  grams  of  v/ater 
would  dissolve  at  35°. 


6.  The  following  are  the  areas  of  cross  sections  of  a body  at 
right  angles  to  its  straight  axis: 


A in  square  inches 

250 

292 

310 

273 

215 

180 

135 

120 

X inches  from  one  end 

0 

22 

41 

70 

84 

102 

130 

145 

Plot  A and  x on  squared  paper.  What  is  the  probable  cross 
section  at  x = 50  and  at  a;  = 90? 

7.  The  following  pairs  of  corresponding  values  of  two  quantities 
X and  7/  were  measured : 


X 

1 

1-8  1 

2-8 

3-9 

5-1 

6-0 

y 

•223 

•327 

•525 

•730 

•910 

1-095 

It  is  known  that  the  quantities  are  connected  by  a law  of  the  form 
y — ax  + b,  but  the  given  values  are  subject  to  errors  of  observation. 
Plot  the  values  of  x and  y on  squared  paper  and  find  the  most  likely 
values  of  a and  b. 


GRAPHICAL  REPRESENTATION  OF  FUNCTIONS.  397 


8.  It  is  thought  that  the  following  quantities  (in  which  there  are 
probably  errors  of  observation)  are  connected  by  a law  like  y = ae^^. 

Test  if  this  is  so,  and  find  the  most  probable  values  of  a 
and  h. 


X 

2-30 

3-10 

4-00 

4-92 

5-91 

7-20 

y 

9.  The  foil 
titles  X and  y : 

X 

33-0 
owing  i 

10-16 

39-1 
lable  giA 

12-26 

50-3 
^es  con 

14-70 

67-2 

■espond: 

20-80  I 

85-6 
ing  vah 

24-54 

125-0 

les  of  two 
28-83 

y 

37-36 

31-34 

26-43 

19-08  1 

16-33 

14-04 

Try  whether  x and  y are  connected  by  a law  of  the  form  yx'^~c\ 
and,  if  so,  determine  as  nearly  as  you  can  the  values  of  n and  c. 
What  is  the  value  of  x when  y = 17-53? 

1 

10.  Draw  the  graph  of  2/ ^ • Shew  that  y cannot  lie  between 
•25  and  1. 

(x  — 3)  (x  — 6) 

11.  Draw  the  graph  of  y = ' — and  shew  that  the  line 
y = c will  cut  the  graph  in  two  points  for  all  values  of  c. 


(x  — 3)  (x  — 5) 

12.  Draw  the  graph  ofy  = ^ — , and  find  for  what  values 

(X  — 1)[X  — I) 

of  c the  line  y = e will  cut  the  graph  in  coincident  points. 


13.  Draw  the  graph  of 

x = 4i  and  x = 7 the  greatest  value  of  ?/  is  i . 


and  shew  that  between 
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1.  Find  the  continued  product  of 

{1+x^Y,  (l+a;2)2,  (l  + a;)2,  (l-.'c)2. 


2.  Find  the  factors  of  the  following  expressions  : 


(i)  4.'c2-4a:- 15. 

(ii)  {b  ~ c)  xP‘  + {c-  a)  x + (a  - b). 

(iii)  [x  - a)  [y  - a)  (z  - a.)  (b-c)  + {x  - h)  {y  -b)  (z~-  b)  {c  - a) 

+ {x-c)  iy-c)  {z~c)  (a-b). 


3.  Solve  the  equations  : 


3_7^4  4_7 

X y ' y 


(ii) 

(iii) 


a+c  a _ b h-c 
x+a+c  x+a  x+h  x+b-c’ 
[x^  - 5a;  + 2)2  = - 5.r  + 22. 


4. 

5. 


then 


Write  down  the  square  root  of 

25«2  _ lOab  + 52  _ lOa.  + 25  + 1. 

Shew  that,  if 

a b c 

p{px-qy-rz)  q{qy-rz~px)  r(rz-px~qy)' 

P ^ q ^ r 

a (ax  -by-  cz)  h (by  - cz  - ax)  c (cz  - ax  - by)  ’ 


6. 


Shew  that 


a;2  + l 
.'C2  - X+1 


can  never  be  greater  than  2,  x being  real. 


7.  Find  the  sum  of  the  first  2?i  terms  of  the  series 

2 + 3 + 5 + 6 + 8 + 9 + 11  + 12+.... 

8.  Change  231’4M  from  the  scale  of  6 to  the  scale  of  8. 

9.  Find  the  coefficient  of  a;"  in  the  expansion  of  (6  - 5a;  + a;2)~i 
in  ascending  powers  of  x. 

10.  Shew  that  , 

loge  (a;  + 1)  = 2 log,  .r  - log,  (x  - 1) 

[111  11 
i2a;2  - 1 3 (2a;2  -1)3  + 5 (2.'c2  - 1)5 


-2 


+ ... 
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,11.  Shew  that,  if  a + fe  + c + fZ  = 0, 

(6c  - ad)  (ca  - hd)  {ah  - cd)  = (6  + c)^  (c  + a)-  (a  + 6)^. 

12.  Simplify 

a + ic  I a + y _ ^ a + z 

x{x-y)  {x-^z)'^  y{y-z)  {y  - x)'^  z {z -x)  {z-y)' 

13.  Solve  the  equations  : 

(i)  {h  - a)  X - {c -h)  y = c - a. 

{a  - c)  X - {b  - a)  y = b - c. 

(ii)  x^  + {l-a^)x  = a‘^. 

(iii)  x + y = 3,  x'^  + y^  = 9 (x-y). 

..  O-  V245  + V75  fVS5-V75 

14.  + V^T-VS-  ■ 

15.  Shew  that,  if  a + b:h  + c = c + d:  d + a,  then  either  a = c or 
a~{~b~\~C‘^d~0. 


16.  Find  the  sum  of  all  the  numbers  in  the  first  1000,  (1)  which 
are  not  divisible  by  3,  and  (2)  which  are  not  divisible  by  2 or  by  5. 

17.  In  how  many  ways  can  a man  distribute  5-  votes  among  5 
candidates,  it  being  allowable  to  give  more  than  one  vote  to  any 
candidate  ? 


18,  Prove  that,  if  7i  + 1 prizes  be  given  away  to  n boys,  and  every 
boy  is  to  have  at  least  one,  the  number  of  ways  in  which  they  may  be 
given  is  |n(n  + l)  \n. 


19.  Find  the  coefficient  of  x'^  in  the  expansion  of 
ascending  powers  of  x. 


1-  X 

a +3')" 


in 


20.  Shew  that 

log,  (I  «)  = + i ( ^ J + , 


21.  Simplify 

(2a-  6 + 2c)  (2a  + 26-c)  + (2a  + 26-c)(-a  + 26  + 2c) 

+ (-a  + 26  + 2c)  (2a-6  + 2c). 

22.  Find  the  factors  of  the  following  expressions : 

(i)  (a  + 6 + c)2  + a®  - 6^  - c^. 

(ii)  l + ^(l  + a;)2(l  + x2/). 
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23. 


Solve  the  equations : 


(i) 


(ii) 


ax  ^ ^ 

b ax~  b' 

x^-xy  +2/3  = 4,) 
x + y = l-S 


24.  If  a»  /3  be  the  roots  of  the  equation  a^+px  + q = 0,  shew  that 
2 2 

the  equation  whose  roots  are  “ + ^ ^^^<1  /3  + - is 
qx^  +p{q  + 2)x  + {q-\-  2)2  = 0. 


25.  Two  trains  start  at  the  same  instant,  the  one  from  B to  A, 
the  other  from  A to  B,  the  distance^rom  A to  B being  100  miles. 
The  trains  travel  uniformly  and  meet  in  hours,  and  one  train  gets 
to  its  destination  75  minutes  before  the  other.  Find  the  rates  of  the 
trains. 


26.  Shew  that,  if 


then 


cy  + bz  _az  + cx  _bx  + ay 
I m n ' 

^ - y _ ^ 

a{-al  + bm  + cn)  b {al  - bm  + cn)  c{al  + bm-cn)' 


27.  Simplify 

[ y/3 y/3  ) ^ ) 5 1 ) 

Vs  + .y2  V500-V200f  ■ )^/15  + ^/6  ^^60-^24)  ‘ 


28.  Shew  that  the  sum  of  2n  + 1 consecutive  integers  is  always 
divisible  by  2w+l,  but  the  sum  of  2n  consecutive  integers  is  never 
divisible  by  2n. 

29.  V/rite  down  the  cube  root  of 

27  2 Q 27  1 1 

8a^  - 18a%  + 4a^c  - 6a6c  + — ab^  + - ac^  + t ” o ^ 

2 o 4 o 2 27 

and  verify  the  result. 

^ 30,  Prove  that  the  coefficient  of  x'^  in  the  expansion  of 
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31.  Find  the  factors  of  the  following  expressions  : 

(i)  - i/®  - {x  - yf. 

(ii)  y{y  + l){x‘^vV)+x{2y‘^  + ‘Iy  + l). 

32.  Simplify 

a b e 

be  (c  -a)  {a  - b)  ca  {a  -b)  {b-  e)^  ab^b  - c)  (e  - a}’ 

33.  Solve  the  equations  : 

a^(x-b)  b^{x-a)_ 

a-b  b-a 

(ii)  X (x^  - 4)  — a (a^  - 4). 

(hi)  x^  + x‘^  + l — ^x{x^  + l). 

34.  For  what  values  of  a will  the  roots  of  the  quadratic  equation 
- acc  + a + 3 = 0 be  equal  ? 

35.  Find  the  values  of  m and  n which  will  make 

x^  + ax'^  + mx^  + ex  + n 

a perfect  square. 

36.  Find  the  value  of 

x^  - 5x^  - 12x‘^  - 13x  - 7 when  x—  - ^ ^ . 

37.  Shew  that,  if  a,  b,  e be  unequal  positive  quantities 

{be  + ea  + aby  > Sabe  (a  + b + e). 

38.  If  the  mth  term  of  a harmonic  progression  be  n,  and  the  nth 

term  be  m,  prove  that  the  (m  + n)th  term  will  be  — — . 

m + n 

39.  Determine  the  sum  of  the  infinite  series 

^,31.3  32  1 . 3 . 5 3»  , 

1.2  ■ 1 . 2 . 3 • 

40.  Calculate  the  value  of  ^^(18  x -0015),  having  given 

log  3 = -4771213, 
log  4-8559  = -6862697, 
log  4-8560  = -6862787. 


H.  ALG. 


26 
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41.  Simplify 


42.  Prove  that,  if 

y ~z  — ax, 
z -x  = by, 

and  x-y  — cz, 

then  will  a + b + c + abc~0. 

43.  Solve  the  equations  : 

2x  - y _x-‘6y  ^y  + b 
10a +3i  4i  2a  ’ 

(ii)  = 

44.  A merchant  gained  as  many  sovereigns  on  a certain  quantity 
of  coal  as  there  were  shillings  in  the  cost  price  of  a ton,  or  pence  in 
the  retail  price  of  a cwt.  How  many  tons  did  he  sell  ? 

45.  Find  the  square  root  of 

4.x^a~'^  + l%x~‘^a^  - 12  - - 24  - + 25. 

a X 

46.  Find  two  numbers  in  the  ratio  of  1^:2%,  such  that,  whefl 
each  is  increased  by  15,  the  sums  will  be  in  the  ratio  of  If : 2J. 

47.  Shew  that,  if  a,  b,  c,  x are  all  real  quantities  and 

(a^ + b^)  x^ -2b  {a  + c)  x+b‘^  + c'^  = 0, 
then  must  a,  b,  c be  in  geometrical  progression. 

48.  Sum  the  series  : 

(i)  1. 3 + 3. 5 + 5.7+...  to  w terms. 

49.  Shew  that,  if  a;  be  a small  fraction,  + 

1 + ^ 

is  very  nearly  equal  to  1 - 1 x. 
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50,  Obtain  the  first  four  terms  in  the  expansion  of 


according  to  ascending  powers  of  *. 

51.  Simplify 

a^  + hc  + ca  + ah  a*  + 8c^ 


+ 26c  + 2ca  + a6  ^ a^  + d^c^  + 6ac®  + 4c^  ' 


52.  Eesolve  ac  {x-  + y^)  + xy  (6‘-*  - c"  - a-)  + ah  {x^  - y‘^)  into  two 
factors  each  of  the  first  degree  in  x and  y. 

53.  Solve  the  equations  : 


and  the  difference  of  their  rates  of  walking  is  half  a mile  an  hour. 
Find  the  rate  at  which  each  walks. 

55.  Simplify 

[(a6)^  + (ac)^  + (bd)^  + (cd)^]  [(u6)^  - {acf  - (bd)^  + {cdfy. 

56.  Write  down  the  square  roots  of 


(ii)  j + 6a:  - 1 7x^  -28x^  + 49a:4 


57.  TJie  sum  of  the  first  10  terms  of  an  arithmetical  progression 
is  to  the  sum  of  the  first  5 terms  as  13  is  to  4,  and  the  sum  of  the 
first  20  terms  is  115.  Find  the  series. 


( 


26—2 
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58.  Shew  that,  if  i — then  2b  is  either  the 

a c 2b  ~ a 2b  — c 

arithmetic  mean  between  2a  and  2c,  or  the  harmonic  mean  between  a 
and  c. 

59.  The  ratio  of  the  5th  term  to  the  7th  term  of  the  expansion  of 
(1  + 3a-)”  is  3 : Ix^.  Find  n. 


60.  Find  values  of  x which  will  make 


a perfect  square. 


x4-6a:H13a2-8.c  + 16 


61  Simplify  ~ ~ ~ + («  ~ ~ ~ ^ 

■ ^ ^ 1 - abc 

62.  Write  the  expression 

2{x-  y)  {x-z)A2{y -z){y -x)  + 2{z-  x)  (z  - y) 
as  the  sum  of  three  squares. 

63.  Shew  that,  if  a^  + 5^  + c^-  3a6c  = 0,  and  a,  b,  c be  all  real,  the 
quantities  - be,  b^  - ca,  - ab  will  all  be  equal. 

64.  Solve  the  equations : 

(i)  J{5x  - 14)  + V(3a  - 13)  2^x  + ,J{2x  + 1). 

(ii)  2ax  -by  — aA,  bxy  = d^. 

(iii)  .r  + ^ = 12,  a^  + ?/^=:3026. 

65.  Shew  that,  if  x + 2y  : a + 'db~y  + ‘dx  : a, + 45, 

then  X : y = a + 5b  : 2a  + 5b, 

and  y + 2x  : a + 3v/  = 4«  + 155  : 7a + 205. 

66.  Shew  that,  if  3c  = ,^100  + 2 ^10  + 3,  then  will  3 (c  - 1)^= 20c. 


67. 


Find  the  least  value  of  a 4 „ . 

x + 2 


68.  Shew  that,  if  x,  y,  z be  in  geometrical  progression, 

xhj^z‘^  (^-3  + 2/-3  + 0-3)  — ^3  + 2/3 + 2|3. 

ro  Tf  A + Bx  C + Bx 

+ x^  + x^2  + l'^  x‘^-x^2-vV 

for  all  values  of  x,  find  the  value  of  ^4,  jB,  C and  D. 
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70.  Shew  that,  if  a:  is  a small  fraction, 


(l-2a;r2-(l  + 2a;)^ 


= 4 + 2.T  nearly. 


71.  Shew  that  the  sum  of  the  squares  of  any  five  consecutive 
integers  is  divisible  by  5,  and  that  the  sum  of  the  squares  of  any 
seven  consecutive  integers  is  divisible  by  7. 


(ii)  (.-r  + ?/)2  + 3(x-?/)  = 30) 
xy  + 3 {x-y)  = ll\  ' 

74.  A person  invests  a sum  of  money  and  obtains  an  income  of 
£100  a year;  if  the  rate  of  interest  were  1 per  cent,  less,  he  would 
have  to  invest  £500  more  to  obtain  the  same  income.  Find  the  sum 
invested. 

75.  Shew  that,  if  y^  + y^  - oy^  - 4?/^  + 6?/^  + 3y  - 1 — 0 and  y = x + ^, 
then  will  - l)/(a;  - 1)  = 0. 

76.  Find  the  value  of  ^ when  .'c  = a(l  + 2./3). 

\x-aj  6a 

77.  Find  two  numbers  whose  arithmetic  mean  exceeds  their 
geometric  mean  by  2,  and  whose  harmonic  mean  is  one-fifth  of  the 
larger  number. 

3x  — 1 

78.  Find  the  coefficient  of  x^  in  the  expansion  of  = in 

o — X — x-^ 

ascending  powers  of  x. 

9 

79.  Find  the  least  positive  value  of  the  expression  4.r-p-,  and 


and  y = ^ {a + h)  + > ^Fen  will  (x  - a)-  - (y  - 5)^  = b-. 


73.  Solve  the  equations  ; 


X -1  3.T  - 8 _ 4.r  -h  17 

.'r-2'^a;-3~  x + 2 


the  greatest  possible  value  of  the  expression 
real. 


X + 2 
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80.  Shew,  by  induction  or  otherwise,  that  the  sum  of  2n  terms 
of  the  series 

15  + 17  + 25  + 27  + 35  + 37+ is  1+1)4. 

81.  Shew  that  [h  - c)5  + (c  - a)®  + (a  - ft)®  is  divisible  by 

(6  - c)  {c-a)  (a  - b), 

and  find  the  other  factor. 

82.  Express  {x  + tj + z)  {- x+ +z)  {x  - y + z)  {x  + y - z)  in  its 
simplest  form  when  z^=x^  + y^. 

83.  Solve  the  equations : 

. a;  + 2 x-l_3x 

^2~  x + l~W 

5 ^ _ 4a; + 30 

x^-5x  + Q ~ x^-7x  + 12  “ a;2-6a;  + 8 ' 

(iii)  xy  + xtj‘^  = 12)^ 
a;  + a;?/2  = 18)  ' 

84.  A man  walks  one  mile  an  hour  faster  than  a boy,  and  the 
boy  takes  an  hour  longer  than  the  man  in  walking  15f  miles.  At 
what  rate  does  each  walk  ? 

85.  Shew  that  the  sum  of  50  terms  of  the  series 

17  + 16f-  + 16f  + 16^+ 

is  equal  to  the  sum  of  the  infinite  series  200  + 120  + 72  + 

86.  Shew  that,  if  b is  half  the  harmonic  mean  between  a and  c, 

then  a®  - 5® + c2  + 3aic  = (a  - 5 + c)2. 

87.  Eind  the  square  root  of 

ft-2  + 2a-i  (2  - 5-2)  + ^,-4  + 4 (1  _ fc-2). 

88.  Simplify : 

(ii)  ^{3a;-l  + 2^(2a;2  + a;-6)}. 

89.  Shew  that  the  sum  of  the  squares  of  any  three  real 
quantities  which  are  not  all  equal  is  greater  than  the  sum  of  the 
products  of  every  two  of  the  quantities. 

90.  Prove  by  Mathematical  Induction  that,  when  n is  any  posi- 
tive integer,  (3n  + 1)  7”-  1 is  a multiple  of  9. 
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91.  Find  factors  of  the  following  expressions: 

(i)  a;^  + 4?/h 

(ii)  2{n6  + 66)_ab(a2  + 62)  [2ah + 


92.  Shew  that,  if  a^  = bc, 

b (c^  - ab)^  + c (b^-  ac)^+2a  (b‘^  - ca)  (c^  - a&)=0. 


93.  Solve  the  equations : 


(i) 

(ii) 

(hi) 


V(l  + 2.r)  + V(l~2x)_^  ;T(iW)- 

+ Sxy  = 12  - xy  = 16?/^  - xy  - x^. 

^ _ 71 

2y+  * -h. 

1 + xy  = 


94.  Determine  the  values  of  I for  which  the  roots  of  the  equation 
12  [h  + 2)  x"^  - 12  {2h  - 1)  X - 38k  - 11  - 0 may  be  equal. 


95.  Prove  that,  if 

via^  + nc^  : pa^  + qc‘^  = mb^ + n(E  :pb^  + qd‘^, 
then  will  either  a : b = c : d or  in  : n = p : q. 

96.  If  the  increase  in  population  be  8 per  cent,  every  decade,  the 
rate  of  increase  being  supposed  constant,  find  the  population  of  a 
town  of  100,000  inhabitants  5 years  hence,  and  also  20  years  hence. 


97.  Find  the  coefficient  of  .r®  in  the  expansion  of 
f,  x^  x^  .r®)  ^ ( x^  x^]  2 

f--2+j4-g  ■ 


98.  The  arithmetic  mean  between  two  numbers  is  to  the 
geometrical  mean  as  5 is  to  4,  and  the  difference  of  their  geometrical 
and  harnionical  means  is  Find  the  numbers. 


99.  Shew  that,  if  a>b>e, 
positive. 


then  will 


111 

7 — f — r 

b-c  c-a  a - b 


be 


100.  Expand  ^ series  of  ascending  powers  of  x;  and 

shew  that,  if  be  the  coefficient  of  in  the  expansion, 

^'Sn  ~ 0 <^371+2  “ ^3ji+1  ~ 
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101.  Prove  that 

a^{b  - c)2  + (c  - a)^  + c^  {a  - b)^=2bc  {a  - c)(a-  b) 

+ 2ca  (b  -c){b-  a)  + 2a&*(c  - a)  [c  - b). 


102.  Find  factors  of  the  following  expressions  : 

(i)  X (y  + z)^  + y (z  + xf  + z{x  + ijf-  Axyz. 

(ii)  [l  + y)^-2{l+y^)  x-+{l-  yf  x^. 


103.  Solve  the  equations  : 

1 3 

(i)  2x-y  = 2y  — = ~-lx=l. 

(ii)  X {ax-\-2by)  = ^ah‘^, 
y {2ax  - by)  = a%. 


-|-  0T  “f"  X 

104.  Shew  that  — 1 made  equal  to  any  real 

quantity  whatever  by  giving  a suitable  value  to  x. 


105.  Find  the  square  root  of 

X*  - + llx'^y-'^  - 24.ry“3  ^ 16^“'*, 

and  find  a value  of  x which  will  make 

x‘^  - 2x^  - x‘^  + x + 1 

a perfect  square. 


106.  Tile  sum  of  10  terms  of  an  arithmetical  progression  is  145, 
and  the  sum  of  its  fourth  and  ninth  terms  is  five  times  the  third  term; 
determine  the  series. 

107.  Write  the  expression 

111  1 
1 + V2+V3  ^ l + v/2-V3^  l-v/2  + v/3^  -1+V2  + V3 
in  the  form  most  convenient  for  numerical  calculation. 


108.  In  how  many  ways  can  a committee  of  three  be  chosen 
from  four  married  couples,  provided  that  in  no  case  can  a husband 
and  his  wife  be  both  chosen  ? 


109.  Find  the  coefficients  of  and  x^  in  the  expansion  of 
(1  - 2a;  - 3a;2)-2 


in  ascending  powers  of  x. 
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110.  Shew  that  the  sum  of  n terms  of  the  series 
1 1 1.3  1.3.5  1 . 3 . 5 ...  (2?i-J.) 

o “i'  o A O A ft  ~^0  A ft  9 4.  9.11 


111.  Divide  {IP  - P)  + IP  {P  - a^)  + P {a^  - by  bc  + ca  + ah, 
and  express  the  quotient  as  a product  of  three  factors  of  the  first 
degree. 

112.  Find  the  value  of 


114.  A and  B together  can  do  a piece  of  work  in  a certain  time. 
If  they  each  did  one-half  of  the  work  separately,  A would  have  to 
work  one  day  less,  and  B two  days  more  than  before.  Find  the  time 
in  which  A and  B together  can  do  the  work. 

115.  Shew  that,  if  , then  will 


116.  Find  the  square  root  of 

(x^  -f  ?/2)  -h  z^)  -I-  2.r  (a:^  + yz)  (y  + z)  + ix^yz. 

117.  Shew  that  the  sum  of  2rH-l  consecutive  integers,  of  which 
the  smallest  is  1,  is  equal  to  n® -i-  (n -h  1)^. 

118.  Prove  that,  if  a,  b,  c be  unequal  quantities  different  from 

zero,  and  a {b  - c)  x + b {c  - a)y  + c (a~b)  z = 0, 

and  also  a {b  - c)  yz  + b {c  - a)  zx  + c (a  - b)  xy  — 0, 

then  will  x = y = z. 


21,  Sab 

— - -f  - when  X = 


113.  Solve  the  equations  : 

...  b a 

(i)  — H ■ — - — 

x-a  X - b 


(ii) 


U — • bi-lCXl  V 

a + b 

a;  + 2a  x + ^b 
X -2a~^  X -2b 
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119.  Find  the  coefficients  of  and  in  the  expansion  of 
(1  - 2rc  - 4x2)-3 

in  ascending  powers  of  x. 


120.  Shew  that  the  series 


2,4.6.8+-‘°“®“‘5'  = 2' 


121.  Prove  that  {h  + c)  x + {c  + a)  y {a  + h)  z = 0, 


y 

c - a 


b ■ 


if 


122,  Shew  that  x^  - a*>  is  divisible  by  x^+px  + -p^ 

p^  + 27a^  = 0. 


123.  Shew  that,  if 

(1-fc)  (1-c)  (l-c)(l-g)  (l-g)(l-&) 

(g  - b)  (g  - c)  ’ ^ (b  -c){b-a)'  (c  - a)  (c  - b) 

then  will  x + y + z = ax -\-by cz  = a^x  + b'^y  + c^z. 


124.  Solve  the  equation 

(a;  + 1)2  = a;  + 3 V(3.'c®  + 3a;  - 11). 

125.  Two  stations  A and  B are  15  miles  apart,  and  two  trains, 
travelling  in  opposite  directions,  pass  these  stations  at  the  same 
instant.  If  the  train  from  A reaches  B and  the  train  from  B reaches 
A 18  minutes  and  8 minutes  respectively  after  the  trains  meet,  find 
the  rates  at  which  they  are  travelling,  assumed  to  be  uniform. 


126.  Prove  that  the  greatest  and  least  values  of 
6a:^-22a;  + 21 
5a;2-  18a;  + 17 

g 

are  ~ and  1 corresponding  to  the  values  1 and  2 respectively  of  x. 


127.  Simplify 


(4  + ^15)'^  + (4-^15)t 
(6  + V35)t-(6-^35)t' 
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128.  If  '^2>  sums  of  m Arithmetic  Series,  each 

to  n terms,  the  first  terms  being  1,  2,  3,  &c.  respectively,  and  the 
differences  1,  3,  5,  &c.  respectively,  shew  that 

S^  + S^  + S^+  ...  + S.^  — ~7nn  {mn  + lj. 

129.  If  the  first  three  terms  of  the  expansion  of  («  + ?>)”  in 

2 

ascending  powers  of  h be  equal  to  1,  1 and  - respectively,  find  a,  h 
and  n. 

130.  Employ  the  identity  + — + to  prove  that 

, ‘^n{2n-l)  2n  (2n-l)  (2n-2)  (2>.-3) 

- 12  ^ + 12.22 

\2n  |4n 


131.  Shew  that 

1 ■ Y ^ I ^1  ^ Y 

(y-z)^  (z-x)^  (x-y)-  \y-z  z-x  x-y) 

132.  Find  a numerical  value  of  y which  will  make  the  expressions 

2 {y^  + y“)  fl3^+  (ll?/2-  2?/)  x^  A- {y^ 5y)  X 5y  - 1 
and  2 (iy2  + ?/)  a;2+ (11?/ - 2)  .t  + 4 

have  a common  factor  which  contains  x. 

133.  If  X and  y be  any  two  real  and  unequal  quantities,  prove 

that  [xy  - 1)2>  (a;2  - 1)  (?/2  _ i). 

134.  Solve  the  equations 

,i) 

X y 6 .r  + ?/  + 1 

(ii)  ?/2  + ?/  + z=:17 
zx  + z + x — S 
xy  + x + y^l. 

135.  The  figures  which  express  the  pounds  and  the  pence  in  a 
certain  sum  of  money  will  change  places  if  £2.  19s.  9d.  he  added  to 
it,  and  those  which  express  the  shillings  and  the  pence  would  be 
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interchanged  by  subtracting  2s.  9d.  Shew  that  the  figures  which 
express  the  pounds  and  shillings  will  be  interchanged  by  the  addition 
of  £5.  14s. 


136.  If  any  finite  values  be  assigned  to  x,  ?/, 
the  indeterminate  equations 


so  as  to  satisfy 


a- 

x + — =y-l — =z  + — , 

X y z 

shew  that  two,  at  least,  of  the  values  must  be  equal,  and  find  a 
solution  in  which  they  are  not  all  equal. 

137.  Shew  that  ~ , ~j^  . and  — - are  in  arithmetical 

sj  ^ V"+i  0,y/2  + 4 

progression . 


138.  Shew  that,  if  a,  b,  c,  d are  in  arithmetical  progression, 

a,  e,  f,  d in  geometrical  progression  and  a,  g,  h,  d in  harmonical  pro- 
gression, then  ad  = ef=bh  = cg. 

139.  Prove  that  the  form  of  the  expression 

(.1;“*  - 4a;®  + 8.r  - 4)^ 

~~  {x‘^-2x  + 2)i 
2 

is  unaltered  by  the  substitution  - — ^ for  .t. 


140.  Find  the  coefficient  of  xyz  in  the  expansion  of 

{{1  - X - y - z)  (1  - X - y - z + 4xyz)}^, 
as  a rational  integral  function  of  x,  y and  z. 

141.  Divide  the  expression 

{x  -a)  {x-  2a)  (x  - 3a)  + {y  - a)  (y  - 2a)  {y  - 3a) 
by  ^ + y - 4a. 

142.  Shew  that,  if  a + b + c=0,  the  sum  of  the  cubes  of  cy  + bz, 
ay  + cz  and  by  + az  is  equal  to  thrice  their  product. 

143.  Solve  the  equations  : 

(i)  J{x  - 2)  {X  - 3)  + 5 + 6a;  + 8). 

(ii)  ax -by — [a!^ -b-)  (^  + ^^—a?  + b~. 

(iii)  a:®-f  1 = 81 

a;2  + a;  = 9 (y^  + l). 
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144.  A cask  was  filled  with  wine  and  water  mixed  together  in 
the  ratio  of  5 : 3.  When  16  gallons  of  the  mixture  had  been  drawn 
off  and  the  cask  filled  up  with  water,  the  ratio  of  the  wine  to  the 
water  became  3 ; 5.  How  many  gallons  did  the  cask  hold  ? 


145.  Shew  that,  if 

bx  - ay  _ cx  - az  _z  + y 
cy  - az  by  - ax  x + z ’ 

then  will  each  fraction  be  equal  to  - unless  b + c — 0. 


146.  To  each  of  three  quantities  in  geometrical  progression  the 
second  is  added.  Shew  that  the  three  resulting  quantities  are  in 
harmonical  progression. 


147.  Shew  that,  if  a,  b,  c are  in  Arithmetical  Progression  and 
a,  6,  c + 1 in  Geometrical  Progression,  then  will 
a^(a-6)2^(6-c)2. 


148. 


Shew  that,  if  x and  y are  both  positive  and  x< 


1-y 

l + y ’ 


then  will 


y< 


1-x 
l + x‘ 


149.  Eliminate  x and  y from  the  equations 


‘A  = 2,  xy  + ab  = 0. 


150.  Expand,  in  a series  of  ascending  powers  of  x,  each  of  the 

expressions  + and  {1-  x - 2x‘^)~^,  and  shew  that,  ifp„, 

be  the  respective  coefficients  of  in  the  two  series,  then 

151.  Shew  that,  if  2s  = a + 6 + c and  2a^  — a^  + lji^  + c^,  then  will 

- a?)  (s  - a)  + ((T®  - ii3)  (^s-b)  + (s  - c)  = 

152.  Shew  that,  if  = - b^—z"^  - c^, 

bz  -cy  cx-  az  ay  - bx  ^ 

^ + -A ^0. 

b-y  c-z 


then 


a-x 
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153.  Shew  that,  it  x + i/  + z = 0 and  a + b + c = 0,  then  will 

{x^  + a^)  {ijz  - he)  + (2/2  + JP)  [zx  - ca)  + + c^)  {xy  - ah)  = 0. 

154.  Solve  the  equations  : 

(i)  a:  (?/  + 2)  = 14,  I (ii)  y + z^  Q^y^, 'j 

y(z  + x)  — 18,  / z + x = 10xyz,  / 

z(x  + y)  = 20.)  x + y = 12xyz.J 

155.  Two  men,  A and  P,  travel  along  a road  180  miles  long  in 
opposite  directions,  starting  simultaneously  from  the  ends  of  the  road. 
A travels  6 miles  a day  more  than  B,  and  the  number  of  miles  travelled 
each  day  by  B is  equal  to  double  the  number  of  days  before  they  meet. 
Find  the  number  of  miles  which  each  travels  in  a day. 


156.  Shew  that,  if  z^  = x^  + y‘^, 

y -z  + x : z-x  + y ::  x-y  + z : x + y + z. 

157.  Shew  that,  if  two  arithmetic  means  are  inserted  between 
two  given  positive  quantities,  the  product  of  the  means  will  be  greater 
than  the  product  of  the  given  quantities. 


158.  If  c be  positive  quantities  in  harmonical  progression, 
prove  that  a + c is  greater  than  26,  and  that  + is  greater  than 
26”',  n being  positive. 


159.  Eliminate  x,  y,  z from  the  equations 
ax"^  = 6?/2  = cz“^, 

(Px^  + 62y3  + =_p5, 

1111 

— I 1 — — — • 

X y z p 


160.  Prove  that 


infinity 


I “('*-§)  I 

X |l  + n+  \ '^■■+  ^12  3 ' + infinityj  =9” 
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XII.  1.  3a*-5a%-12a^b‘^-ab^  + Sb*. 

2.  3x^-2x^y~llxY-^^>/  + ^y*‘ 
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1 

CO 
1— 1 

17.  a^-a;'*. 
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20.  - 7/®. 

21. 

a^-2a‘^b*  + b^ 

22. 
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32.  a®  - 5®  - + 3 ( - a%  + ab-  - b\  - bc^  + c-a  - ca^)  + 6abc. 

37.  8XZ.  38.  052  + 7/2  + 2®. 
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a®a;2  - abxy  + bY 

18. 

4a4a;^  + lOa'^xY  + 25t/^. 

19. 

- a;2  - 3a:  - 1. 

20.  -2a;2  + a;+2, 

21. 

-2a?  + Sx‘^-x  + 2. 

22.  a;2  + a:  + 2. 
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XV. 

4. 

7. 

9. 

12. 

14. 

16. 

18. 

20. 

23. 

26. 

29. 

30. 

31. 

32. 


1,  x^-x  + 1. 

Ax"  + 6a;  + 9. 

- - 2. 

-x^  + x + l.  10. 
4x^  + 3x2  + 2x  + 1. 

- 3x“  + 3x+ 1. 


3.  x--2x  + 4. 


2.  4"  4"  1. 

5.  x2-x4-2.  6.  2x^  + x4-1. 

8,  - X®  - 2x^  - 4x^  - 8x^  - 13x  - 26. 

.e^-3x-4-4x+l.  11.  3x2  + 2x  + l. 

13.  2x2-3x  + 5. 
15.  x»  + 2x2  + 3x-l. 


4x'*  - llx*  4-  5x2  _ ^ g_ 


17.  2x®-x‘*4-x2-x4-1. 


x®-x^4-x®-x^4-x2-x  + 1.  19. 

2^2 _ 4y;y2 ^2y  4-3x3.  21.  x-i-y  - z. 

a-h.  24,  -x-y  + z. 

-a-2b  + 3c.  27.  2a- b - c. 


3x^4-x2?/  - 4xy2  4-  2^2. 
22.  x-\-y  + 2z. 

25.  -a-2b-c. 

28.  3ti-464-c, 


aP  - xy  4-  xz  + y"  + yz  4-  z^. 

- 4x2  _ 2x7/  4-  2x2  - 7/2  - yz  - z^. 
9a2  4-  Qab  - 3ac  4-  4&2  4-  2bc  4-  c^. 
4-  2ab  - ac  + b^-bc  + c^. 


33. 

a^  - a'^b  - a^c  - ab^  4-  2abc  - ac2  4-  6^ 

- b'^c  - bc^ 

4-c^. 

34. 

(x-l- 1)2-  7/ (x -1-1)4- 7/^ 

35. 

x‘^~4:X^yz-\-7i/ 

36. 

x^  - xhjz  -1-  ly^z^. 

37. 

3d  + fc  + 2c  + dm 

38. 

x2-f-  {a  - 2b)x  + a^  + 3b". 

39. 

d-{-b  -{-  Cm 

40. 

a^  + a{b  + c)  + b^+bc  + c". 

MISCELLANEOUS  EXAMPLES.  I. 

A.  1.  6.  2.  3a2  4-a5  - 4at  + 252-f  ftc + c2. 

4.  x2  4--\=*-x2-|x  + 1,  iV*'*4-ix2y2  4.^4^  g_  12x2  4-12. 

0 . 2 -1-  4x  4-  6x2  4. 8x3  4.  lOx'*. 

B.  1.  87,  -5.  2.  5¥-3b-ia  + 3ba}^-5a^. 

3.  0,  7x  - 7,  26  - 2a.  4.  9x*  - 1,  a2  4-  2ab  + b‘^~  c". 

6.  x"--(y  + 2)x  + y‘^  + y + l. 

C.  1.  -IJ.  2.  2a2  4-f«^64--V-5®. 

3.  a^x'’’  4-  (2a2  - 1)  x^  4-  aP,  4a^  -f  62  4-  9c2  -f  4a6  - 12ac  - 66c. 

4.  X2  4- 2X7/ 4- 7/2.  5.  X^  - XT/2  4- 7/^. 

D.  1.  0,0.  2.  2x-12y  + 7z.  3.  -iab-4ac. 

4.  - 2«2ft  4- 2a62  - 62.  5.  x2-X2;-1-z2^  (x-F7/)2- (x4-  7/)2  + 2^. 

E.  1.  8,  2.  14x -f- 2?/,  3x -1-157/,  42x2 4- 216x7/ + 30t/2. 

4.  62-«2.  5_  5(6-a),  5{7a2-lla6  + 762}. 


27 2 


420 


ANSWERS. 


F.  1.  i-  2.  a^-a^  {x  + ly  + ^z)  + a(^x7j  + l.vz  + ^yz)-lxyz. 

3.  12.  4.  x-y  + z,27/. 


G.  1. 

41a; 

- 5ly. 

2. 

-8a2  + 6a5-10/;2. 

3. 

-3a6-t-53  + l. 

4. 

+ 2ab+  2ac  + b^  + 2bc  + ic^ 

5. 

.T®  + 2x‘^  - 8x“^  - 16a;. 

XVI. 

1.  : 

5.  2. 

1. 

3. 

-4. 

4. 

-6. 

5. 

0. 

6. 

0. 

7. 

1- 

8. 

tV- 

9. 

- 2. 

10. 

-3. 

11. 

5t- 

12. 

2. 

13. 

-8. 

14. 

6. 

15. 

-20. 

16. 

5. 

17. 

- 5. 

18. 

-2i|. 

19. 

12. 

20. 

- 9t¥" 

21. 

H- 

22. 

13. 

23. 

1. 

24. 

-1|. 

25. 

2 

7- 

26. 

24. 

27. 

-11. 

28. 

-H- 

29. 

30. 

- lA- 

31. 

~5. 

32. 

-1. 

33. 

2. 

34. 

-16. 

35. 

1. 

36. 

1. 

37. 

40. 

38. 

2. 

39. 

20. 

40. 

a + b. 

41. 

2a. 

42. 

b - a 

. 43. 

a 

2 ■ 

44. 

b 

2' 

45. 

a. 

46. 

ab. 

47.  - 

2ab 

a^  + b'^ ' 

48. 

0. 

49. 

b- 

a. 

50. 

a- 

■ + N- 

2a 

51. 

h (a  + b). 

52. 

be 

a 

53. 

-i( 

a + b). 

54. 

XVII. 

5. 

9. 

13. 

17. 

21. 

24. 

27. 

29. 

30. 

31. 


^ («+  & + c). 


1.  99,  101.  2.  18,  38.  3.  10,  15. 

20.  6.  21.  7.  20,  5. 

12,  26.  10.  9,  22.  11.  40. 

14.  14.  6.  15.  420. 

45,  55.  18.  60,  40.  19.  13^,  331. 


4.  271,  72|. 
8.  15,  5. 

12.  420. 

16.  112. 

20.  24,  12. 


£20.  22.  25s., .15s.  23.  £18.  15s. 

£150,  £100.  25.  £40,  £35.  26.  £130,  £125,  £105. 

£30,  £15,  £20.  28.  A £22.  10s.,  B £27.  10s.,  C £50. 


£1  to  each  man,  10s.  to  each  woman,  5s.  to  each  child. 


Is.  8d.  to  each  man,  8d.  to  each  woman,  id.  to  each  child. 


In  5 years.  32.  30  years  ago. 


33.  30,  10.  34.  35,  5.  35.  A £25,  B £35,  C £40. 

36.  A £231,  B £251,  C £27i,  D £23i.  37.  lOd.  a lb. 

38.  lOd.  a score.  39.  £12000.  40.  £1000,  £500,  £250. 

41.  20  shillings,  4 half-sovereigns,  and  4 sovereigns. 

42.  4 sovereigns,  12  half-sovereigns,  and  20  shillings. 

43.  5 h.  27t»t  min.  44.  9 h.  32j*,-  min.  45.  18  and  15. 

46.  85  s.,  35  w.  47.  1500.  48.  28.  49.  £270., 

50.  30.  51.  £280.  52.  3s.  53.  15  days. 

54.  8 days.  55.  480. 
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XVIII.  1.  1,  -f-  2.  3,  2. 

3.  100,  9. 

4.  -2,  -1. 

5. 

1,  2.  6.  2,  -1. 

7.  5,  3. 

8.  11,  8. 

9. 

fV-  10.  4,  - 3. 

11.  1,  -1. 

12.  V-. 

13. 

f,  -f.  14.  -If, 

15.  1,  1. 

16.  5,  -3. 

17. 

¥-.  ¥-•  18.  5,  2. 

19.  5,  -3. 

XIX. 

1.  1,  3.  2.  5,  -3. 

3.  7,  5. 

4.  4,  -1. 

5. 

h h 6.  4, 

7.  1,  -1. 

8.  3,  -1. 

9. 

5,  2.  10.  i-n,  m- 

11.  8,  16. 

12.  5,  7.' 

13. 

-2,  -2.  14.  1,  |. 

15.  Y-,  f. 

16.  U,  -10. 

17. 

3,  2.  18.  -V-,  -If- 

19.  3,  6. 

20.  4,  -f. 

21. 

fx>  22.  1.  -4. 

23.  1,  -k-  24.  a + h,  a-h. 

25. 

a-t-5,  a -1-5.  26.  « 

, 5.  27. 

2a + h,  a + 2h. 

28. 

a-h,  a - 5.  29.  ^ 

, 30. 

a 

25  - a,  2a  - 5. 

31. 

ar  + b‘^,  ah.  32.  u + 5,  a- 

33.51 

- 5)  (c  - a) 

- 5)  ’ 52  (5  - a)  ■ 

34. 

J_  ,J_.  35. 

a-t-  5 ’ u-f  5 

a-f5,  a-f5. 

36.  1,  0. 

37. 

5 5 

a+2, 

XX. 

1.  14,  10,  4. 

2.  5-fc-ft,  c-t-rt-5,  rt-t-5-c. 

3,  -3,  3,  1.  4.  -1,  0,  1.  5.  -1,  -2,  4.  6.  -V-.  ¥.  3. 

7,  The  equations  are  not  independent,  for  any  values  which 
satisfy  two  of  the  equations  will  satisfy  the  third. 

8.  • 3,  1,  2.  9.  The  equations  are  inconsistent. 


10 

2 ’ 15  ’ .30 


11 

2a  ’ 25’  2c 


XXI.  1.  £20,  £30.  3.  £12|,  £2^. 

5.  A,  40  days,  B,  120  days.  6. 

8.  240,  360.  9.  £22,  £26. 

11.  180  yards.  12.  24  days. 


12. 


2 ’ 2 ' 


4.  t tons,  f tons. 

7. 

10.  5 shillings. 

13.  £2400,  £900. 


15.  12,  24,  36,  48.  16.  A,  £450,  B,  £225,  C,  £2.37^,  D,  £8?i 


17.  48.  18.  7 and  2.  19.  20.  Qcl 

21.  200,  250.  22.  3 half-crowns,  8 shillings,  9 sixpences. 

23.  174  francs.  24.  3s.  6d.,  4s.  2d.  25.  50. 
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ANSfVERS. 


MISCELLANEOUS  EXAMPLES.  II. 


A.  1.  1.  2.  7a -76.  4.  x^-2x-2. 

5.  (i)  2,  (ii)  * = 6,  2/ = 15,  (iii)  x = y = a + b. 

6.  60. 

B.  1.  2.  a^  + b^.  4.  a:“-2x2  + .T  + 2. 

5,  (i)  -6;  (ii)  .T=  - 162,  y = 42;  (iii)  x = = 

6.  90  sovereigns,  40  crowns. 

C.  1.  -b-d. 

4.  + 6“  + - be  - c.a  - ab,  + Ay"  + z"~  2yz  ~ 2zx  - Axy . 

5.  (i)x=-l,  j/=-l;  [\i)  x = a‘^  + b'^,  y=-ab. 

6.  A,  12  hits  and  18  misses.  B,  24  hits  and  6 misses. 

D.  1.  -11^.  2.  2a6.  4.  156V-.Sa63c,  a + 26 -3c. 

5,  (i)l-;  (ii).'c  = .5,  i/=:4;  (iii)  x = ?/ = J.  6.  1225. 

E.  1.  2.  4a- + a6  + ac  + 462  + 6c  + 4c2. 

4,  a;2  - ^x  + 1 , cx^  + dx  - c. 

5,  (i)5;  (ii)x  = f>5,  = (iii).r  = a + 6,  y = a-b. 

6,  8 and  5. 


F.  1.  130. 
5.  (i) 


cd  - ab 


; (ii)  X = - 1,  y- 


a + 6 - c - I 
6.  Tea  2s,  6d.,  coffee  Is.  8d. 


4.  2y"  -^y  + 1,  rt  + 26  + 3c. 
1. 


XXII.  1.  .r(x  + l).  2.  a{a-b).  3.  6(a-c). 

4.  x{2a  + ^x).  5.  .t2(4.x-.S).  6.  a"{a-Sb). 

7.  x^  (x^  - 5xy  + 20y^).  8.  a"  - a^x -h  x^) . 

9.  ax®  (6x2  - -i-20ax).  a^x^y^  (Sax  - ^y) . 

11.  a6c®  (11a  - i6c).  12.  p-q^  (r^  -Ip^q^). 


XXIII.  1.  (2x  + l)2. 

4.  (2a  - 36)2. 

7.  (2ax  + 6_?/)2. 

10.  5 (a2  - 6)2. 

13.  -(x2-2i/2)2. 

16.  •'^.V  (‘'c  + i*/)“- 
19.  (2,r?/  + a + 6)2. 


2.  (3x-l)2. 

5.  (3a® + 462)2. 

8.  (5a2x  - 362i/)2. 

11.  a (a- 36)2.  ‘ 

14.  -(2.r2-2)2. 

17.  (a  + 6 + 2c)2. 

20.  ]3(a  + 6)-c}2. 


3.  (1  - 4.X2)2. 

6.  [x  + hy)\ 
9.  3 (a + 6)2. 
12.  3a3(a-563)2. 

15.  xy(2y-xf. 

18.  (.x2  + 7/2  _ 


XXIV.  1.  (a-3)(fl  + 3).  2.  (4 -6)  (4 + 6).  3.  (5a  - 6)  (5a  + 6). 

4.  (x  - Sy)  (x  + 3?/) . 5 . (4x  - Sy)  (Ax  + Sy) . 

6.  (8a -76)  (8a + 76).  7.  (2«  - 96)  (2a  + 96). 
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8. 

(x-3t/2)  (x  + 3i/2). 

9. 

(6a2  - 

762)  (6a2  + 762). 

10. 

(2a6-3c)(2a6  + 3c). 

11. 

(3ax  - 

Iby)  {3ax  + lby). 

12. 

(7a6c  - Qxyz)  {lobe  + 6x7/2:). 

13. 

X {2y  - 

■ 3x)  (2t/  + 3x). 

14. 

2a  (26 -3a)  (26  + 3a). 

15. 

3a3  (a 

-6)  (a + 6). 

16. 

7a®  (l-2a2)  (l  + 2a2). 

17. 

8xy  (x 

-27/)(x  + 2t/). 

18. 

lab  {c-ab)  (c  + a6). 

19. 

(x2  + 7j 

f2)  (x  + 7/)  (x-7/). 

20. 

(x2  + 4t/2)  (x  + 2y)  (x  - 2y). 

21. 

(9a2  + 462)  (3a  + 2b)  {3a  -2b). 

22.  {25a^+lQx-)  {5a  + 4x)(5a-4:x). 

23.  {^y  + i^y  -ab). 

24.  + 9c2rf2)  (aft  + 3cd)  {ab  - 3cd) . 

25.  {9xY  + '^){^xy  + l)(Sxy-l). 

26.  (4aW  + l)(2aftc  + l)(2a6c-l). 

27 . (4  + 9x~y~)  (2  + 3x2/)  (2  - ^xy) . 

28.  (x4  + ?/)(x2+3/2)(^^y)(a;_^). 

29.  (a^^  + b^c^)  (a2  + 62^2)  («  + ftc)  (a  _ ftc). 

30.  a'(a4  + l)(a2  + l)(ft  + l)(a-l).  31.  (a  + b + c)  {a  + b - c). 

32.  {a  + b + 2c)  (a  + b-2c).  33.  (2x  + 2y + 1)  (2x  + 2?/ - 1). 

34.  {3(x-y)  + 2}{3(x-^)-2}.  35.  4x7/. 

36.  3 {a  + b)  {a -b).  37.  y{2x-y).  38.  4&(a-&). 

39.  (3a + 6)  (a + 36).  40.  {5x + y)  {x  + 5y). 

41.  (a + 6)2  (a -6)2.  42.  4a(6  + c). 

43.  (4a  + 46-3c)  (2a-26-c).  44.  4 (a- 6 + c)  (2c  - 6). 

45.  8x(x  + l)2(x-l). 


XXV. 

3. 

5. 

7. 

8. 
9. 

11. 

12. 

13. 

14. 

15. 

16. 


1.  (a  - 26)  (a2  + 2a6 + 462).  2.  (2a  + 6)  (4a2  - 2a6  + &2). 

(2a  - 5x)  (4a2+ lOax  + 25x2).  4.  (a  - 5x2)  (a2  + 5ax2  + 25x^). 

4 (a  + 26)  (a2  - 2a  6 + 462).  6.  {^x  - ^y)  {9x“^ + ^xy  + ^y^). 

{xy  + Ja6)  (x2i/2  - \abxy  + ^a-b-). 

(2a262  + x2)  (4a^6^  - 2a%^x^  + x«). 

2x(7/-ix)(?/2  + Jx7/  + ix2).  10.  9a62(a-|6)(a2  + ^a6  + ^62). 

3ab  {a  + 26)  (a2  - 2ab  + 462). 

56c  (2a  - 6c)  (4a2  + 2a6c  + 62c2) . 

(a®  + 8)  (a®  - 8)  = (a  + 2)  (a  - 2)  (a2  + 2a  + 4)  (a2  - 2a  + 4). 

(8a3  + 2762)  (8a®  - 2763)  (2a  + 36)  (2a  - 36)  (4a2  + 6a6  + 962) 

(4a2  - 6a6  + 962). 

(x®  - a?bX)  (x®  + a®63)  = (x2  - ab)  {x^  + a6)  (x"*  - abx‘^  + a^h^) 

{x:^  + abx-  + a-h-). 


(x  + y)  (.x2  + 5xy  + 7 i/2). 
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17.  3 (x  + y)  { {x  + 2y )-  - {x  + 2y)  {2x  + y)  + (2x  + y)^} 

= 9(35  + 2/)  {.x‘^  + xy  + y^). 

18.  3 {y  - x)  {{2y  - x}^  + (2y  - x)  {2x  -y)  + (2x  - yf) 

^%{y-x)  (35^-352/ + 2/2). 

19.  4 (35-2/)  {(^-3//)^ + (35 -32/)  (?/ - 3,t)  + (2/ - 335)2} 

= 4 (35  - 2/)  (7352  - 2xy  + 73/2) . 

20.  [x  + 2/)  { (2(/  - 35)2  _ _ ar)  {2x  -y)  + (2x-  yf] 

= {x  + y)  (7352  _ 13^^ 


XXVI.  1.  (35+ 1)  (35  + 3).  2.  (35- 1)  (35-3).  3.  (.35  - 2)  (35  - 4). 


4.  (35- 3)  (35-5). 
7.  (.X-  + 3)(35-1). 

10.  (35-  3)  (35  + 2). 

13.  (35  + 7)  (35-  2). 
16.  (35- 12)  (35  + 7). 
19.  (35 + 20)  (35 -9). 
22.  (.r- 25)  (35 + 8). 


5.  (35 -2)  (35 -9). 
8.  (35 + 5)  (35 -1). 
11.  (35 + 7)  (3- -5). 


6.  (.35  + 4)  (.35  + 5). 

9.  (.35  + 3)  (35-2). 
12.  (.35 -5)  (35 + 2). 


14.  (.35 -12)  (35 + 11).  15.  (35+ 12)  (35  + 6). 

17.  (.35  - 10)  (35  - 15).  18.  (.35  + 15)  (35 -10). 

20.  (.35 + 12)  (35 - 13).  21.  (.35 - 15)  (.35 - 16). 

23.  (35  - 16)  (3- - 18).  24.  (.35 -40)  (35 + 5). 

XXVII.  1.  (3.35  -1)(35-  3).  2.  (35T-2)(.r-5).  3.  (235 + 3)  (35 + 4). 

4.  (235-  1)  (.35 + 2).  5.  (335 - 2)  (.35 + 3).  0.  (4.35  - 3)  (3^  + 1). 

8.  (3.x- -4)  (35  + 5).  9.  (7.j5  + 9)(.x-6). 

11.  (7.x - 9)  (35+  12).  12.  (935-  5)  (x  + 15). 

14.  (235  + 5)  (235-  3).  15.  (635 -5)  (35 + 10). 

17.  (1235-  1)  (llx+1). 

19.  2(6x-5)(.x  + 5). 

21.  3(4.x  + 5)(2x-5). 

23.  (-15  - 2?/)  (35  - iy). 

25.  {x  + ly){x-2y). 

27.  (x  + 5//)  (x-403/). 

29.  (7.x  + 93/)  (.X- 6?/). 


7.  (5x-3)(x-7). 

10.  (535-8)(x-6). 

13.  (435-3)(x  + 6). 

16.  (535-  1)(2x+  1). 

18.  (x-  1)  (435-  1). 

20.  (7x- 3)  (35  + 18). 

22.  (35  + i/)(35  + 3y). 

24.  {x  - 2y)  {x  - 9iyj. 

26.  [x~l0y)  {x  -15y). 
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-2. 

42. 

-4. 

43. 

-6. 

44. 

5. 

3 

46. 

4. 

47. 

-3. 

48. 

-if-. 

-6. 

50. 

1. 

51. 

tI- 

52. 

-1. 

-A- 

54.  ^{a  + b). 

55. 

fe 
■§!  1 

ab  (a  + b) 
~ + 

• 57.  ~ ^ (^ci  b c 

).  58. 

a + b 

MISCELLANEOUS  EXAMPLES.  III. 

y'^  - Qxy^  + Qx^y  - x^. 

(i)  {x^  + y^-){x  + y){x-y),  (ii)  (a- 6)  (a  + 6 + 2), 
(iii)  (a;- 7)  (a; + 4), 

2 x‘^-x  + 5 

^ ^ ’ X (5x^  + 4a;  + 16) ' 

(i)  5,  (ii)  x = l,  y=-l,  (iii)  a;=-^^. 

A has  £11.  15s.,  B has  £3.  5s. 


432 


ANSWERS. 


B.  1.  0,  0. 

3.  (i)  x{x-2f,  (ii)  (2o;-l)  (o;-2),  (iii)  (x^  + 1)  (a;  - 1). 

4.  5.  (i)  f,  (ii)  x = a,  y = 0.  6.  z%- 

C.  3.  (i)  (l-3fl3)(l  + 21x),  (ii)  Sy  (x-2y)  {x^  + 2xij  + iy'^), 

(iii)  (x  + l)3(x-l)3. 

4 

' x2  + 7x+3’  (x  - 1)  (x  - 2)  (x- 3) 


5.  (i)  V>  (ii)  ^ = 


f {b  - c) 


a{b  - a) 
6.  A,  £<?0;  B,  £30. 


c {a  — c) 
b(a-  b) 


D.  1.  3.  (i)  ®{^  + %)  (ic- 2i/),  (ii)  (x-a)(x  + a)3, 

(iii)  (x-l)(x  + l)(y-l)(y  + l). 

2(ffl  + x)  2 

a-x  ’ (x-4)(x-5)(x-6)' 

5.  (i)  x=5,  (ii)  x = l,  y= -n.  6.  72. 

E.  2.  x^  + x^y  + xy^  + y^,  {x  + y)^  + 2z{x  + y)'^  + iz^{x  + y)A8z^. 

3.  (x  + 5)(5x-l),  a {a  + b + c)  {a- b - c). 

4.  2a(2a-‘6b){2a  + 3b){2a~b).  6.  £240. 

F.  1.  59.  2. 

3.  (X  + 1)2(X-1)2(X2  + X+1)(X3-X  + 1).  _ y.,  ■ 


- «X^  - cAx  + U^. 

4. 


5. 

... 

W - a + b 

(ii) 

x:=  3, 

7/=-l,  z = 0.  6.  350  acres. 

XLIII.  1.  1,  - 

2. 

2.  3,4.  3.  -1,-2. 

4. 

~ h h 

5. 

i)  “ 

6.  1,4.  7.  0,2,  -3. 

8. 

0,  -2,  4. 

9. 

0,3,  -4.  10.  0,1, 

11. 

0,  1,  h 

12. 

0,  3,  13.  1,  2,  3,  5. 

14. 

2,  1,  -1,  - 

2. 

15. 

i,  ~hh  “2-  16.  f,  |,  T,  -|- 

17. 

0,  1. 

18. 

0,  2. 

19.  0,  - 3.  20.  0,  |. 

21. 

0,-|. 

22. 

0,  -h 

23.  0,  5.  24.  0,  1. 

25. 

0, 

26. 

0, 

27.  0,5.  28.  0, -. 

a 
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29. 

±1.  30.  ±5.  31. 

±4. 

32. 

1 

0.  33.  =t3. 

34. 

±3. 

35, 

. ±1. 

36. 

±9. 

37.  2,  3. 

38. 

3,  4, 

39. 

2,  10. 

40. 

4,  5. 

41.  4,7. 

42. 

10,  15. 

43.  : 

12,  -7. 

44.  13, 

-12. 

45. 

10,  -15. 

46. 

-3,  1. 

47. 

5,  -9. 

48. 

5,  -2. 

49. 

0,  9,  - 20. 

50.  0,  12, 

-11. 

XLIV, 

, 1.  9,  - 

5, 

2. 

13,  -7. 

3.  1, 

6. 

4. 

3,  6. 

5. 

6,  -3. 

6.  1, 

-3. 

7. 

3,  -1. 

8. 

1,  -3. 

9. 

±2. 

10.  ±3. 

11. 

-4- 

12. 

i- 

13. 

3,  50. 

14.  11 

-,  -9, 

15. 

3,  h 

16. 

^ ~ O' 

17. 

I,  -6. 

18.  f, 

-10. 

19. 

f.  -f. 

20. 

40,  - 5. 

21. 

2)  tV- 

22.  4, 

23. 

TT>  “I- 

24. 

iV> 

25. 

■h  -f 

26.  h 

-I- 

27. 

2 3 

28. 

1,  - h 

29. 

■l>  V'- 

30.  h 

31. 

3)  - ft • 

32. 

O 6 9 

33. 

11,  -21. 

34.  0, 

4. 

35. 

10,  V- 

36. 

4,  -2. 

37.  -h-\ 

38. 

a 

, 2a. 

39. 

a,  3(i. 

40. 

b,  2a  - b. 

41. 

-4 

(« 

-b),  - 

4 (a + 5). 

42. 

b,  -2a-h 

XLV. 

1.  2, 

2.  1,  f. 

3. 

6,  h 

4. 

3,  -7. 

5. 

3,  -2. 

6. 

-h  -I- 

7. 

3, 

8.  2,  |. 

9. 

2±V3- 

10. 

5,f|.  11.  -1,  - 

12.  - 

-5,  -15. 

13. 

-3,  4. 

14. 

7,  I-. 

15.  3, 

-25-7. 

le 

i.  4, 

17. 

5,  - h 

18.  2. 

19.  1, 

20. 

4,  -1. 

21. 

2,  h 

22.  4 

to 

CO 

_ 3 .a 

1 3* 

24. 

6,  -V-. 

25. 

3,  -f 

26.  5 

> “ '9' 

27. 

2 ±2^3. 

28. 

4(-l»^x/3). 

29.  ±6. 

30. 

1 

31.  6. 

32. 

a,  2a. 

33.  h{a^J{2a^-b^)} 

34. 

1 

— a,  . 
a 

35. 

1 

a,  - , 
a 

36.  - b, 

2a -b. 

37. 

c,  c - 2b. 

38. 

^ a-h 

39.  1, 

aAb  + c 

40 

a b 

'’534- 

a + b 

b'  a' 

41. 

h c 

._  a + b 

b-  a 

b+a  b-a 

cA  h' 

42.  — 7 

a-b 

’ b + a' 

i ’ fe  + a * 

S.  ALG. 
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44.  a,  - - . 
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45. 


47. 


a + b, 


ah  {a+h) 
aP’  + h'^ 


v/2' 

48.  « + ft, 


46. 


+ Ir 
a + b 


a + b, 


49. 


2ah 
a + b' 


50. 

- a,  -b. 

51.  a,  b. 

52.  c,  - 

a^  + b^+  ac  + bc 
a + b + 2c 

53. 

ah  (2c  -|“  (X  “1“  £*) 
’ ac  + be  + 2ab 

54.  0,  ± Jab. 

55. 

0,  -^{a  + b). 

XL  VI. 

1.  12. 

2.  23. 

3.  5.  4. 

9.  5.  1. 

6. 

-1. 

7.  W. 

8.  2,  - 1. 

9.  5,  -4. 

10. 

3,  8. 

11.  7,  2. 

12.  2,  11. 

13.  5,9. 

14. 

4,  0. 

15.  4,  f. 

16.  9,  i. 

17.  1,  6. 

18. 

1,  - 4- 

19.  5,  w- 

20.  15. 

21.  16,  f. 

22. 

h h 

23.  0,-4. 

24.  5,|. 

25.  7. 

26. 

6, 

27.  -4. 

28.  5. 

29.  6. 

30. 

6,  -U- 

31.  4)  tV- 

32.  3, -f|. 

33.  2,3. 

34. 

0. 

35.  f. 

36.  H- 

1 

c<f 

CO 

38. 

a,  b. 

39.  0,  4 (. 

% + b). 

40.  -5. 

41. 

(a-b)^ 
8 (a  + b) 

XLVII.  1.  x"-4  = 0.  2.  x^  + x~12  = 0.  3.  a:2  + 5a;  + 6=:0. 

4.  .,;2_j  = o.  5.  12.x^-x-l  = 0.  6.  Qx^  + 5x  + l = 0. 


7. 

x^  - 

8x 

= 0. 

8. 

x^  -f-  4a;  = 

0. 

9. 

x^  - 2a;2  - 15a3= 

= 0. 

10. 

x^  - 

2 = 

:0. 

11.  xP-5 

= 0. 

12.  x^-Sx  = 

= 0. 

13. 

x^  - 

- 4.T  + 1 = 0. 

14. 

X-  - 10x  + 18  = 

= 0. 

15. 

x^  - 

■ 2ax  + aP- 

d 

II 

.a 

, , 4c 

W 9a- 

16. 

(i) 

1. 

(ii) 

-2. 

(iii)  -4- 

(iv) 

-i. 

17. 

(i) 

0. 

(ii) 

-3. 

(iii)  5. 

(iv)  h 

(V) 

lb 
Qa ' 

20. 

12. 

21. 

Up^. 

23.  « 

= 4. 

24. 

a = 3 or  « = - 

-5. 

25. 

.8. 

29. 

2a-2 

-23x  + ll  = 

= 0. 

30. 

9*2  - 49a:  + 49  = 

= 0. 

32. 

ac  - 

-52 

= 0. 
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XL VIII.  1.  ±1,  ±2.  2.  ±2, 

- 

2.  3.  ±1,  ±3. 

4.  ±3,  — 2.  5.  ^1)  ^3. 

6.  ±5,  ±2. 

7.  ±-- 

a 

8.  ±«,  ±!^^. 
’ a 

9,  ±ffl,  ±-,  rt  . 

^ a a 

10.  2,  -1,  3,  -2. 

11.  -2,  1,  4,  -5. 

12. 

-3,  2,  -1±i,/^2T. 

13.  14.  1, 

I5. 

15.  2,  i±|^li:5. 

16.  -4±4.V^. 1- 

17. 

1,  -2,  -i±  1^319. 

18.  1,  -3 ±2^2. 

19.  0,  -8,  1,  3. 

20.  -3,  2,  -1±4  V3^7. 

21.  1,  -1,  l±v/5. 

22.  3,  -6,  -f±i^l25. 

23. 

0,  -3,  -f±W14. 

24.  2,  -8,  -3±^45. 

25. 

7,  -1,  ^^ilx/243. 

26.  i,  -i,  2,  3. 

27. 

-8,  5,  -f±iV221. 

28.  1,  -4±4n/5.  29.  1,  -4 

=t4x/17. 

30.  3,  5,  -8. 

31.  3,  32.  -1,4,- 

1. 

33.  2,J±fVx/165. 

34.  x=-3.  35.  x=-5. 

36.  (i)  1,  4,  -5. 

(ii)  3,  -3,  -2.  (hi)  2,  4, 

— 5. 

(iv)  10,  -2,  -5. 

(v)  2,  3-5.  (vi)  1,  -4, 

-4. 

(vii)  -1,  f,  -|. 

XLIX.  1.  5,  1.  2.  3,  -7;  ' 

7,  -3. 

3.  3,  J ; 1,  3. 

4_  6,  -4;  -6,  4.  5.  5,  2;  - 

5,  -2. 

6.  12,  3;  -5,20. 

7.  3,  1;  1,  -f. 

8. 

7,-2;  -14,  -Vx^. 

9.  1,  1;  W-,  7V 

10. 

2,-3;  --Vt¥- 

11.  4,  1 ; 1,  I-  12.  1,  3 ; 

2 1 7 

6 » 6* 

13.  2,  3;  3,  2. 

14.  3,  2;  1,  15.  1,  -2; 

6,  8. 

16.  4,  4;  -4,  -¥• 

17.  h ¥•  18.  1,  3 ; 1,  2. 

20.  -1,-3;  f,  11- 

19.  6,  7;  \3. 

L.  1.  0,  ±5;  ±6,  ±3*. 

2. 

±3,  ±2;  0,  ±^34. 

3.  ±3,  ±4;  ±74,  t4- 

4. 

* The  upper  signs  to  be  taken  together  and  the  lower  signs  to  be 
taken  together. 
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5.  *4,  +2;  ±6^/- -2,  t8 7 -2.  6.  *5,  ±l;rt4,  ±l. 

7.  =*=  14,  =p8 ; ± 1,  ±5.  8.  ^ 1>  * 2 ; ± 7 T 3 

9.  ±5,  ±2.  10.  ±2,  ±1.  11.  ^3,  ±5;  ±36, 

12.  ±5,  ±3;  ±4^2,  ±.^/2.  13.  ±1,  ±2;  ±^3,  0. 

14.  ±1,  ±3;±5,  ±3.  15.  ±8,  t2;  ±1^21,  t|x/21. 

16.  ±2,  ±V-,  ±f-  17.  =*=1.  t2;  ±5,  ±6. 

18.  ±5,  ±1;  ±16,  19.  ±1,  ±2;  ±f,  ±y. 

31  8 


20.  ^3,  ±2; 


^/145  ’ ^ ^145  ■ 


21.  3,  -4;  -4,3. 


22. 

3,-6;  -6,  3.  23.  -4,  6. 

bO 

M5>. 

15;  6,  10. 

25. 

3±^/6,  3tx/6. 

26.  3,  - 

4;  -1,  1. 

LI. 

1.  7,  4;  -4,  -7.  2.  •'5,  3;  -3, 

— 5. 

3.  4 

,3;  3,  4. 

4. 

5,  -4;  -4,  5.  5.  ±3,  ±1;  ±: 

1,  ±3.  6. 

±3,  ±3. 

7. 

6,  4;  4,  6.  8.  4,  1;  -1,  -4. 

9.  4,  4; 

; -4,  -h 

10, 

-i,  i.  11.  ±v/2,  ±, 

,/2;^ 

±4n/59. 

12. 

±4,  13.  -3,  4;  4, 

1;  4±4v/'' 

4±4\/5. 

14. 

-1,  6;  6,-1;  f±4v/17, 

15.  -1,  - 

8, 10. 

16. 

.3,  0;  -7,  5.  17. 

18.  I, 

.12  7 

19. 

0,  0;  1,  2;  if,  ^9^.  20.  -1,0;  2, 

1; 

4,4- 

21. 

5,-3.  22.  5,  4;  4,  5;  4(-9±V161),  4(- 

9tV161). 

23. 

±.3,  ±1;  ±1,  ±3;  ±3^— 1,  ±.y- 

1 ; 

±\/-i, 

i3V^. 

24. 

1,  1; 

25. 

26. 

±4,  ±3;  ±1,  ±f.  27. 

0, 

^ + ^2  (7,2  ^ 

’ a ’ b ' 

28. 

a + 6,  « + /j ; - {a  - b),  ^{h  - a). 

29. 

a,  h,  30.  ±6,  ±1,  ±f. 

31. 

±1,  ±2,  ±3;  ±2j~,  ±: 

-1. 

32. 

±1,  ±v-,  *1-  33.  ±1,  ±4,  ±2. 

34.  C 

1,  ±1,  ±2. 

LII. 

1.  ±27,  ±9.  2.  7,  11. 

3.  ±25  and  ±5. 

4. 

12  and  13.  5.  38,  42. 

6 

, 3 or  63. 

7. 

39  yds.,  29  yds.  g.  ±2. 

9. 

50. 

10.  18. 
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11.  18  gals,  of  water,  9 of  wine.  12.  20.  13.  20. 

14.  75.  15.  16.  4 miles  per  hour.  17.  45  and  60. 

18.  l|hrs.  19.  4 days.  20.  9s.  per  doz. 

21.  9d.  per  doz.  22.  48.  23.  7s.  and  8s.  9d. 

24.  72  . 25.  £10,  £5,  £1000.  26.  4 and  i,  or  f and- 1. 

27.  3^  and  If  miles  an  hr.  28.  578.  29.  18  in.,  8 in. 

30.  1500  sq.  yds.  31.  9 and  4.  32.  210  miles  or  144  miles. 


MISCELLANEOUS  EXAMPLES.  IV. 


A.  1.  y-  2.  - 1255^  + 8c^  + 30a6(;. 

3.  + 25)  + (a-  + 35-). 

4.  (^)  S{x  + y + z){x-y-5z),  (ii)  (x- - l)(u;  + 1)  (y  - 1)  (y  + 1), 
(iii)  {xh  - 1)  {yh  - 1). 


5.  (i) 


X + 6 


(ii) 


6.  (i)a; 


2-X-X-’  (x- l)(x-2)(x- 3) ' 

Sab  - 2ac  - be 


a + 2b  - Sc 
(iii)  x = 2 or  or  2. 


(ii)  X = 7 or  - ;g, 

8.  17  and  18. 


B.  1.  (i)  6.  3.  x-*  + 2«x^  + 3a‘'^x- + 2u^x  + ah 

4.  (64x6-729)(3x  + 2).  5.  (i)  . (iO  1- 


6.  (i)  X—  - },  (ii)  x = 5 or  - 6|, 

(iii)  x=  ±2,  y=  ±3,  or  x = y= 

8.  840  tickets. 

C.  1.  (i)  24a  - 215,  (ii)  a«  - 6a^5-  - la^b^  - 45h 

3.  4xy  - 6x-  - 2y2. 

4.  (i)  (3x  + 2)(3x  + l),  (ii)  (a  + 5 + c + d)(a-5  + c-d) 

(a  + 5 - c - d)  ( - a + 5 + c - d). 

5.  y.  6.  (i)  x=  - 212,  (ii)  x = y = a.  7.  3 and  5. 

8.  6s.  2d.,  5s.  5d. 


D.  2.  3 + 2x  + 8x'^  + 4x3  + x-‘. 

5.  (x+l)(x  + 2)(x  + 3)(x-7),  x = 7.  . 

6.  (i)  x=|,  y — S,  (ii)  x = a or  5, 

(iii)  x-2,  y^l;  x-6^,  y= -31.  8.  10  gallons. 
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E.  1. 

4. 

6. 

8. 

F.  1. 

5. 
7. 


1. 

6. 

11. 

16. 

20. 

24. 

28. 

31. 

35. 

38. 

42. 

46. 

50. 

52. 

54. 

57. 

60. 

63. 

65. 


2|.  3.  -3a  + 36-18c  + 6d. 

- 5ax  - {2x"  + 2ax  + 3tt^) . 

(i)  x = (ii)  = 0 or  4, 

(iii)  .r  = -I,  i/  = I ; .r  = y = 1 1.  7. 

15  miles  an  hr. 


5 

■ « + 2/‘ 


4.  *-1,1. 


n3  + fl2^  + «fc--t-53.  3_  l + 4a;_; 

(i)  0,  (ii)  *.  6.  (i)*  = l,  (ii)  * = « and  ?/ = 5,  (iii)*  — Oorf. 

7 JVd.  8.  169  or  144. 


MISCELLANEOUS  EQUATIONS. 

1.  2.  i 


7. 

11.  17.  2,  12. 

51,  22,  17.  21.  5. 

I or  6.  25.  100  lbs. 


22. 


19.  6,7. 
23.  17, 15. 


3.  |.  4.  6,  2.  5.  15  miles,  18  miles. 

7.  5.  8.  8.  9.  280,  336.  10.  2s.  Id. 

12.  a-b.  13.  1.  14.  x^y  = l.  15.  310. 

18.  -I, 

be 

a * 

26.  7. 

i(a-6),  4(«  + 5).  29.  6,  |. 

32.  -i,  3.  33.  3,-  ?. 

2 hours  after  starting.  36.  0,  or  2 

8,  !ff.  39.  8.  40.  2s.,  5s.,  13s. 

5,  6.  43.  0,  - 1,  - 8.  44.  10,  9. 

2.  47.  -V-, -11-  48.  4,  A. 

1 hour,  45  minutes,  2 hours,  20  minutes. 

6,  1.  53. 


37 


27.  10,  11. 
30.  45  years. 

34.  4,f. 
-1,  -5. 
41.  m- 
45.  99. 
49.  h. 
51.  3. 
^ \/  a^  + 1. 


32 


41 


±2,  ±3;  =F^34g,  -^345- 


55.  6,  7 and  8. 


56.  6. 


0,  5, -V-  58.  a-b,a  + b.  59.  ±3,  t3. 

3s.  61.  c.  62.  1,  --V-. 

5,  -7,  -1±W69.  64.  ±4,  t2;  ±5. 


29. 


66.  1. 


a* + 53  a^+h-i 

67.  a 5- 
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68.  a + b.  69.  ±1,  t2;  ±3,  ±2.  70.  50.  71.  - 1. 

72.  -cc,~.  73.  0,8.  74.  5, 

75.  52  half  crowns,  74  shillings,  24  sixpences.  76.  if- 

77.  3,  -i,  78.  0,  0;  2a,  2b. 

79.  6,6;  -4,  -4;  -1±V21.  -1=Fv/21. 

80.  32  ft.  long,  24  ft.  wide,  10  ft.  high.  81.  If* 

82.  a,b,h{a  + b).  83.  7,6. 

84.  4,  2;  2,  4;  3±^21,  3tV21*  85.  30.  86.  3. 

87.  4(1-5).  88.  4,  rV*  89.  5,  -6;  -6,  5. 

90.  44 yards,  55  yards.  91,  0,7.  92.  -1,1,1. 

93.  a,  b.  94.  8,  6 ; 6,  8 ; 0,  - 2 ; - 2,  0. 

95.  50  miles  an  hour,  and  30  miles  an  hour. 

96.  Sa-b,3b-a.  97.  6,  -f%*  98.  -3,  -3±^5. 

99.  4,  3;  3,4;  --Y-±4V313,  - V-=f4\/313.  100.  15  miles. 

LIII.  1.  2.  ai5.  3.  -«®.  4.  a®. 

5.  16a20.  6.  -243«20.  7,  a*b^  8. 


9.  -a7fo28.  10.  -27«21615c3. 

12.  - 125a659ci2.  13.  f . 

15.  p^8*  16.  4«8+12a463  + 9;,6. 

18.  - 2abx*y'^  + bhy^. 


11. 

14  _ — 

17.  4^554  4.  458. 

19.  a‘‘-4a35  + 4a2&2. 


20.  a«  + 3a462  + 3^254 + 56, 


21.  a^  + 3a%-  + 3a%^  + b\ 


22.  8a6  - 36a<?;2  + 54^264  _ 27^,6. 

23.  27a8-54a452  + 36u264_866. 


24.  + 2a^6^  + 2aV^  + 26%^, 

25.  a®  + 456  + 9c6  - + 6n3c3  - 1253cS. 

26 . a*  + 1 65“  + 9c“  - 8^252  _ 6a2c2  + 2452c2. 


27.  x“-6a-2-3a;2  + 36ar  + 36.  28.  9:c“-6a;2-29x2  + 10x  + 25. 

29,  4x“  + 20a;*  + 21a;2-10a;  + l.  30.  9*“  - 36a;2  + 72a;  + 36. 

31.  1 + 2a:  + 3a;2  + 4a;2  + 3a;“  + 2a:®  + a;8. 

32.  a;8  — 2x®  + 3a:^-4a;2  + 3a;2-2a;  + l. 

33.  x6  + 2*5-3x“-8a;3  + 8a;  + 4. 

34.  «"  + 452  + 9c2  + 16rf2  + 4a5  + 6ac  + Sad  + 125c  + l&bd  4-  24cd. 

35.  4ci2  4.  ^ ^2  ^ 4f^2  _ 4^5  ^ 4^g  _ _ 25c  + 45d  - 4cd. 
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36.  x^  + Sx^  + &x^  + 7x^  + 6x^  + 3x  + l. 

37.  x«-3x5  + 9a^-13x3+18a;2-12a+8. 

38.  27a;6  - 135a;5  + 252a;4  - 215a;3  + 84x^  - 15x  + 1. 


LIV. 

1.  3x-5y. 

2.  5x2  _ 

3.  2x2 -3y2. 

4. 

Hx^  - 3y'^. 

5.  x*~Sy*. 

6.  3x6  _ ,^3. 

7. 

- \y^. 

8. 

- i- 

9. 

5x^y^  - 4o262. 

10. 

X?  . „ 

— + 4ay*. 
a 

11. 

a 5 

12.  |-7a6. 

13. 

a-\-2b  + 3c. 

14. 

2«  + 6 + 3c. 

15. 

2a2  + 52  _ (.2^ 

16. 

5a^-3b^  + 2c-. 

LV. 

1,  x^  + x + l. 

2. 

, 2x2-2x-l. 

3. 

3x2  - 6x  - 6. 

4. 

1 - ^xy  — 2xhj^. 

5.  2x2  + a;  - 

I. 

6.  X2-X  + 4. 

7. 

x^  + xy  + y^. 

8. 

4 - 12x  + 9x2. 

9. 

1 + 2x  + 3x2. 

10. 

2x2 -x  + 4. 

11. 

1 - 2x  - 2x2. 

12. 

36-2x2  + X-2. 

13. 

3x®  - 2x2  + 3x  + 2. 

14. 

x6-llx  + 17. 

15. 

a-|x  + 4. 

16. 

x^  + x^  - 2x  - 4, 

17. 

, 4x-12  + -. 

X 

18. 

x2-3x+-  - 

X x^ 

19. 

x^  + x(y+z)  + yz. 

20. 

2 {yz  + zx  + xy). 

LVI. 

1.  4.  2. 

i- 

3.  h 

4. 

5. 

5. 

6. 

¥•  7. 

-Sl' 

8.  TTnnnnr* 

9.  1000. 

10. 

W.  11.  < 

12. 

13. 

ak 

14.  ai. 

15. 

16.  ab^^ 

17. 

a^b-K 

18.  ab--^ 

19. 

20.  a%~K  21.  a- 

■2. 

22.  «• 

23. 

ai.  24. 

1. 

25.  1. 

26. 

1. 

27.  1. 

28. 

2/i  29. 

x^yy. 

30.  x^yyz^ 

31.  arh--^^-. 

32. 

aix“T5|/ii 

33.  a;3«. 

34. 

1. 

35.  1. 

36. 

a.  37. 

«2/- 

38. 

aV-o;V 

1 

39.  «. 

40. 

41. 

42. 

43.  b~i. 

44. 

b-\ 

45. 

4/^ 

b 4/a^ . ^0  ' 


aK^b'^9^b‘^' 


48. 
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LVII.  1.  x-y.  2. 

4.  x^-yi.  5.  x-1.  6.  x + y. 

8.  a^  + a"sbi  + b^.  9.  x^~l. 

11.  x’^  + 2x^  + 3 + 2x~'^+x-\ 


3.  xi-1. 


7.  - b\ 

10.  x^~x^. 


12.  2™  + 2x'Hj->^  + 3 + 2a;-”?/"  + a;- 

13.  a + 6 + c-3aV^ci  14.  15.  243a; + ?/i 

16.  oh  + b^.  17.  a;4  + ?/l  18.  a;"  + a;2?/2 +?/“, 

19.  x^-xiyi+ip.  20.  a;i  + 3x%^  + 9;r%'S  + 27.ti?/ + 81?/’^. 

21.  y^  + b^y^  - biy'i  + 


22.  xiy  ^+x^y  i + x ^y^  + x ^y'^. 

23.  a^-abi+b^.  24.  a^-a~^. 

25.  x^  + 2x^  + 1 + 2x~  ^ + x~ 


26.  x^y  - x^y  i+x^y  ^-1  + x %J^-X  ^y^^  + x~"y'^. 


27. 

?{2ct. 

28.  «=*- 

- 645'-^. 

31.  4a;2  + 3a;  + 2 - 3x- 

32. 

8 

1 - a;2 

33.  25. 

34. 

(i)  x~^  + 1. 

(ii)  2a;^ 

-?/i 

(iii) 

11  1 

35. 

2xa  ’ 

- 3 + 4a; 

36.  5a;?/- 

^~2  + \x~  hj. 

37. 

x^  -a 

3 7 4 

38. 

xi  - 2a;i  + a;^. 

39. 

(i)  1, 

4{-i± 

it 

> 

(ii)  36,  4. 

(iii)  81,  1. 

(iv)  1,  27. 

(v)  ~-s^' 

LVIII.  1. 

7^3. 

2. 

12^2. 

3.  13^/5. 

4.  3^5. 

5. 

v/7. 

6. 

5^13. 

7. 

84/5. 

8.  0. 

9.  4/7- 

10. 

4^2. 

11.  13^3. 

12.  0. 

13.  W2. 

14. 

30. 

15. 

12^2, 

16. 

6. 

17.  6. 

18.  90,^3. 

19. 

64/4. 

20.  30. 

21. 

6. 

22.  104/40. 

23. 

44/2. 

24. 

25. 

i- 

26.  8. 

27.  74/9. 

28. 

4/5i- 

29. 

^50,  4/344,  4/2402. 

30.  3. 

31.  ^/15-6.  32.  19  + 5^6  + 6^3  + 12^2. 

33.  1 + 24/3  + 4/9-^25.  34.  10  + 2^6  + 2^10  + 2^15. 

35.  24. 
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LIX. 

1.  fV7- 

2.  W5. 

3.  W6. 

4.  W30. 

5. 

2J2  - 2. 

6.  3 

-2J2. 

7.  5-^15. 

S. 

103  + 80^3 
71 

^ 19  + 7^/15 

J.  ^rj 

10. 

11. 

2 + J2-J6 
4 

12  + 9^3  + 3^5-6^15 
22 

13. 

24/4  + 2. 

14. 

-1.  15.  14.  16.  52. 

17. 

177+52^2 

161 

^ ^ 26  - 15^3  + 3^/10 

18.  ^3 

29 

19. 

20. 

98. 

no  2 + J6  + .^2 

23.  0. 

25. 

7®  + b + 8/iJ  (a 
3® + 56 

‘^-6^) 

26.  5-828. 

27.  6-636. 

28. 

x/5  + 1. 

29.  3 + ^7. 

30.  3 - V3. 

31.  5-V3. 

32. 

2^13-7. 

33.  6^2 + 3^5. 

34.  14  + 2^21. 

35. 

36. 

4^5. 

37.  4-2^3. 

38. 

1 + \/5  + ^7. 

39.  v/(-i-  + l)  + v/(^-l)- 

40. 

J(a  + x)+^( 

a - x). 

41.  \/(2j:  — 3)  + + 2). 

42. 

S-J7 

2 ■ 

43.  v/8-v/7. 

44.  2^5. 

45. 

46. 

00 

<p 

LX. 

1.  7:8,31: 

36,  41 : 48,  5 : ( 

i.  2.  2. 

3.  -13. 

4. 

f 5. 

55,  66. 

6.  21,  56. 

7.  x:y  = 7:2. 

8. 

x:y^l:2, 

9. 

a;  2 3 

y 1 1 

10.  4:7. 

11. 

12  and  9. 

12. 

16. 

13.  5 : 8,  3 : 5. 

14. 

4:X^,  dy^. 

15.  U- 

16.  36,  48. 

LXI. 

6.  ®^62. 

7.  «2-62. 

8.  «M®+6y''.  20. 

LXII 

. 1.  81. 

2.  5. 

6.  6. 

7.  6|. 

8. 

452-38896  sq 

. feet. 

9.  113-076. 

10.  160. 

11. 

64  feet. 

13.  if  cubic  feet. 

14.  ®^-6-^=4c-. 

15. 

1848  cubic  feet.  16. 

12  inches. 

17.  15  miles. 

ANSWERS. 


443 


MISCELLANEOUS  EXAMPLES.  V. 

A.  1.  If.  a‘^-Sab  + b~.  3. 

4.  . 5_  3 shillings.  7.  7. 

B.  1.  3f.  2.  {a-l)  -'6ax^+ [a^  - d^)  X - {d^ -\-2a- + 2a  + \). 

3.  (i)  X (x  - ly)  {x  - &y),  (ii)  (oc  - a)  (3a  + 4h  + c), 

(hi)  (x-2y  + 3){x-2y-3). 

4.  5.  (i) 

(ii)  x^  V-.  </ = Y ; •'c  ==  W-,  y ^ -W- 

7.  3a;^  - + 5r/®.  8.  6 and  3. 

C.  1.  206 -10a -8c.  2.  + -v!. 

a"“  0- 

^ 2 112 

3.  3 ^ > 3a^  + a6  - 4&2.  5_  + 2a»?/5  + 3?/5. 

7.  378  miles. 

D.  2.  x^  + {a-b)  x-ab.  3.  6a;  (a;  + 1)  (j;  - 3)  (*  - 4). 

4.  4(2/  + ^-*)^- 

5.  (i)  a:=-7;  (ii)  ±2,  ±5;  ±iv^2, 

6.  164  feet  and  13f  feet.  7.  a;-x%4  + 7/. 

E.  1.  hix-y).  2.  2aa:  - (36  - 4c)  ?/. 

3.  (i)  4a262(6  + 2a)(6-2a),  (ii)  (a: + 3)  (a;  - 29),  * 

(hi)  {^x  + 5y){x-2y).  5.  42.  6.  2^ax-2a. 

F.  1.  a2-62-c2-d2.|.26c  + 2cd-26d.  2.  (a  + 6 + c)-. 

3.  a;2-5a;  + 6;  3 or  2. 

5.  (i)  (ii)  * = 21,  2/^ -4;  a:= -If,  j/  = l|. 

6.  30  + 13v'6,  7.  x«-3x* + 2x^-1. 

LXIII.  1.  (i)  61,  (ii)  117,  (iii)  -75,  (iv)  6f,  (v)  a -28b. 

2.  (i)  72,  (ii)  121,  (iii)  -3,  (iv)  366,  (v)  40|,  (vi)  - 19|. 

3.  15.  4.  h 5.  5.  6.  43.  7.  34. 

8.  -2.  9.  78.  10.  0.  11.  21st. 

12.  102nd.  13.  56th.  14.  9th. 
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16.  11,  14,  &c. 

18,  2721,  2754,  &c. 
20.  82-1,  80|,  79,  &G. 


15.  (i)  10,  (ii)  0,  (iii)  a. 

17.  534,  56|,  &c. 

19.  654,  64,  624,  &c. 

21.  4a  - 55,  3a  - 45,  2a  - 35,  &c. 

22.  -s®“3f5,  -a-Sb,  -a-35,  &c. 

24.  5.  25.  6.  26.  101.  27.  -25. 


LXIV.  1.  420.  2.  180.  3.  944. 

5.  0.  6.  -21044.  7.  63. 


4.  660. 

8.  0. 


9.  jl,  (■^5a  - 5'm-).  10,  Af  (lii-  + nii). 

12.  0.  13.  357.  14.  7J2  + U. 

16.  4’  17.  « («  + 5)“  - n {u  - 1)  ab. 

19.  1878.  20.  880. 

22.  64,  8 &c.  ; sum  is  7974- 

23.  12^)  14|f,  &c.  ; sum  is  2200. 

25.  511,  36281.  26.  38.  27,  680. 

29.  3.  30.  - A.  31.  1.  32.  4- 


11.  0. 
15.  4(®-i). 
18.  375. 
21.  2400. 

24.  55,  1485. 
28.  2415. 
33.  48. 


34.  5.  35.  6.  36.  5 or  6. 

37.  3a  or  - 2a  provided  either  of  them  is  a positive  integer. 

38.  21.  39.  9.  40.  3.  41.  4060.  42.  90. 

43.  525.  44.  200a + 100.  47.  7500.  48.  246950. 

49.  39900.  50.  17.  51.  1,  4,  7,  &c. 

53.  20,  21,  22,  &c,  54.  43.  55.  10. 

56.  8,16,24,32.  57.  ±2,  ±4,  ±6,  ±8. 


LXV.  1.  (i)  (ii) 


243 
16  ’ 


55 

M S' 


3.  -yfs-  4.  2.  5.  ±1092.  6.  5-0625. 

7,  — A"-  8.  iwi-  9.  (i)  =^6,  (ii)  ±42,  (iii) 


10.  -2,  4;  6,3,  f ; 1,  f,  I,  V-. 

11.  -6,  -12,  -024,  -0048,  -00096.  12.  a^5-^  ab~^,  1,  a~^b^. 

13.  h-  14.  54  or  108. 


LXVI.  1.  I6|(|)“-ij  . 


2. 


‘E 

2 


4 

9 


, 1) 


4. 


5. 
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48 

40 

8.  5. 

a 

6. 

f 

7.  y. 

a"- 

-3(a-6)' 

10. 

11. 

8190. 

12.  3-4142. 

H- ' 
CO 

05 

- 5as-  6. 

15. 

1,  I,  A, 

oi"  3,  1,  iV, 

, &c. 

16.  12,  - 

4,  1,  &c. 

17. 

2.  20.  8,  16, ; 

32,... 

21. 

a 

b ' 

22.  «. 

24. 

A (3^/6 + 2^2). 

25.  A or  - 

~ tV- 

26. 

2,  4,  8. 

27. 

2,  8,  32,.... 

28. 

i,  =tl,  2 

LXVII.  1.  0. 

2.  3(9' 

-1).  3. 

4- 

l^n_  f,n 

'*■  a^-^b-a)' 

5. 

h 6. 

1044. 

7.  76rt  + 57h. 

8.  A {1 -(!)«}. 

9. 

10.  f{(D 

^-1}. 

11. 

(i)  71i. 

(ii)  -6. 

(iii)  -V^{1- 

(!)«},  ¥• 

(iv) 

1}. 

(V)  4{l-(^ 

i)n.  t- 

13. 

1,  3,  5,.... 

14.  5±V24. 

17. 

2,  6,  18. 

18. 

1,  3,  5,  7,  9. 

19. 

6,  9,  12,  16  ^ 

or  6, 

1,  -4,  16. 

LXVIII.  1.  hhhh-h  2.  1,1,  l,  |.  20.  61,5^4. 

LXIX.  1.  §n{n  + l)(n  + 2). 

2.  ^{(2n  + l)(2n  + 3)(2n  + 5)-15}. 

3.  1 {(3n-2)  (3n  + l)  (3n  + 4)  + 8}. 

4.  ^{(3n-l)(3»  + 2)(3TO  + 5)  + 10}. 

5.  i {(2n-l)  (2n  + l)(2n  + 3)  (2n  + 5)  + 15}. 

6.  -i-!fl(5n-8)(5n  + 2)(5n  + 7)(5n  + 12)  + 3.2.7.12}. 

7 1 1 1 o 1 1 

'■  2 2(2?i  + l)’2'  G 3(3h  + 2)’G' 

9 1_  1 1 

12  4(2n  + l)  (2n  + 3)’ 12  ■ 

1 1 1 

^ 6(3n  + 2)  (3«  + 5)  ’ 60  ‘ 

— 1 , -J—  . 

iC  + l!B  + ?l+la!  + l 

1 

’ x(x  + l)' 

13.  2.  14.  ^n(4n2-l).  15.  «2(2«2_i) 

16.  {(a  + n-  1Z>)  (a  + nb)  (a  + n + lb)  - (a- b)  a {a  + b)}. 


12. 


liJ L_ 

X (1  + a:  1 + (?i  + 1)  a; 
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MISCELLANEOUS  EXAMPLES.  VI. 

A.  1.  48.  3.  3.C-7, 

4.  (i)  a;=-4,  y = (ii)  x=^c,  or  x=a  + b + c. 

5.  £20  each  ox,  £2.  10s.  each  sheep. 

7.  ab-^+32a~hi.  8.  --jV (73 + 40^3),  ^8  + ^17. 

9.  -V-  {1  - (S)®}>  ¥•  10.  109H,  11Vt.-..290-H,  sum  4000. 

B.  1.  x-8y  + 4z.  2.  (nx  + mp)(mx  + 7i>/),  (x-y)  (x^  + y^). 

4.  (i)  a;=  ± \/ab,  (ii)  a:  = 7 or  -2.  G,  a^  + b^-c. 

8.  (i)  -1040,  (ii)  4J..  9.  71071.  10.  88  yards. 


C.  1. 
5. 
7. 

D.  1, 

4. 


E.  1. 
3. 
6. 

10. 

F.  1. 

5. 

6. 


2.  2.  2x2 -3a;?/ + 2?/.  3 (x-3a)2(x2-4a2). 

6^2 

7—;; — , ■ ■„ — — . 6.  25  miles  an  hour,  100  miles. 

(a2-4)(a2-l) 

1.  9.  (i)  0,  (ii)  8i.  10.  9 and  25. 


3. 


(x  - 4)  (x  - 7) 


(i)  x-l,y--l,  (ii)  x=  ±5,  ?/=  ±3;  x=:  rtJgO.,  ±f. 

48.  6.  a:®-40x  + 8 = 0.  7.  x*-x“i  + 4x~2, 

(i)  (ii)  5|. 

-x^  — xy-y^.  2.  3a2  + 4a5  + &2. 

a - S,  (a-b)  (4a  - 5)  (3a2  + ^ 

x=-f.  8.  2xt-3xi?y4-4y.  9.  (i)in(«-7),  (ii)  f. 

22 J and  45. 

2 


Sxz. 


2.  a2  + fc2  + c2  - 2a&  + ac  - 5c. 


4.  - 


a + 2x  ” 


(i)  x = S,  y — 1,  z = 4.  (ii)  x = 4|.  (iii)  x=±9,  ?/=±3. 
Expression  is  (x®- 2x2  + 5x- 6)2.  7^  ^(.y5  + y^7)  = 2’4409. 


LXX.  1.  2730.  2.  5040.  3.  40320.  4.  120. 

5.  1956.  6.  8 {9.  7.  6.  8.  420,  34650,  J |9. 

9.  1260.  10.  210.  11.  1120,  180.  12.  720. 

13.  8.  14.  1820, 455,  190.  15.  105.  16.  1330. 
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17.  48.  18.  5.  19.  5.  20.  90.  21.  125. 

22.  59.  23.  209.  28.  210.  29.  25. 

30.  246480.  31.  4 32.  60.  33.  180. 

34.  |7.  35.  i«(n-l),  ^V^(«  + l)('^-l)(^-2)(«"-™-4). 

36.  870.  37.  35,56.  38.  i«(n- 1)  (n  + 4). 


LXXI.  1.  + Gax®  + 15a“x‘^  + 20a^x^  + 15a‘‘.r^  + 6a®ar  + a®. 

2.  l~5x^  + 10x*-10x«  + 5x»-x^o. 

3.  81x^  - 21&x^y  + 21&x^y'^  - 9&xy^  + 16y*. 

4.  16a‘‘  + 96a®  + 216a® + 216a7  + 81a8. 

5.  64a;i2  _ ig2x^^  + 240x8  _ leOx®  + 60*^  - 12x=^  + 1. 


6. 

7. 

10. 

13. 

15. 

16. 

20. 

21. 

24. 

26. 

28. 

30. 

31. 


2/7  - 7x2/®  + 21x8?/®  - 35x^y*  + 35x^y^  - 2lx^y^  + 7x®?/  - x". 

405a862.  8.  126720x1®.  9.  -14a®. 

210x«.  11.  1140x17.  12.  231x20. 

2a‘‘-hl2a26  + 252.  14.  2a8  + 30a45  + 30a262  + 2fe®. 

2a«  + 56a®6  + U0a*b^  + 56a2fo3  + 2b\ 

70x*.  17.  252x®.  18.  90720x^^. 

xi®  + 8x12  + 28x8  + 50a;4  + 70  + 56x-  “i  + 28x-  « + 8x~  12  + x~  i®. 


3003.  22.  -fhfr  ~ 


,E_L 

|^,X8  ■ 


p?i+l  |2n  + l 1 

|ra  [?i  + 1 j?i  |n  + 1 X ■ 

The  fifth  and  sixth. 

The  eleventh. 

The  fourteenth  and  fifteenth. 


(_l)n-r 


[n 


-Wb^-^. 


34. 


23. 


1)-. 


25.  The  fifth. 


27.  The  ninth. 
29.  The  sixth. 


96059601,  997002999. 


LXXIII.  1.  l + 4x  + 10x-’ + 20x8  + 35x4+.... 

2.  1 -8.r  + 40x2-160x8  + 560x4 - .... 

3.  i {1  + |X  + |X2+  |X3  +i|,?;44.|la;5+ 

4.  1 + 2x  + 5x2  + -4/x8  + 1-|%4^  _ ^ 
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5.  l-3x-^.x^-lx^-21x^- .... 

{r  + l){r  + 2){r  + 3)(r  + 4) 

6.  ^ - 

3.5.7-(2r  + l) 

2^  |r 

10. 

12.  (-ir^-7.10  (3.  + !)^, 

Ir. 


n (n  + l)...(»  + r-l)  _^, 

3.1,3.^..(2r-5) 

^ 2>-  |r 

11_  5-7-9:.(2r  + 3)_^, 


13. 


16a  6' 


1.  1 .T  o 4 „ 7 , . 1.4.7. ..(3r-5)  ^ 

14.  1 - 2.r  - a;- - - ; -2 ; x^. 

3 6 ^ 


15.  -4;  -11. 

18. 

20.  10, 3.  23.  - 


16.  -U,m-  17. 

19.  10-4880...,  5-0657...,  5-0099.... 


27 . 22  . 17 . 12 . 7 . 2 . 3 


25.  6th  and  7th. 


27.  4th  and  5th.  28.  5th.  29.  5-0396821...,  2-01234.... 
30.  35,  24.  31.  1260.  32.  16.  33.  300. 

36.  '30.  37.  31. 


3 . 6 . 9 . 12 

45.  ^n{n+l). 
51.  4w2  + 2. 


35.  136. 

48.  w(r  + 2)+r  + l. 

53.  2. 


50.  (?-  + 3)2’--2. 


LXXIV.  1.  0.  2.  4.  3.  -2.  4.  -3. 

5.  -1.  6.  7.  5.  8.  9.  2. 

10.  11.  i-  12. 

13.  - -1760913,  1-7781513,  3-6532126,  -2795880. 

14.  -5740313,  -1072100,  1-4210639. 

15.  2-5105452,  -1637578,  -2-3645161. 

16.  -0969100,  -1072100,  -7886320. 

17.  -9030900,  -9542426.  18.  1-8573326,  -5270968. 


LXXV.  1.  200000,  -00002.  2.  1991-1,  -00019911. 

3.  2-6707522.  4.  3-7705677.  5.  1-961109. 

6.  1-93070.  7.  1-71877.  8.  -324838. 

9.  £131.  10,9.  11.  £742.  19s.  6d.  12.  £641.  17s.  3d. 

13.  9.  14.  6-955...  16.  1-457738,  42.  17.  1- 

18.  -l-51og2,  -81425.  20.  1,  -6309.... 
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21.  2-5854607,  -1602526,  5-824,. .. 
25.  24,  26.  6-3398. .. 

28.  7-98957.  30.  -8450980. 

32.  14-67798.  33.  1134-29. 


22.  18.  24.  2-08979.... 

27.  £162.  17s.  lOd. 
31.  -1. 

34.  £1221.  6s.  8d. 


LXXVI.  1.  (a: + 1)  (a; -1)2.  2.  (a;2  + l)(a;  + l)2(a;-l)2. 

3.  (l-a;)2(l  + a;)(l  + s:2).  4.  (1  - a;)2  (l  + a:)2  (1 + a;2)  (1 +a;“). 

5.  {x-y-a-b){x  + y - a + b).  6.  {x  + y -l){x-y -2). 

7.  {x  + 2y -i){x-4y  + 2).  8.  {a  + b-c+f){a-b-e-f). 

9.  (i)  x*  + oc^y+  x^y'^  + xij^+y*. 

(ii)  x^  - x^y  + x y'^-  x^y'^  + x^y'^  - xy^  + y^. 

(iii)  x'^  - xhy  + x^ij'^  - x^y^  + x^y^  - x-y^  + xy^  - if. 

12.  (2a  + 35)2  - ^2a  + 35)  (3a  + 25)  + (3a  + 25)2. 

13.  3(2a  + 45-4c)2-3  (2a  + 45  - 4c)  (a- 5 + 7c) + 3 (a  - 5 + 7c)2. 


LXXVII.  9.  -(5-c)(c-a)(a-5)(a  + 5 + c).  10.  4a5c. 

11.  2abc.  12.  2a5c(a  + 5 + c). 

13.  8’,  5{x‘^  + if  + z~  + yz  + zx  + xy).  15.  a + 5 + c. 

5c  + ca  + ab 


16.  1. 

a+  5 + c 


17  — 

abc 


18. 


19.  0. 


a^b'^c^ 

+ + («  + ^)- 

45.  (i)  X-81J.  (ii)  1 + x + x^.  (iii)  a;2-3a;  + 2.  (iv)  2x^-6x  + 4.. 


LXXVIII.  1.  13552,  53221,  4043001. 

2.  761,  1477,  7212,  22875.  3.  140c,  9222. 

4.  43-202,  443-2i.  5.  3-4.  7.  a=5  = l. 

8.  a = 9,  5 = 6.  9.  7.  10.  13.  11.  25. 

12.  15. 


LXXIX.  1.  1|,3§.  2.  4-45,  --45. 

3.  2-55  and  7-45.  4.  -1-2,  4-2;  -2-25. 

5.  -1-7,  5-7  ; 14.  7.  (i)  1-1,  (ii)  1-7. 

9.  -2;  -1,  5;  -3,  7.  10.  -3,  5. 

11.  2,  4.  12.  -44,  4-56.  13.  1'38,  3-62. 

14.  -64,  2-36.  15.  (i)  1,  4 ; (ii)  -8,  5-2  ; (iii)  - 2 ; 1 or,  - 7. 

16.  1,  9 ; 2 or  - 10.  17.  - -75.  18.  -75,  1. 

s.  aijG,  29 
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LXXX.  1.  1.  2.  3.  3.  ±2.  4.  ±2. 

7.  1-55,  6-45  ; 6-45,  1-55.  8.  1,  0 ; - 3,  2. 

LXXXI.  1.  (i)  -6,  3-4;  (ii)  - -44,  11-44 ; (iii)  -1-43,  - *35,  1-88; 
(iv)  - 1-87  ; (v)  2-323;  (vi)  -32  ; (vii)  - -96,  -834,  2-15,  3-96. 

2.  -2,  +2;  18,  -14.  3.  --39,  1-33,4-16;  3. 

4.  ±2.  5.  0,  1.  6.  ±3-46,  i4-15. 

LXXXII.  1.  (i)  3-3,  5-3.  (ii)  5,  7.  (lii)  10,  12. 

2.  £350,  4250.  4.  £150,  £145,  £90.  5.  53-5. 

6.  300,  200.  7.  a = -17,  6 = -05. 

8.  a=17-8,  c-  = l-3.  9.  ?i=-95,  c = 340;  a;  = 20. 


MISCELLANEOUS  EXAMPLES.  VII. 

1.  l-2x8  + a;i6.  2.  (i)  (2a: - 6)  (2a;  + 3). 

(ii)  (a;-l)  {(5-c)a:-(a-5)}. 

(iii)  {a  + h + c-x-7j -z)  {b-c)  {c-a){a-b). 

3.  (i)  -1,  -1.  (ii)  0,  -i(a  + 5).  (iii)  2,  3,  4±^^/(_13). 

5a- 5-1.  7.  3/jM-2a.  8.  133-60352. 

12.  — . 13.  (i)  1,-1. 

(ii)  -1,  a2.  (iii)  3,  0;  2,  1.  14.  50. 

(1)  333667.  (2)  200,000.  17.  5^. 

(-l)«(2n  + l).  21.  9(6c  + ca  + a5). 

22.  (i)  2(a  + 6)(a  + c).  (ii)  ( 1 + y (1 + .a:)}  {1 + a:?/ (1 + a;)}. 

23. 

25.  40  miles  and  26§  miles  an  hour.  27.  f- 

f-5  + -^c.  31.  (i)  bxy  {x-y){x^-xy  + if). 

1 


4. 

9. 

16. 

18. 


(i)  (ii)  4(1±V5),  4(l-x/5). 


2a- 


33. 


35. 


(ii)  {yx  + y + l){{y  + l)x-\-y}. 

(i)  a,  5.  (ii)  a,  i{-a±^(16-3a2)). 

(iii)  1,  1,  -1{1±V(-15)}. 


32. 


ahc 


m = 2-  + — , n = -^. 
a 4 


36.  0.  39.  2. 


34.  6 or  -2. 
40.  -485593. 
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41.  {a  + hYI{a-h)\  43.  (i)  6oH-6,  2a -h.  (ii) 

44.  30.  45.  - 3 + 4o;~^a.  46.  27  and  48. 

48.  (i)  l + l (2n  - 1)  (2n  + 1)  (2n  + 3).  (ii)  ~ - -i- . 

50.  -2a;2  + 2a:3-4a;^  + 6a;5- 

o^‘ 

53.  (i)  2{b-l)l{2ab-a-b),  2{a-l)l{2ab-a-b).  (ii)  2,  3|. 

(iii)  Eeal  values  are  ±3,  ±1;  ±2.^3,  ±|V3. 

54.  4J  miles  and  4 miles  per  hour.  55.  ab-ac  ~ bd  + cd. 

56.  (i)  ^ + (“)  l + 2a;-7a;2.  (hi)  - ^J2xy + y‘^. 


57.  1,  I,  2,  &c.  59.  Y or  f . 

61.  l + 2a6c-o,2_b2_c2  02_ 


64.  (i)  14, 


~b~' 


60.  0,1,  4,  -3. 

(y  - zf+  {z  - x)^+  {x  - y)‘K 


(iii)  5,  7;  7,  5;  6 ±^(-217),  6tV(-217). 

67.  4.  69.  A = G==1,  B=.~D=iJ2. 

73.  (i)  4,  2f  (ii)  5,  -2;  2,  -5;  l±v/6.  -1±n/6. 

74.  £2000.  76.  1.  77.  9 and  l. 

\ + (- 37^1-  79.  12,  A 


78. 


2»i+i 


81.  5{aJ^+b^  + c^-bc-ca-ab).  82.  4a;2?/2. 

83.  (i)  0,10,  -9.  (ii)  -5,^^.  (iii)  2,2;  16,  i 

84.  4|  and  3|  miles  per  hour,  87.  a“^-fc“^  + 2. 

88.  (i)  V5  + v/3.  (ii)  sJ{x  + 2)  + .J{2x-Z). 

91.  (i)  {x^-2xy  + 2y'^)  {x-  + 2xy  + 2if). 

(ii)  {a  + b)  {a-  b)  (2a  + b)(2a-b)  (a^  + b\ 

93.  (i)  tV,  I-  (ii)  ±2,  ±1.  (iii)  1,-1;  -2,\. 

94.  -1,  -i-  96.  103903,116640.  97.  0.  98.  8,  2. 

102.  (i)  (y^z)(z  + x)(x  + %j).  (ii)  {(l  + xjf  - x (1-yf)  (1-x). 

103.  (i)  2,3,i.  (ii)  ±i),  ±a; 

105.  a^2-3a;y-i  + 42/-2;  0,  3,  | , f.  106.  1,  4,  7,  &c. 

107.  i(2  + v/2  + v/6).  108.  32.  109.  68,888. 

111.  -(b-c)(c-a)(a-b).  112, 


113.  a^b,^(a  + h).  (ii)  2,  -f,^-(2±^37).  (hi)  2,  1 ; i i. 

114,  4 days.  H6.  x--^xy +xz  + yz.  H9.  176,816. 
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124.  4,  - 5,  ^ (- 1±V21).  125.  30  miles  and  45  miles  per  hour. 

127.  tV-  129.  «=:!, 

132.  y = 5,  the  factor  is  5x  + 4. 

134.  (i)  2,3;  3,2;  -3±V3,  -3=fV3. 

(ii)  1,3,3-^;  - 3,  - 5,  - 5-^.  136.  a: =?/  =—= any  thing. 

140.  2.  141.  x‘^-xy  + y‘^-2a{x  + y)  + ia?. 

143.  (i)  8.  -2.  (ii)  a ±5,  -h^a. 

(hi)  -1,  -1;  5±V6,  1±W8- 

144.  40  gallons.  149.  a^-b^^ab. 

154.  (i)  2,3,4;  -2,  -3,  -4.  (ii)  0,  0,  0;  1,  - 1,  -4,  -J. 

155.  18,12.  159.  ^/R  = ^/a  + Jb  + sJc. 
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